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EXECUTIVE  SUMMARY 


1.  GENERAL  STRATEGY 

The  overall  program  embraces  property  profiles,  manufacturing,  design 
and  sensor  development  {Fig.  1)  consistent  with  a  concurrent  engineering 
philosophy.  For  this  purpose,  the  program  has  created  networks  with  the 
other  composites  activities.  Manufacturing  research  on  MMCs  is  strongly 
coupled  with  the  3M  Model  Factory  and  with  the  DARPA  consolidation  team. 
Major  links  with  Corning  and  SEP  are  being  established  for  CMC 
manufacturing.  Design  Team  activities  are  coordinated  by  exchange  visits,  in 
February/ March,  to  Pratt  and  Whitney.  General  Electric,  McDonnell 
Douglas  and  Coming.  Other  visits  and  exchanges  are  being  discussed. 
These  visits  serve  both  as  a  critique  of  the  research  plan  and  as  a  means  of 
disseminating  the  knowledge  acquired  in  1992. 

The  program  strategy  concerned  with  design  attempts  to  provide  a 
balance  of  effort  between  properties  and  design  by  having  studies  of 
mechanisms  and  property  profiles,  which  intersect  with  a  focused  activity 
devoted  to  design  problems  (Fig.  2).  The  latter  includes  two  foci,  one  on 
MMCs  and  one  on  CMCs.  Each  focus  reflects  differences  in  the  property 
emphases  required  for  design.  The  intersections  with  the  mechanism 
studies  ensure  that  commonalties  in  behavior  continue  to  be  identified,  and 
also  facilitate  the  efficient  transfer  of  models  between  MMCs  and  CMCs. 
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2.  PROPERTY  PROFILES 


Each  research  activity  concerned  with  properties  begins  with 
experiments  that  identify  the  principal  property-controlling  phenomena. 
Models  are  then  developed  that  relate  the  physical  response  to  constituent 
properties.  These  models,  when  validated,  provide  the  constitutive  laws 
required  for  calculating  stress  redistribution,  failure  and  damage 
progression.  They  also  provide  a  solid  physics  and  mechanics 
understanding,  which  can  be  used  to  judge  the  effectiveness  of  the 
simplified  procedures  needed  for  design  purposes. 

2.1  Fatigue 

Studies  of  the  propagation  of  dominant  mode  I  fatigue  cracks  from 
notches  in  MMCs.  including  the  role  of  fiber  bridging  and  fiber  failure,  have 
been  comprehensively  addressed  (Zok,  McMeeking).  Software  programs  that 
include  these  effects  have  been  developed.  These  are  being  transferred  to 
Pratt  and  Whitney  and  KAMAN  Sciences.  The  effects  of  thermal  cycling  on 
crack  growth  in  MMCs  have  also  been  modelled  (McMeeking).  The  results 
highlight  the  opposing  effects  of  cycling  on  matrix  crack  growth  and  fiber 
failure  (the  fatigue  threshold),  when  thermal  cycles  are  superposed  onto  load 
cycles.  Notably,  matrix  crack  growth  is  enhanced  by  out-of-phase 
thermomechanical  cycling,  but  fiber  failure  is  suppressed  (and  vice  versa  for 
in-phase  cycling).  Experimental  studies  that  examine  these  predictions  are 
planned  (Zok). 

Studies  have  also  been  conducted  on  systems  that  exhibit  multiple 
matrix  cracking  (Zok).  The  tensile  stress-strain  behavior  of  composites 
containing  such  cracks  is  analogous  to  the  behavior  of  unidirectional  CMCs 
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under  monotonic  tensile  loading.  As  a  result,  models  developed  to  describe 
the  tensile  response  of  the  CMCs  have  found  utility  in  describing  the  MMCs. 
However,  two  important  differences  in  the  two  classes  of  composite  have 
been  identified  and  are  presently  being  addressed.  The  first  deals  with  the 
nature  of  the  crack  patterns.  In  the  CMCs.  the  cracks  are  more  or  less 
uniformly  spaced  and  generally  span  across  the  entire  composite  section.  In 
contrast,  the  MMCs  exhibit  a  broader  distribution  of  crack  sizes,  many  of 
which  are  short  compared  with  the  specimen  dimensions.  Methodologies  for 
measurement  and  interpretation  of  crack  densities  in  MMCs  are  being 
developed.  The  second  problem  deals  with  degradation  in  the  interfacial 
sliding  properties  with  cyclic  sliding  in  the  MMCs.  Such  degradation  is 
presently  being  studied  using  fiber  push-out  tests  in  fatigued  specimens. 

Thermal  fatigue  studies  on  MMCs  subject  to  transverse  loading  have 
been  performed  and  have  established  the  conditions  that  allow  shakedown 
(Leckie).  The  shakedown  range  is  found  to  be  strongly  influenced  by  the 
extent  of  matrix  creep,  which  defines  a  temperature  limitation  on  the  use  of 
the  material.  The  eventual  outcome  of  this  activity  would  be  the 
specification  of  parameters  that  ensure  shakedown  and  avoid  ratcheting. 

The  next  challenge  for  MMCs  concern  the  quantification  of  transitions 
in  fatigue  behavior,  especially  those  found  at  higher  temperatures.  These 
include  multiple  matrix  cracking  and  shear  band  formation.  Experimental 
studies  are  in  progress  which  will  be  used  to  establish  a  mechanism  map. 
The  map,  when  developed,  would  explicitly  identify  the  transitions  (Zok).  The 
analogous  behavior  found  in  CMCs  will  facilitate  this  development.  Other 
high  temperature  phenomena  to  be  explored  include  changes  in  the 
interfacial  sliding  behavior  due  to  both  relaxations  in  the  thermal  residual 
stresses  and  the  growth  of  reaction  products  near  the  fiber-matrix  interface. 
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Fatigue  damage  studies  on  2-D  CMCs  will  focus  on  interface  and  fiber 
degradation  phenomena,  especially  at  elevated  temperatures  (Evans,  Zok). 
Cyclic  loading  into  the  stress  range  at  which  matrix  cracks  exist  is  known  to 
modify  the  interface  sliding  stress  and  may  weaken  the  fibers.  These 
degradation  effects  can  be  distinguished,  because  they  change  the 
hysteresis  loop  and  reduce  the  UTS.  respectively.  Experiments  that  probe 
these  material  responses  are  planned.  In  addition,  models  that  include  the 
influence  f  cyclic  fiber  failure  and  pull-out  on  fatigue  damage  will  be 
developed  (Suo). 

2.2  Matrix  Cracking 

Models  of  the  plastic  strain  and  modulus  changes  caused  by  various 
modes  of  matrix  cracking  have  been  developed.  These  solutions  have 
provided  a  rationale  for  experimental  studies  on  the  tensile  and  shear 
behavior  of  CMCs  and  on  the  fatigue  of  MMCs  (Hutchinson.  Zok.  Evans. 
Suo.  Budiansky,  McMeeking).  The  information  has  been  used  in  two  distinct 
way',  (i)  Test  methodologies  have  been  devised  that  relate 
Strt  aS  /displacement  measurements  to  constituent  properties  (Table  I). 
(ii)  Stress/strain  curves  and  matrix  crack  evolution  have  been  simulated  for 
specific  combinations  of  constituent  properties. 

The  development  of  the  procedures  and  their  implementation  are  still  in 
progress.  Independent  solutions  have  been  established  for  matrix  cracks  in 
0°  plies  and  90°  plies  upon  tensile  loading.  The  former  has  been 
experimentally  validated  on  1-D  material;,  (SiC/SiC  and  SiC/CAS). 
Measurements  of  plastic  strain,  hysteresis  loops  and  crack  densities  have 
been  checked  against  the  models  for  consistency. 
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TABLE  I 


Relevant  Constituent  Properties  and  Measurement  Methods 


CONSTITUENT  PROPERTY 

MEASUREMENT 

Sliding  Stress.  X 

•  Pull-Out  Length,  h 

•  Saturation  Crack  Spacing.  Ts 

-  Hysteresis  Loop.  Se  1/2 

•  Unloading  Modulus.  El 

Characteristic  Strength.  Sc.  m 

•  Fracture  Mirrors 

•  Ultimate  Strength.  S 

Misfit  Strain,  Q  (q) 

•  Bilayer  Distortion 

•  Permanent  Strain.  ep 

•  Residual  Crack  Opening 

Matrix  Fracture  Energy.  rm 

•  Monolithic  Material 

•  Saturation  Crack  Spacing.  Ts 

•  Matrix  Cracking  Stress.  Omc 

Debond  Energy,  Tj 

•  Permanent  Strain.  ep 

•  Residua]  Crack  Opening 

The  next  challenge  is  to  couple  the  models  together  in  order  to  simulate 
the  evolution  of  matrix  cracks  in  2-D  materials,  subject  to  tensile  loading 
(Hutchinson,  Budianskv).  Related  effects  on  the  ultimate  tensile  strength 
caused  by  stress  concentrations  in  the  fibers  in  the  presence  of  matrix 
cracks,  would  also  be  evaluated.  Experimental  measurements  of 
stress/strain  behavior  in  2-D  CMCs,  with  concurrent  observations  of  matrix 
crack  evolution,  would  be  used  to  guide  and  validate  such  models  (Evans. 
Kcdward). 

2.3  Constitutive  Equations 

Constitutive  equations  provide  the  link  between  material  behavior  at 
the  meso-scale  and  the  performance  of  engineering  components.  The 
equations  can  be  established  from  the  results  of  uniaxial  and  transverse 
tensile  tests  together  with  in-plane  shear  loading.  For  a  complete 
formulation,  which  describes  accurately  the  growth  of  failure  mechanisms 
and  the  conditions  of  failure  at  the  meso-scale,  it  is  also  necessary  to 
perform  calculations  which  are  valid  at  the  micro-scale. 

These  procedures  have  been  completed  for  metal-matrix  composites 
(Jansson,  Leckie),  and  the  resulting  constitutive  equations  are  operational 
in  the  ABAQUS  finite  element  code.  The  behavior  of  simple  panels 
penetrated  by  circular  holes  have  been  studied  and  the  results  await 
comparison  with  experiments  which  are  planned  for  the  coming  year.  The 
constitutive  equations  are  formulated  in  terms  of  state  variables  which 
include  the  hardening  tensors  and  damage  state  variables  which  describe 
debonding  at  the  interface  and  void  growth  in  the  matrix.  The  format  is 
sufficiently  general  to  allow  the  inclusion  of  failure  mechanisms  such  as 
environmental  attack  as  the  appropriate  understanding  is  available.  For 


example,  the  effect  of  matrix  and  fiber  creep  mechanisms  (Aravas)  have  also 
been  introduced  into  ABAQUS,  and  it  is  proposed  to  extend  the  creep 
conditions  to  include  the  effects  of  variable  loading  and  temperature. 

A  similar  approach  has  been  taken  towards  the  modulus  of  CMCs.  In 
this  case,  efforts  have  been  made  to  include  the  influence  of  matrix 
cracking,  in-plane  shearing  and  fiber  breakage.  The  latter  consideration  is 
based  on  the  global  load  sharing  model  (Hayhurst).  The  equations  are  also 
available  in  ABAQUS.  At  present,  matrix  cracking  is  introduced  by 
assuming  a  matrix  stress  accompanied  by  an  increase  of  strain.  However, 
based  on  the  more  recent  understanding  of  the  growth  of  matrix  cracks 
(above)  it  is  intended  to  introduce  these  mechanisms  into  the  constitutive 
equations  for  CMCs. 

2.4  Creep 

The  emphases  of  the  creep  investigations  have  been  on  the  anisotropic 
characteristics  of  unidirectional  layers  in  which  the  fibers  are  elastic,  but 
the  matrix  creeps.  Experiments  and  models  of  the  longitudinal  creep 
properties  of  such  materials  ^ave  been  initiated  (McMeeking,  Leckie,  Evans. 
Zok,  Aravas).  The  critical  issues  in  this  orientation  concern  the  incidence  of 
fiber  failure  and  the  subsequent  sliding  response  of  the  interface.  A 
modelling  effort  has  established  an  approach  that  allows  the  stochastic 
evolution  of  fiber  failure  to  occur  as  stress  is  transferred  onto  the  fibers  by 
matrix  creep  (McMeeking).  This  approach  leads  to  creep  rates  with  a  large 
power  law  exponent.  Various  attempts  are  underway  to  incorporate  the 
interface  sliding  initiated  by  fiber  breaks  and  to  introduce  sliding  into  the 
creep  rate  formulation.  Experiments  being  performed  on  unidirectional  Ti 
matrix  materials  are  examining  the  incidence  of  fiber  failures  on  the  creep 
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deformation  (Evans.  Leekie.  Zok).  These  results  will  guide  the  modelling 
effort  concerned  with  interface  sliding  effects.  Insight  will  also  be  gained 
about  fiber  failure  stochastics  during  creep,  especially  differences  from  room 
temperature  behavior. 

The  transverse  creep  properties  are  expected  to  have  direct  analogies 
with  composite  deformation  for  a  power  law  hardening  matrix  (Section  2.3). 
In  particular,  the  same  effects  of  debonding  and  matrix  damages  arise  and 
can  be  incorporated  in  an  equivalent  manner  (Leekie,  Aravas).  Testing  is 
being  performed  on  Ti  MMCs  and  on  SiC/CAS  to  validate  the  models. 

Experiments  on  Ti-matrix  06/90“  cross-ply  composites  are  planned. 
Creep  models  appropriate  to  cross-ply  materials  will  be  developed  bv 
combining  those  corresponding  to  the  unidirectional  materials  in  the 
longitudinal  and  transverse  orientations,  using  a  rule-of-mixtures  approach. 
Such  an  approach  is  expected  to  be  adequate  for  loadings  in  which  the 
principal  stresses  coincide  with  the  fiber  axes.  Alternate  approaches  will  be 
sought  to  describe  the  material  response  in  other  orientations. 

Some  CMCs  contain  fibers  that  creep  more  extensively  than  the  matrix. 
This  creep  deformation  has  been  found  to  elevate  the  stress  in  the  matrix 
and  cause  time  dependent  evolution  of  matrix  cracks.  This  coupled  process 
results  in  continuous  creep  deformation  with  relatively  low  creep  ductility. 
Experiments  on  such  materials  are  continuing  (Evans.  Leekie)  and  a 
modelling  effort  will  be  initiated  (Suo).  The  models  would  include  load 
transfer  into  the  matrix  by  creeping  fibers,  with  sliding  interfaces,  leading  to 
enhanced  matrix  cracking. 
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Tensile  Strength 


The  ultimate  strength  (UTS)  of  both  CMCs  and  MMCs  (as  well  as  fatigue 
and  creep  thresholds)  is  dominated  by  fiber  failure.  With  the  global  load 
sharing  (GLS)  concept  of  fiber  failure  now  well  established,  the  recent 
emphasis  has  been  on  defining  the  constituent  properties  needed  to  ensure 
GLS.  The  approach  has  been  to  perform  local  load  sharing  calculations  and 
then  compare  experimental  UTS  data  with  the  GLS  predictions  (Curtin, 
Evans.  Leckie).  The  situation  is  unresolved.  However,  initial  calculations  on 
CMCs  (Curtin)  and  MMCs  (Evans)  have  provided  some  insight.  Two  key 
remaining  issues  concern  the  magnitude  of  the  stress  concentration  in 
intact  fibers  caused  by  matrix  cracks  and  the  role  of  fiber  pull-out  in 
alleviating  those  stresses.  Calculations  of  these  effects  are  planned 
(Budiansky,  Suo). 

Degradation  of  the  fiber  strength  upon  either  high  temperature  (creep) 
testing,  atmospheric  exposure,  or  fatigue  are  other  topics  of  interest. 
Rupture  testing  performed  under  these  conditions  will  be  assessed  in  terms 
of  degradation  in  fiber  properties. 


3.  DESIGN  TEAMS 
3.1  The  Approach 

The  overall  philosophy  of  the  design  effort  is  to  eventually  combine 
material  models,  with  a  materials  selector,  and  a  data  base,  within  a  unified 
software  package  (Prinz).  One  example  of  a  composites  data  base  is  that 
developed  for  MMCs  by  KAMAN  Sciences,  which  forms  the  basis  for  a 
potential  collaboration.  The  materials  selector  has  already  been  developed 
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for  monolithic  materials  (Ashby)  and  is  available  for  purchase.  This  selector 
requires  expansion  to  incorporate  phenomena  that  have  special  significance 
for  high  temperature  composites,  including  creep  and  thermal  fatigue.  These 
new  features  will  be  developed  and  included  in  the  advanced  selector 
software  (Ashby). 

The  modelling  approach  is  illustrated  in  Table  II.  Failure  mechanisms 
and  their  effect  on  material  behavior  have  been  introduced  into  constitutive 
equations.  The  stress,  strain  and  damage  fields  which  develop  in 
components  during  the  cycles  of  loading  and  temperature  can  then  be 
computed.  Experiments  shall  be  performed  on  simple  components  such  as 
holes  in  plates,  and  comparison  made  with  the  computational  predictions. 
Since  constitutive  equations  are  modeled  using  the  results  of  coupon  tests, 
it  is  likely  that  additional  failure  modes  shall  come  to  light  during 
component  testing.  These  mechanisms  shall  be  studied  and  the  appropriate 
mechanics  developed  so  that  their  influence  is  correctly  factored  into  the 
constitutive  equations.  In  this  way.  increased  confidence  in  the  reliability  of 
the  constitutive  equations  can  be  established  in  a  systematic  way. 

In  practice,  it  is  most  probable  that  the  constitutive  equations  are  too 
complex  for  application  at  the  creative  level  of  the  design  process.  It  is  then 
that  simple  but  reliable  procedures  are  of  greater  use.  Some  success  has 
been  achieved  in  this  regard  for  MMCs  subjected  to  cyclic  mechanical  and 
thermal  loading  (Jansson,  Ponter,  Leckie),  as  well  as  for  strength 
calculations  of  CMC  panels  penetrated  by  holes  (Suo)  and  the  fatigue  of 
MMCs  (Zok,  McMeeking).  In  all  cases  simplifications  are  introduced  after  a 
complete  and  reliable  analysis  has  been  completed  which  provides  a 
standard  against  which  the  effects  of  simplification  can  be  assessed. 
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Approximate  Design 
Procedures: 
Stress  Allowables 


Table  II 

The  Modelling  Approach 


3.2  Ceramic  Matrix  Composite  Design 

The  design  effort  on  CMCs  will  have  its  major  focus  on  pin -loaded  holes 
used  for  attachments  (Fig.  3).  A  smaller  activity,  expected  to  expand  in 
1994,  will  address  delamination  cracking.  The  hole  design  includes  several 
related  topics.  Each  topic  is  concerned  with  aspects  of  constitutive  law 
development  (Table  III),  highlighted  during  the  study  group.  Combined 
experimental  and  modelling  efforts  on  the  tensile  properties  of  CMCs  have 
established  that  the  plastic  strains  are  dominated  by  matrix  cracks  in  the  0° 
plies.  The  matrix  cracking  models  developed  in  the  program  demonstrate 
that  these  strains  are  governed  by  four  independent  constituent  properties 
[(Table  I)  T,  Tj,  O  and  Tml  which  combine  and  interrelate  through  five  non- 
dimensional  parameters  (Table  IV).  This  modelling  background  suggests  a 
concept  for  using  model-based  knowledge  to  develop  constitutive  laws.  The 
following  steps  are  involved  (Table  III),  (i)  A  model-based  methodology  for 
inferring  the  constituent  properties  of  unidirectional  CMCs  from 
macroscopic  stress/strain  behavior  has  been  devised  and  is  being 
experimentally  tested  on  a  range  of  materials  (Evans),  (ii)  Upon  validation, 
the  models  would  allow  stress/strain  curves  to  be  simulated  (Hutchinson). 
This  capability  would  facilitate  a  sensitivity  study  to  be  performed,  in  order 
to  determine  the  minimum  number  of  independent  parameters  that 
adequately  represent  the  constitutive  law.  A  strictly  empirical  law  would 
require  3  parameters  (yield  strength,  hardening  rate  and  unloading 
modulus).  Consequently,  the  objective  might  be  to  seek  3  combinations  of 
the  4  constituent  properties,  (iii)  Experiments  would  be  performed  and 
models  developed  that  establish  the  matrix  cracking  sequence  in  2-D 
materials  (Hutchinson,  Evans,  Kedward).  These  would  be  conducted  on 
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Summary  of  Non-Dimensional  Coefficients 


flb  =  [/ /(l-/)]2  (Ey  El  /E^,j(a0  x/RSu),  Flaw  Index  for  Bridging 
Jlp  =  (a0  /  h)  ^Sp  /  El  ),  Flaw  Index  for  Pull-Out 
<D  =  rm(l-/)2E/Em//T2ELR/ Crack  Spacing  Index 
H  =  b2(l-a1/)2  Rdp/4dxEm/2/  Hysteresis  Index 
I  ~  ap  /Ejn  Q,  Misfit  Index 

=  6xrm  /2E7  /(1-/JE2,  REl,  Matrix  Cracking  Index 
d  =  Ep  /Q/El  (1-  v).  Residual  Stress  Index 
Aj  =  (l/  q  O)  /  Em  R,  Debond  Index 
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CMCs  with  a  range  of  different  constituent  properties  and  fiber 
architectures.  The  plastic  strains  would  be  related  to  constituent  properties 
by  adapting  the  IT  models. 

The  in-plane  shear  behavior  will  be  characterized  by  performing 
experiments  and  developing  models  of  matrix  cracking  that  govern  the 
plastic  shear  strain  in  2-D  CMC  (Evans,  Hutchinson.  Bao).  The  information 
will  be  used  to  establish  the  constitutive  laws  for  in-plane  shear,  as  well  as 
interlaminar  shear.  For  continuity  of  interpolation  between  tension  and 
shear,  the  shear  models  will  include  the  same  constituent  properties  as 
those  used  to  represent  the  tensile  behavior. 

The  model-based  constitutive  laws,  based  on  matrix  damage,  will  be 
built  into  a  CDM  (continuum  damage  mechanics)  formulation,  compatible 
with  finite  element  codes  (Hayhurst).  Computations  will  be  performed  to 
explore  stress  redistribution  around  holes  and  other  strain  concentration 
sites.  The  calculations  will  establish  visualizations  of  stress  evolution  that 
can  be  compared  with  experimental  measurements  performed  using  the 
SPATE  method,  as  well  as  by  Moire  interferometry  (Mackin,  Evans).  These 
experiments  will  be  on  specimens  with  notches  and  holes,  loaded  in  tension. 
The  comparisons  between  the  measured  and  calculated  stress  patterns  will 
represent  the  ultimate  validation  of  the  constitutive  law.  The  composite 
codes,  when  validated,  will  be  made  available  to  industry. 

Some  preliminary  experimental  work  will  be  performed  on  pin -loaded 
holes.  Damage  patterns  will  be  monitored  and  stress  redistribution  effects 
assessed  using  SPATE  (Kedward,  Evans,  Mackin).  These  experiments  will  be 
conducted  on  SiC/CAS  and  SiC/C.  The  results  will  provide  the  focus  for 
future  CDM  computations,  based  on  the  constitutive  law  for  the  material. 
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Smaller  scale  activities  will  involve  basic  aspects  of  stress  redistribution 
around  holes  caused  by  fatigue  and  creep  damage,  using  the  experience 
gained  from  the  matrix  cracking  studies.  Some  experimental  measurements 
of  these  effects  will  be  performed  using  SPATE  (Zok,  Evans). 

Some  delamination  crack  growth  measurements  and  calculations  are 
also  envisaged  (Ashby,  Kedward,  Hutchinson).  Cantilever  beam  and 
C-specimens  will  be  used  for  this  purpose  (Fig.  4).  During  such  tests,  crack 
growth,  multiple  cracking  and  stiffness  changes  will  be  addressed.  Models  of 
bridging  by  inclined  fibers  will  be  developed  (Ashby)  and  used  for 
interpretation. 

3.3  Metal  Matrix  Composite  Design 

The  3D  constitutive  equations  for  MMCs  are  now  available  for  use  in 
the  ABAQUS  finite  element  code,  and  the  immediate  task  Is  to  use  these 
equations  to  predict  the  behavior  of  representative  components  (Leckie).  One 
such  system  is  a  ring-type  structure  which  is  being  studied  together  with 
Pratt  and  Whitney.  Clearly  no  experimental  verification  is  possible  with  a 
component  of  this  scale,  but  the  experience  of  Pratt  and  Whitney  shall 
provide  invaluable  input  on  the  effectiveness  of  the  calculations.  A 
component  sufficiently  simple  to  be  tested  is  the  panel  penetrated  by  holes. 
The  holes  shall  be  both  unloaded  and  loaded  (Jansson),  and  it  is  expected  to 
include  the  effects  of  cyclic  mechanical  and  thermal  loading. 

It  is  proposed  to  develop  simplified  procedures  which  are  based  on 
shakedown  procedures  (Jansson,  Leckie).  Demonstrations  have  already 
been  made  of  the  effectiveness  of  the  Gohfeld  method  (which  uses  only 
simple  calculations)  in  representing  the  behavior  of  MMCs  subjected  to 
cyclic  thermal  loading. 
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During  the  complex  histories  of  stress  and  temperature,  it  is  known 
that  the  matrix-fiber  interface  properties  change.  Fatigue  loading  (Zok)  is 
know  to  decrease  the  interface  sliding  stress.  Transverse  creep  appears  to 
cause  matrix-fiber  debonding  (Jansson).  which  might  result  in  loss  of  the 
ability  to  transfer  stress  between  matrix  and  fiber.  It  is  intended  to  study 
this  effect  of  transverse  creep  on  the  integrity  of  the  longitudinal  strength  of 
the  material  by  performing  tests  on  panels  which  shall  allow  rotation  of  the 
stress  fields.  A  good  understanding  now  exists  of  the  fatigue  properties  of 
MMCs  (Zok).  It  is  intended  to  extend  the  ideas  developed  from  earlier 
theoretical  studies  (McMeeking,  Evans)  to  include  cyclic  thermal  effects  and 
experimental  programs  on  holes  in  plates. 


4.  MANUFACTURING 

The  activities  in  processing  and  manufacturing  have  had  the  following 

foci: 

•  Matrix  development  to  address  specific  requirements  identified  by  the 
design  problems,  particularly  first  matrix  cracking  in  CMCs  (Lange) 
and  creep  strengthening  in  MMC/IMCs  (Levi.  Lucas). 

•  Hybrid  architectures  which  offer  possible  solutions  to  environmental 
degradation  and  thermal  shock  problems  (Evans,  Lange,  Leckie,  Levi, 
Yang.  Zok). 

•  Software  development  that  predicts  and  controls  fiber  damage  and 
interface  properties  during  densification  (Wadley). 

•  Processing  techniques  to  generate  model  MMC  sub-elements  (Leckie, 
Levi,  Yang). 
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4.1  Metal  Matrix  Composites 

Work  on  MMC  matrix  development  has  focused  on  dispersion 
strengthening  approaches  to  increase  the  transverse  tensile  and  creep 
strength  of  1-D  and  2-D  fiber  architectures.  The  initial  work  has  emphasized 
a  model  system,  CU/AI2O3,  wherein  dispersoids  are  produced  by  internal 
oxidation  of  a  dilute  Cu-Al  alloy  deposited  by  PVD  onto  sapphire  fibers. 
These  are  subsequently  consolidated  by  HIP'ing.  Specimens  with  fiber 
volume  fractions  of  0.3  <  f  <  0.5  and  2-3%  Y-AI2O3  dispersoids  (~  20  nm  in 
size)  have  been  produced  in  this  manner  and  will  be  tested  to  assess  their 
transverse  creep  behavior.  The  new  emphasis  will  be  on  higher  temperature 
matrices  based  on  TiB  dispersoids  in  Ti-(Cr/Mo)-B  alloys  (Levi).  Initial 
solidification  studies  have  demonstrated  the  potential  of  these  materials  as 
in-situ  composites.  Efforts  are  underway  to  develop  sputtering  capabilities  to 
implement  this  concept. 

Fiber  damage  during  densification  of  composite  prepregs  generated  by 
plasma-spray  (GE)  and  PVD  (3M)  have  also  been  emphasized  (Wadley). 
Interdiffusion  studies  coupled  with  push -out  tests  have  been  used  to  study 
the  evolution  of  reaction  layers  in  Ti/SiC  composites  and  their  effect  on  the 
relevant  interfacial  properties  as  a  function  of  process  parameters. 
Additional  efforts  under  other  programs  have  focused  cn  developing 
predictive  models  for  fiber  breakage  during  densification.  The  interdiffusion 
and  breakage  models  are  being  incorporated  into  software  that  predicts 
pressure-temperature  paths,  which  simultaneously  minimize  fiber  damage 
and  control  the  interface  properties. 

The  feasibility  of  producing  MMC  sub-elements  consisting  of  fiber 
reinforced  rings  (1-D)  and  tubes  (2-D)  has  been  demonstrated  by  using 
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liquid  metal  infiltration  of  A1  alloy  matrices  (Levi).  These  are  presently 
undergoing  testing  in  combined  tension/torsion  modes.  Future  efforts  will 
be  directed  toward  extending  the  technique  to  other  shapes  (e.g.,  plates  with 
reinforced  holes),  as  well  as  devising  methods  to  modify  the  (currently 
strong)  interfaces.  The  identification  of  methods  that  provide  the  appropriate 
interfacial  debonding/sliding  characteristics  should  enable  the  use  of  these 
composites  as  model  systems  for  higher  temperature  MMCs.  such  as  Ti. 

4.2  Intermetallic  Matrix  Composites 

The  focus  of  the  IMC  processing  activities  has  been  on  the  synthesis  of 
MoSi2/P'SiCp  composites  by  solidification  processing.  These  materials  are  of 
interest  as  potential  matrices  for  fiber  composites.  Significant  progress  was 
made  in  the  elucidation  of  the  relevant  Mo-Si-C  phase  equilibria,  the  growth 
mechanisms  of  SiC  from  the  melt  and  their  impact  on  reinforcement 
morphology,  as  well  as  the  orientation  relationships  between  matrix  and 
reinforcements,  and  the  interfacial  structure.  An  amorphous  C  layer.  <,5  nm 
thick,  was  found  at  the  MoSi2/SiC  interface  in  the  as  cast  condition,  and 
persisted  after  12  h  heat  treatments  at  1500°C.  This  interfacial  layer  has 
been  reproduced  in  a-SiCp/(MoSi2  +  C)  composites  produced  by  powder 
metallurgy  techniques  and  was  found  to  exhibit  promising  debonding  and 
pull-out  behavior  during  fracture  (Levi).  Future  efforts  are  aimed  at 
implementing  this  in-situ  coating  concept  in  a-SiC  fiber  composites. 

4.3  Ceramic  Matrix  Composites 

The  processing  issues  for  creating  CMCs  with  high  matrix  strength 
continue  to  be  explored  (Lange,  Evans).  The  basic  concept  is  to  create  a 
strong  ceramic  matrix  framework  within  a  fiber  preform,  by  means  of  slurry 
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infiltration  followed  by  heat  treatment.  This  stronrt  framework  would  then  be 
infiltrated  by  a  polymer  precursor  and  pyrolyzed  to  further  density  the 
matrix.  It  has  been  demonstrated  that  strong  matrices  of  Si3N4  can  be 
produced  using  this  approach  (Lange).  Further  work  will  address 
relationships  between  matrix  strength  and  microstructure  (Lange.  Evans). 

4.4  Hybrids 

These  activities  cover  materials  consisting  of  thin  monolithic  ceramic 
layers  altema4  with  layers  containing  high  strength  fibers  bonded  by  a 
glass  or  metallic  binder.  The  primary  motivation  behind  this  concept  is  the 
potential  for  manufacturing  shapes  that  have  a  high  resistance  to 
environmental  degradation  and  also  have  good  thermal  shock  resistance. 
The  concept  has  been  demonstrated  using  alumina  plates  and  graphite 
reinforced  polymer  prepregs  (Lange).  The  availability  of  glass-ceramic 
bonded  SiCf  prepregs  and  tape-cast  SiC  plates  has  facilitated  the  extension 
of  this  technique  to  high  temperature  systems  (Lange).  Future  assessment 
will  address  new  crack  control  concepts.  These  concepts  would  prevent 
damage  from  propagating  into  the  fiber  reinforced  layers,  especially  upon 
thermal  loading  (Zok,  Lange).  If  successful,  this  concept  would  allow  the 
development  of  hybrid  CMCs  which  impart  resistance  to  environmental 
degradation,  as  well  as  high  thermal  strain  tolerance. 

Preliminary  work  has  been  performed  on  laminates  consisting  of 
alumina  plates  and  sapphire-fiber  reinforced  Cu  monotapes  (Levi).  The  latter 
are  produced  by  deposition  of  Cu  on  individual  fibers  which  are 
subsequently  aligned  and  bonded  by  hot  pressing  between  two  Cu  foils. 
After  suitable  surface  preparation,  the  alumina/monotape  assemblies  are 
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bonded  by  hot  pressing.  Future  work  is  aimed  at  implementing  the  concept 
with  Ni  based  alloys. 


5.  SENSORS 

The  principal  challenge  being  addressed  is  the  non -destructive  and 
non-evasive  measurement  of  stresses  in  composites  (Clarke,  Wadley).  The 
motivation  is  to  make  detailed  measurements  of  stresses  in  components  for 
incorporation  into  evolving  design  models,  as  well  as  validation  of  the  stress 
distributions  computed  by  finite  element  methods.  A  major  emphasis  has 
been  placed  on  measuring  the  residual  stresses  in  sapphire  Fibers  in  various 
matrices,  using  the  recently  developed  technique  of  optical  fluorescence 
spectroscopy.  These  measurements  have  provided  data  on  the  distribution 
of  residual  thermal  stresses  in  the  fiber  reinforcement,  as  a  function  of 
depth  below  the  surface.  This  approach  will  be  extended,  in  conjunction 
with  finite  element  modelling  (Hutchinson),  to  measure  the  stresses  during 
the  process  of  fiber  pull-out  from  a  variety  of  metal  and  ceramic  matrices. 
Initial  experiments  indicate  that  such  in-situ  measurements  are  feasible. 

The  technique  will  also  be  applied  to  the  measurement  of  the  stresses 
in  sapphire  fibers  located  in  the  vicinity  of  pin -loaded  holes  in  order  to 
understand  the  manner  in  which  the  stresses  redistribute  during  loading.  It 
is  anticipated  that  this  measurement  will  provide  information  about  the 
detailed  fiber  loadings  and  also  about  the  stresses  that  cause  debonding  of 
the  fibers  from  the  matrix.  Moreover,  in  support  of  the  activities  on  thermal 
ratcheting,  the  redistribution  of  stresses  with  thermal  cycling  will  be 
established.  This  will  be  accomplished  by  using  the  fluorescence  technique 
as  well  as  Moire  interferometry,  based  on  lithographically  defined  features. 
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The  article  draws  upon  recent  work  by  us  and  our  colleagues  on  metal  and  ceramic  matrix 
composites  for  high  temperature  engines.  The  central  theme  here  is  to  deduce  mechanical 
properties,  such  as  toughness,  strength  and  notch-ductility,  from  bridging  laws  that  characterize 
inelastic  processes  associated  with  fracture.  A  particular  set  of  normalization  is  introduced  to 
present  the  design  charts,  segregating  the  roles  played  by  the  shape,  and  the  scale,  of  a  bridging 
law.  A  single  material  length,  5(fi  /  <r0,  emerges,  where  8$  is  the  limiting-separation,  <r0  the 
bridging-strength,  and  E  the  Young  s  modulus  of  the  solid.  It  is  the  huge  variation  of  this 
length — from  a  few  nanometers  for  atomic  bond,  to  a  meter  for  cross-over  Fibers — that  underlies 
the  richness  in  material  behaviors.  Under  small-scale  bridging  conditions,  /  cr0  is  the  only 
basic  length  scale  in  the  mechanics  problem  and  represents,  with  a  pre-factor  about  0.4,  the 
bridging  zone  size.  A  catalog  of  small-scale  bridging  solutions  is  compiled  for  idealized  bridging 
laws.  Large-scale  bridging  introduces  a  dimensionless  group,  a  /  /  cr0) ,  where  a  is  a  length 

characterizing  the  component  (e.g.,  hole  radius).  The  group  plays  a  major  role  in  all  phenomena 
associated  with  bridging,  and  provides  a  focus  of  discussion  in  this  article.  For  example,  it 
quantifies  the  bridging  scale  when  a  is  the  unbridged  crack  length,  and  notch-sensitivity  when  a 
is  hole  radius.  The  difference  and  the  connection  between  Irwin’s  fracture  mechanics  and  crack 
bridging  concepts  are  discussed.  It  is  demonstrated  that  fracture  toughness  and  resistance  curve  are 
meaningful  only  when  small-scale  bridging  conditions  prevail,  and  therefore  of  limited  use  in 
design  with  composites.  Many  other  mechanical  properties  of  composites,  such  as  strength  and 
notch-sensitivity,  can  be  simulated  by  invoking  large-scale  bridging  concepts. 

I.  BACKGROUND  mechanics  are  reviewed,  motivating  the  models  for 

toughness,  and  demonstrating  the  limitations  of  small-scale 
Building  upon  the  analyses  of  Dugdale  (1960)  and  Bilby  et  bridging.  The  section  is  concluded  with  comments  on 
ai.  (1963),  Cottrell  (1963)  put  forward  the  concept  of  crack-  currem  Police  of  fracture  testing,  and  needs  for  large-scale 
bridging  as  a  unifying  theory  for  fracture  at  various  length  bridging  concepts, 
scales,  from  atomic  cleavage  to  void  growth.  Much  has  . 

happened  in  the  last  thirty  years  in  developing  this  idea  for  all  '  toni,c  vs  i  r  r  ging 
kinds  of  materials— metals ,  ceramics,  polymers,  cementitious  A  ^  wiU  M  apart  ^  «  ngahet.  For 

materials,  and  their  composites  in  various  forms.  In  this  exarnpiCi  ^  ionic  crystal  adheres  by  electrostatic  force 
article,  we  try  to  place  the  relevant  aspects  into  the  between  unlike  ions.  A  unifying  idea,  sufficiently  rigorous 
perspective  of  design  with — and  ^—ceramic  matrix  for  our  purpose,  is  to  represent  atomic  bond  by  a  relation 
composites.  In  particular,  we  will  emphasize  the  concept  of  between  attractive  stress,  o,  and  separation,  8,  of  two 
large-scale  bridging,  and  its  implications  for  strength,  notch-  lattice  planes.  Such  a  relation  is  sketched  in  Fig.  1.  and  is 
sensitivity,  and  splitting  resistance.  formally  written  as 

This  section  sets  the  stage  for  our  remarks  on  crack  <r /  <r0  =  /  50)  -  (1) 

bridging  concepts.  In  particular,  we  briefly  discuss  bridging  The  dimensionless  function  x  describes  the  shape  of  the 
laws,  the  microscopic  properties  to  be  transmitted  to  relation;  the  scale  is  set  by  strength,  tr0,  and  limiting- 
continuum  models.  The  fundamentals  of  Irwin’s  fracture  separation,  $0.  For  an  inorganic  solid,  the  strength  is  about 

'Micromachanical  modelling  of  quasi -brittle  materials  behavior*  edited  by  Victor  C  U.  ASME  Book  No  AMRt  1 8  $60  (members  $30) 
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one  tenth  of  its  Young’s  modulus,  and  the  limiting-separation 
is  on  the  order  of  lattice  spacing  (see  Table  1 ). 


FIG.  1  A  stress -separation  relation  that  represents  both  atomic 
bond  and  fiber  bridging.  The  strength  and  limiting-separation 
are  very  different  for  the  two  mechanisms;  see  Table  1 . 

TABLE  1  Illustrative  properties  for  bridging  mechanisms 
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As  pointed  out  by  Needleman  (1990),  relation  (1) 
introduces  a  stress  level  <r0  and  a  length  scale  <50,  and 


provides  an  intrinsic  failure  criterion,  based  on  which 
macroscopic  phenomena  can  be  simulated.  Table  1  lists  the 
values  of  a0S0  and  8<fi  /  a0  (Young’s  modulus  is  taken  to 
be  E  -  10uN/m2).  As  we  shall  see  later,  they  represent, 
wit*'  pre-factors  of  order  unity,  fracture  energy  and  fracture 
process  zone  length,  respectively,  when  the  process  zone  is 
muen  smaller  than  flaw  size.  The  significance  of  the  length, 
<5g£  /  <r0,  was  first  appreciated  by  Cottrell  (1963),  and  will 
be  further  elaborated  upon  in  this  article  in  connection  with 
composite  design. 

Things  other  than  atomic  bonds  can  also  hold  a  material 
together.  Illustrated  in  Fig.  2  are  strong  fibers  bridging  a 
ceramic  matrix,  mimicking  atomic  bonds  holding  a  solid.  By 
analyzing  a  fiber-matrix  cylinder,  one  finds  an  approximate 
stress-separation  relation  (Marshall  et  al.  1985;  also 
Hutchinson  and  Jensen  1990  for  a  correction); 

0/oo  =  (5/8ofn.  (2) 

The  closure-strength  is 


<70  =  A,-  (3) 

where  Sb  is  the  fiber  bundle  strength,  and  /  the  fiber  volume 
fraction.  The  limiting-separation  is 


<5n  = 


2Et 


(4) 


where  R  is  the  fiber  radius,  t  the  sliding  friction  of 
fiber/matrix  interface,  and  £  the  Young's  modulus,  assuming 
that  clastic  constants  are  identical  for  fiber  and  matrix.  In 
practice,  <50  can  be  varied  substantially  by  varying  T. 

Note  that  (2)  is  valid  before  fiber  breaking.  Fiber  pull¬ 
out  after  breaking  has  also  been  modeled;  see  Hutchinson  and 
Jensen  (1990)  for  review.  Yet  design  with  ceramic  matrix 


composites  under  stauc  loading,  and  metal  matrix  composites 
under  cyclic  loading  usually  allows  matrix  cracking  to  relieve 
stress  concentration,  but  requires  fibers  to  remain  intact,  so 
that  (2)  provides  a  conservative  limn  in  design. 


Fibers  can  even  bridge  transverse  cracks  if  ihey  are  not 
perfectly  aligned  (Fig.  3).  High  fracture  resistance  due  to 
cross-over  fibers  has  been  demonstrated  for  a  glass  matrix 
composite  (Spearing  and  Evans  1992).  The  stress-separauon 
relation  has  not  been  modeled  in  any  detail,  but  the  flexible 
fibers  are  expected  to  provide  small  closure-strength  and 
large  limiting-separation.  Values  listed  in  Table  1  are 
inferred  from  the  experimental  data  of  a  CAS/SiC  composite. 

Ductile,  crack-bridging  particles  can  substantially 
toughen  a  ceramic  (e.g.,  Bannister  et  al.  1992).  The  closure- 
strength  is  a  few  times  the  yield  stress  of  the  ductile  alloy, 
and  the  limit  separation  scales  with  the  product  of  the  size 
and  the  ultimate  strain  of  the  particles.  They  are  also 
influenced  by  debonding  of  the  particle/matnx  interface 
(Mataga  1990,  Bao  and  Hui  1990). 

All  bridging  mechanisms  can  be  represented  by  stress- 
separation  relations,  but  there  is  a  significant  difference:  the 
scales  of  ct0  and  S0.  It  is  the  large  variation  in  the  bridging 
scales,  from  a  nanometer  to  a  meter,  that  accounts  for  the 
richness  in  material  behaviors.  In  particular,  as  indicated  in 
Table  1,  the  fracture  energy  and  damage  extent  differ 
substantially  for  atomic  bond  and  fiber  bridging. 

Given  a  stress-separation  relation  that  tells  how  a  solid  is 
held  together,  one  can  analyze  any  components  to  determine 
the  load-carrying  capacity,  which  is  the  approach  to  be 
reviewed  in  this  article.  However,  this  was  not  how  Irwin 
established  the  Linear  Elastic  Fracture  Mechanics.  In  fact, 
LEFM  makes  no  reference  to  microscopic  details  of  fracture 
process.  To  place  bridging  concepts  into  perspective,  it  is 
interesting,  then,  to  first  reflect  upon  the  facts  underlying  the 
fracture  mechanics  that  is  independent  of  the  fracture 
mechanisms .  The  classical  view  outlined  below  can  be 
found  m  the  textbook  by  Kanmnen  and  Popelar  (1985). 


FIG.  3  Fiber  cross-over. 


12  Linear  elastic  fracture  mechanics 

Ironically,  tt  is  the  very  irrelevance  to  microscopic  details 
that  gave  rise  to  the  gTcat  success  of  fracture  mechanics  in  the 
early  days.  LEFM  is  versatile:  it  applies,  with  some 
justifications,  to  any  solids — metals,  ceramics,  polymers  and 
composites.  LEFM  is  precise:  it  relics  on  macroscopic 
measurements  of  toughness  and  elasticity  solutions  of  stress 
intensity  factors.  LEFM  is  far-reaching:  the  concepts  have 
been  extended  to  ductile  fracture,  fatigue  cracking,  dynamic 
fracture,  and  interface  debondmg. 

Irwin's  LEFM  erects  upon  a  single  premise:  At  the  onset 
of  fracture,  the  material  is  elastic  over  the  whole  component, 
except  for  a  damage  zone  localized  around  the  crack  tip, 
whose  size  L0  is  much  smaller  than  crack  size  a: 

L^«a.  (5) 

The  condition  is  satisfied  by  either  a  large  crack,  or  a  brittle 
solid  suffering  little  diffused  damage  upon  fracture.  This 
statement  will  be  made  more  precise  later 

Then  follows  the  central  corollary:  However  complex  a 
fracture  process  is.  a  single  material  property  { called 
toughness)  quantifies  the  resistance  to  fracture.  That  is,  for 
a  given  material,  toughness  measured  from  a  laboratory 
sample  can  be  used  to  design  components. 

No  microscopic  details  are  mentioned. 

The  elastic  field  in  a  component  is  analyzed  as  if  the 
crack  tip — or  the  tiny  inelastic  zone — were  a  mathematical 
point  with  no  physical  structure,  an  idea  analogous  to  the 
boundary  layer  approach  in  fluid  mechanics.  Such  stress 
field  is  square  root  singular: 

oirK(2nrrmFy(6).  (6) 

where  r  and  6  form  polar  coordinates  centered  at  the  crack 
up.  £y(0)  are  functions  listed  in  elasticity  textbooks,  and  K 
is  stress  intensity  factor .  The  external  boundary  conditions 
of  the  component  do  not  change  the  structure  of  the  singular 
field — the  square  root  and  functions  Fy(0),  but  do  change 
the  magnitude  of  K. 

The  physical  significance  of  K  can  be  appreciated  from 
Fig.  4.  The  actual  stress  distribution  is  modified  in  two  ways 
from  the  elastic  solution  (6).  Within  the  damage  zone,  the 
inelastic  deformation  redistributes  stress,  bounding  the  stress 
by  the  closure-strength,  ct0.  Close  to  the  component 
boundary,  the  stress  merges  to  the  boundary  conditions. 
Despite  the  modifications,  provided  condition  (5)  is  satisfied, 
the  stress  field  within  the  annulus,  L$<r<a,  is  well 
approximated  by  elastic  solution  (6). 

Consequently,  K  is  the  only  parameter  through  which 
the  applied  load  can  influence  the  damaging  process  at  the 
crack  tip.  The  resistance  to  fracture  can  therefore  be  defined 
as  the  maximum  stress  intensity  factor  that  a  material  can 
sustain.  That  is,  for  a  given  cracked  specimen  made  of  a 
certain  material,  denoting  K  as  the  stress  intensity  factor  of 
the  geometry  and  loading,  and  Kc  the  toughness  of  the 
material,  the  crack  will  not  grow  if 

K<KC.  (7) 

In  contrast  to  other  measures  of  toughness  such  as 
impact  energy,  Kc  is  both  macroscopicatly  measurable  and 


quantitatively  relevant  to  design.  Two  handbooks  are  thus 
sufficient:  one  contains  stress  intensity  factors  of  various 
geometries,  computed  from  elasticity  problems;  and  the 
other  contains  toughness  values  for  various  materials 
measured  from  laboratory  samples. 

No  microscopic  details  arc  mentioned. 

Another  useful  concept  is  energy  release  rate  fi.  the 
decrease  of  clastic  strain  energy  of  the  body,  for  a  unit  area  of 
crack  growth,  when  the  deflection  ai  the  external  loading 
point  is  held  fixed.  Irwin  ( 1 957 1  showed  that  Q  and  A  are 
related  by 

G-K2iE',  (Hi 

where  E'  =  E  for  plane  stress,  and  E'  =  £/(  1  -  v,:j  for 
plane  strain,  £  and  v  being  Lhe  Young  s  modulus  and 
Poisson's  ratio.  Fracture  energy  T  is  related  to  Kc  by  a 
similar  relation 

r=Afc2/£'.  (9) 

In  summary,  K  and  Q  are  equivalent  loading 
parameters',  K c  and  T  are  equivalent  material  properties 
All  these  are  valid  concepts  when  small-scale  damage 
condition  (5)  prevails. 


FIG.  4  Elastic  solution  and  actual  stress  distribution. 

1J  Mechanics  of  toughness 

Powerful  as  it  is,  LEFM  uncovers  little  of  what  happens 
within  the  damage  zone.  There  is  a  number  of 
disadvantages  of  this  black-box  approach.  For  one, 
toughness  can  be  enhanced  by  controlling  microstructurc:  it 
is  of  great  significance  to  have  a  theory  for  toughness,  so  that 
the  controllable  quanuties  can  be  opumized.  This  theme  has 
been  vigorously  pursued  for  the  past  twenty  years, 
culminating  in  an  understanding  of  toughness — to  various 
degrees  of  sophistication — for  almost  all  engineering 
materials.  For  example,  the  microstructural  basis  of 
toughness  has  been  reviewed  by  Evans  (1990)  for  ceramics, 
by  Ritchie  and  Thompson  (1985)  for  ductile  alloys,  and  by  Li 
(1990)  for  cementitious  materials. 

Here  we  focus  on  toughness  mechanisms  that  can  be 
described  by  stress-separation  relations.  The  standard  small- 
scale  bridging  model  is  as  follows  (Fig.  5).  If  condition  (5)  is 


satisfied,  the  crack  can  be  taken  to  be  scmi-inftniie  compared 
to  the  damage  zone  size  L,  and  the  external  boundary 
conditions  condensed  to  stress  intensity  factor  K,  or  energy 
release  rate  Q,  by  handbook  solutions.  The  bridging  law  (1) 
is  applied  in  the  damage  zone,  coupled  with  the  elasuc  solid. 

A  fiber-reinforced  ceramic  is  characterized  in  a 
mechanical  test  by  a  resistance  curve  ( /? -curve),  such  as  that 
in  Fig.  6  A  pre-cut  is  made  prior  to  a  fracture  test  and.  upon 
loading,  a  driving  force.  P0,  about  ’.h  matrix  fracture  energy, 
starts  matrix  crack.  As  the  crao  ength  L  increases  and 
more  fibers  bndge  the  craciv,  higher  driving  force  is  needed 
to  maintain  the  growth.  The  separation  at  the  pre-cut  root 
finally  reaches  the  limiting-separauon,  8,  =  80,  after  which, 
the  damage  strip  is  in  a  steady-stale ,  translating  in  the  body, 
cracking  the  matrix  in  the  front,  and  breaking  the  fibers  in  the 
wake.  Quantities  of  significance  on  an  R -curve  are  the 
plateau  fracture  energy.  T,  and  the  crack  extension  to  attain 
the  plateau.  L0,  which  is  the  length  referred  to  in  (5). 

Neglecting  T0  and  assuming  a  rectilinear  bridging  law 
{the  rectangle  in  Fig.  :),  Bilby  etal.  (1963)  showed  that  the 
plateau  fracture  energy  is 

r  =  a050,  (10) 

and  the  steady-state  damage  zone  size  is 

lo  =  jE60lo0.  (11) 

Observe  thatL0  scales  with  the  material  length  8£'/o0. 
As  will  be  shown  later,  a  different  bridging  law  shape  %  only 
modifies  the  pre-factors  in  (10)  and  (1 1)  within  order  unity. 
The  estimates  based  on  these  formulas  are  listed  in  Table  1, 
and  discussed  below. 

Atomic  bonds  break  at  a  small  limiting-separauon. 
amounting  to  both  a  small  fracture  energy  and  a  small 
damage  zone.  In  pracuce.  condiuon  (5)  is  always  jusufied, 
so  that  LEFM  is  valid  for  inherendy  brittle  solids  containing 
cracks  longer  than  a  few  nanometers. 

In  contrast,  large  limiUng-separauons  in  fiber  bridging 
lead  to  both  large  fracture  energies  and  large  damage  zones. 
As  indicated  in  Table  1,  the  bridging  zone  size  for  fiber 
pull-cu ■  ~iay  violate  condiuon  (5).  depending  on  specimen 
size.  r  bridging  zone  size  for  fiber  cross-over  will 
certain.)  violate  (5)  for  most  applicauons. 


FIG.  5  Small-scale  bridging  model:  the  damage  is  embedded 
in  a  K  rf  decoupled  from  the  actual  component  geometry. 


crack  extension  L 

Fig  b  An  fl-curve  under  small-scale  bridging  condiuoos 

Given  <r0  and  50,  (10)  and  (11)  provide  estimates  for 
fracture  energy  and  bridging  zone  size.  For  example,  using 
(3)  and  (4)  for  a  fibcr-rcinforced  ceramic,  one  finds  that  the 
fracture  energy  scales  with 

r  /0-/)2s> 


lEz 


(12) 


4-' 


(13) 


and  the  steady-state  bridging  zone  size  scales  with 

(wfv? 

16  ft 

RelaUons  of  this  sort  are  easy  to  obtain  for  other  bridging 
mechanisms,  and  can  serve  as  a  guide  for  microstructurc 
design.  For  example,  it  is  clear  from  (12)  that  a  composite 
gains  high  fracture  energy  from  a  large  fiber  strength  and 
radius,  but  a  small  sliding  friction. 

Yet  these  same  quantifies  also  cause  a  long  damage 
zone.  The  small-scale  damage  condition  (5)  can  be 
combined  with  (1 1)  to  give 

a/(8^'/a0)  »  1.  (14) 

The  above  dimensionless  group  will  appear  many  times  in 
this  article,  and  provide  a  focus  for  discussions.  In  this 
context,  it  measures  the  unbridged  crack  length,  a,  in  units 
of  material  length,  8^  la0.  Condition  (14)  is  rarely 
satisfied  in  practice  for  a  component  made  of  a  composite,  so 
toughness  is  of  limited  use  in  design. 

1.4  Large-scale  bridging 

In  the  recent  literature,  there  is  a  tendency  to  report 
"effective"  R-cu rves,  converted  from  either  numerical 
simulation  or  experimental  record.  -\s  demonstrated  by  Zok 
and  Horn  (1990),  under  large-scale  bndging  conditions,  the 
R -curves  so  constructed  depend  sensitively  on  specimen 
geometry  and  size:  they  are  ineffective  and  misleading.  The 
practice  must  be  stopped. 

Retrospectively,  this  tendency  stems  from  the  success  of 
the  concepts  related  to  stress  intensity  factor  in  design  with 
metals  and  ceramics.  However,  as  we  will  sec  later  in  this 
article,  since  large-scale  bridging  is  prevalent  in  composites, 
many  significant  concepts  in  design  with,  and  of,  composites, 
such  as  strength  and  notch-brittleness,  cannot  be  deduced 
from  fracture  toughness.  An  all-embracing  statement,  when 
large-scale  bridging  conditions  prevail,  is  that  Irwin's  one- 
parameter  framework,  the  classical  LEFM,  is  invalid.  To 
determine  load-carrying  capacity,  a  stress  analysis  is  required 
for  coupled  specimen  and  bridging  law.  Consequences  of 


this  statement  will  be  reviewed  in  Section  3. 


zone  size.  When  r0/a05o  <(  *•  which  is  typically  the  case 
for  fibcr-reinforccd  ceramics,  (18)  and  (20)  recover  (10)  and 
(11),  respectively. 


2.  SMALL-SCALE  BRIDGING  SOLUTIONS 


Small-  and  large-scale  bridging  solutions  are  discussed  in 
detail  in  this  and  next  section,  respectively.  The  two  topics 
can  be  read  independently,  in  any  order. 

2.1  General  problem 

Now  the  small-scale  bridging  model  (Fig.  5)  is  taken  up  to 
compute  R -curves  (Fig.  6).  Stress  analysis  is  unnecessary  to 
compute  the  plateau  fracture  energy,  T.  An  application  of 
Rice's  i- integral  shows  that 

e  =  +  <15) 

This  equation  gives  plateau  fracture  energy  T  when 
<5,  /  <50  =  1  and  =  T0. 

A  stress  analysis  is  necessary  to  compute  the  full  R- 
curve.  On  dimensional  grounds,  the  separation  at  the  root  of 
the  pre-cut  takes  the  form 

4L  =  /fe^n-l  <1® 


|i*- 4-1  4-4-1  .  <20) 

o  <r0  (  O'o^o y  (O'o®o 
For  the  same  bridging  mechanism,  i.e.,  <r0  and  80  being  held 
constant,  the  tougher  the  matrix,  the  smaller  the  bridging 


S0 

and  the  stress  intensity  factor  at  the  crack  tip 

(La o  K  ' 
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Functions  /  and  g  will  also  depend  on  bridging  law  shape 
X ,  but  nothing  else.  Integral  equations  are  efficient  to  solve 
this  class  of  problems  (e.g.,  Budiansky  el  al.  1988).  Observe 
that  A"  and  Q,  and  Kup  and  £up  are  both  related  by  Irwin's 
relation  (8),  so  that  only  two  among  (15),  (16)  and  (17)  are 
independent. 

After  /  and  g  are  computed,  the  rising  nan  of  the  R- 
curve  is  given  by  (17)  by  letting  K ^  and  the  steady- 

state  bridging  zone  size  I:,  is  solved  from  (16)  by  letting 
<5,/<50  =  l  and  K  =  Kc  =  (r£’)1/2.  Explicit  solutions  are 
collected  in  the  following  sections  to  assist  practitioners  in 
the  Field. 

2.2  Rectilinear  bridging  law 

First  consider  the  rectilinear  bridging  law  (the  rectangle  in 
Fig.  1).  Specialized  from  (15),  the  plateau  fracture  energy  is 

r=r0+<r0<s0.  08) 

The  stress  analysis  gives  (Tada  ei  al.  1985) 

^  =  (8/ff)!/2CT0VI  +  ^0'  (19) 

This  equation  defines  the  rising  part  of  the  R  -curve.  The 
bridging  zone  size,  L0,  is  obtained  by  substituting  (18)  into 
(19),  giving 

/  —  *  1  .  (  r0  1 


FIG.  7  Bridging  laws  with  hardening  and  softening 

2.3  Hardening  and  softening 

Consider  the  stress-separation  relation  sketched  in  Fig.  7, 
having  an  analytic  form 

f  an  +  sS,  8  <  Sn 

<Hn  *  *•  GD 

[0,  8  >  Sq 

where  s  is  the  slope:  s  >  0  for  hardening,  and  s  <  0  for 
softening.  The  shapes  are  versatile  enough  to  fit  many 
bridging  mechanisms,  and  yet  the  solutions  are  simple 
enough  to  be  tabulated  completely.  Equation  (15)  is 
specialized  to 

Q  =  T0  +  a05,  +—s8j.  (22) 

The  driving  force  attains  the  plateau  T  when  8,/  80-l. 

TABLE  2  Hardening  Bridging 


%fSn 

cl 

0.25 

1.244 

1.670 

0.5 

1.478 

1.737 

1 

1.91 

1.836 

2 

2.68 

1.984 

5 

4.44 

2.184 

10 

6.54 

2.307 

15 

8.15 

2.356 

20 

9.51 

2.386 

25 

10.70 

2.404 

30 

11.76 

2.414 

Once  cr0  is  treated  as  a  residual  stress,  the  problem 
becomes  purely  linear  (e.g.,  Suo  ei  al.  1992a).  Linearity  and 
dimensionality  dictate  that 

Af  =  c,cr0Vr  +  c2K0,  (23) 

and  that 

8,  =  c3<ToL  /  E'+caK0t[l  /  £' .  (24) 

The  pre-factors,  c,.  depend  only  on  dimensionless  parameter 
P=sL/E\  (25) 

Substituting  (23)  and  (24)  into  (22)  gives  a  quadratic  in  K0 
and  <r0  being  identically  zero.  This  in  turn  implies  that  the 
coefficient  of  each  term  in  the  quadratic  vanishes,  leading  to 

c2  =  (l  +  2/3c|2)l/\  Cj  =  (c2-1)//3,  c4  =  2c,.  (26) 

That  is,  all  cs  are  determined  if  any  one  of  them  is. 

The  hardening  spring  with  <to  =  0  has  been  solved  by 
Budiansky  et  al.  (1988).  In  present  notation,  their  paper 


gives  Cj  reproduced  in  Tabic  2.  Also  listed  arc  values  of  e, 
inferred  according  to  (26). 

For  many  bridging  mechanisms,  stress  rises  sharply  with 
a  small  separation  and  then  decays  with  a  long  tail,  well  fitted 
by  the  linear  softening  triangle  in  Fig.  7.  Bao  and  Hui  (1990) 
solved  the  problem  when  A"0  =  0 ,  and  their  results  arc  listed  in 
Table  3.  The  solution  is  now  interpreted  for  the  general  case 
with  K0*  0 ,  with  c2,  c3  and  q.  obtained  from  (26). 

When  «  1,  the  plateau  fracture  energy  is 

r  =  ~aA,.  (27) 

and  the  damage  zone  size  upon  fracture  ts 

Lv  =  0.366E'80/a0  (28) 

These  can  be  compared  to  (10)  and  (11)  for  rectilinear 
bridging. 


TABLE  3  Softening  bridging 


2K:/Eo060 

G 

0.05 

0.192 

1.564 

0.1 

0.366 

1.526 

0.15 

0.52: 

1.487 

0.2 

0.657 

1  446 

0.25 

0.771 

1.401 

0.3 

0.864 

1.354 

0.35 

0.933 

1  303 

0.4 

0.978 

1.248 

0.45 

0.998 

1.189 

0.466 

1.000 

1.169 

To  demonstrate  the  effect  of  bridging  law  shape,  R - 
curves  calculated  using  rectilinear  and  softening  laws  are 
contrasted  in  Fig.  8,  both  with  T0/  a 050  =  0.  The  plateau 
fracture  energy  T  and  the  strength  <r0  can  be  measured 
macroscopically,  so  they  are  used  to  normalize  the  R -curves. 
As  shown  in  Fig.  8,  given  the  same  T  and  a0,  the  damage 
zone  sizes  differ  by  approx imat-.y  a  factor  of  2.  R-curves 
derived  from  most  other  bridging  laws  are  expected  to  be 
bounded  between  the  two  curves  in  Fig.  8. 

2.4  Power-law  bridging 

Power-law 

<T/<r0  =  (S/S0)m  (29) 

embodies  fiber  pull-out  as  a  special  case  (m  -  1/2),  and 
linear  and  rectilinear  relations  as  limiting  cases  ( m  =  1  and 
m  -  0,  respectively).  The  general  solution  takes  the  form 


FIG.  8  R -curves  due  lo  rectilinear  and  softening  bridging. 


S,/S0  =  Xui>~m)&{rIK-r-~m)K  /  o04l.  m),  (30) 


and 


Kup  /  a0VT  =  /  o , , \  L .  m) .  (31) 

where 

X=Lf{6tFlo0).  (32) 

A  scaling  relation  noted  by  McMeeking  and  Evans  (1990) 
and  Cox  (1992)  is  used  to  obtain  the  above  functional  forms. 
Dimensionless  funcuons  A  and  k  depend  on  iwo  variables  as 
indicated;  they  will  be  tabulated  elsewhere  (Gu  a  ai  1992). 

3.  CONSEQUENCES  OF  LARGE-SCALE  BRIDGING 


When  large-scale  bridging  prevails,  Kc,  F  and  R -curve  are 
irrelevant  concepts,  and  load-carrying  capacity  must  be 
computed  by  analyzing  the  component  geometry  coupled 
with  the  bridging  law.  A  large-scale  bridging  model  consists 
of  two  elements:  derive  the  bridging  law  for  a  candidate 
material  from  either  micromechanics  models  or  mechanical 
tests;  and  compute  the  load-carrying  capacity  by  analyzing  a 
projected  component  coupled  with  the  bridging  law. 
Attention  here  is  focused  on  the  latter  in  a  special  context: 
how  various  mechanical  properties,  such  as  strength,  notch- 
ductility  and  splitting-resistance,  can  be  deduced  from 
bridging  laws. 

3.1  Dimensionless  groups 

A  dimensionless  group  appears  in  all  large-scale  bridging 
models  (see  Appendix): 

amsFiS-;  <33) 

Note  that  a  is  the  same  in  (14),  but  a  should  be  interpreted 
as  a  characteristic  length  of  the  component.  As  we  shall  see, 
various  size  effects  stem  from  this  dimensionless  group. 

Design  charts  can  be  organized  in  a  nondimcnsional 
form.  Figure  9  illustrates  a  panel  containing  a  notch  of  size 
a  loaded  by  stress  5 .  The  load-carrying  capacity  is  written 
^Tn.J<^o  =  F{a,r0/a0S0).  (34) 

Parameter  r0/cr050  measures  the  relative  amount  of  energy 
dissipation  at  the  crack  tip  (e.g.,  matrix  toughness).  Also 
entering  (34)  are  ratios  of  a  to  other  lengths  specifying  the 
component  geometry,  such  as  notch  root  radius  and  panel 
width.  A  different  bridging  law  shape  x  only  modifies  the 
design  curves  within  order  unity,  which  usually  does  not 
affect  qualitative  conclusions  (e.g.,  notch-brittle  or  -ductile). 

Segregation  of  the  shape  from  the  scale  of  a  bridging 
law  is  of  practical  significance.  Once  charts  arc  constructed 
for  laeafized  bridging  laws  with  important  design  features 
(e.g.,  holes),  components  with  actual  bridging  laws  can  be 
designed,  with  the  charts,  by  fitting  to  one  of  the  idealized 
laws.  This  approach  is  equally  valuable  in  design  c( 
composites.  In  this  phase,  the  detailed  bridging  law  shape 
may  be  unknown,  but  the  scale  of  the  bridging,  cr0  and 
can  be  related  to  microstructural  variables.  Whether  a 


material  is  viable  for  a  particular  application  can  be  assessed, 
before  the  material  is  made,  b>  consulting  the  charts. 

The  general  mechanics  problem  is  stated  as  follows  (Fig. 
9).  In  a  body  of  characteristic  length  a  loaded  by  stress  a .  a 
matrix  crack  trajectory  of  length  L  is  identified, 
experimentally  or  hypothetically,  emanating  from  a  stress 
concentrator,  bridged  according  to  stress- separation  relation 
(1).  The  separation  at  the  end  of  the  crack  takes  the  form 

8XI  S0  =  /{a  /  cr0,  a,  L/  a),  (35) 

and  the  energy  release  rate  at  the  tip 

9up/ov5o  =  s(^/tfo.  a-  £•/<*)■  (36) 

Functions/ and  g  will  also  depend  on  bridging  law  shape 
X ,  and  ratios  of  a  to  other  lengths  characterizing  the 
component  geometry.  The  coupled  problem,  either  linear  or 
nonlinear  depending  on  x>  can  be  solved  by  both  integral 
equation  and  finite  element  methods.  An  integral  equation 
using  dislocation  kernels  is  derived  in  Appendix,  from  which 
(35)  and  (36)  can  be  inferred. 


FIG.  9  Large-scale  bridging  model:  the  bridging  zone  is 
coupled  with  component  geometry. 


For  rectilinear  bridging,  linearity  dictates  that 

SF/a  =  f}5-f2<T0,  (37) 

and  that 


^up/Va  =/3<T-/4er0,  (38) 

where  /s  depend  on  damage  extent  Lla ,  and  ratios  of  a 
over  lengths  specifying  the  geometry,  but  not  on  a.  In 
particular,  when  Ka  =  0,  the  above  lead  to 

5m.,/<T0  =  /a//3,  (39) 

and 


(/i  /a  /  fi)  ~  f  2 

This  pair  gives  the  function  (34),  damage  extent  Lla  being 
regarded  as  a  parameter.  Solution  for  linear  softening  is  still 
of  form  (37)  and  (38),  but /s  in  addition  depend  on  a. 

For  power-law  bridging  (29),  the  solution  takes  the  form 

51/<50  =  a1/(1-")A(a-"/(,-m}a/<T0,  Lla),  (41) 
and 


Kup/o0^  =  o"/(,-)*(o-,(,-m)a/«T0.  Lla).  (42) 
The  dimensionless  functions  A  and  k  also  depend  on  m.  and 


the  rauos  of  a  over  lengths  specifying  the  geometry,  but 
nothing  else  (see  Appendix).  Many  solutions  of  this  type 
have  been  given  by  the  group  ai  Rockwell  International 
(Marshall  et  al.  1987,  Cox  and  Lo  1992,  and  Cox  1992). 

In  obtaining  (39)  and  (40),  ala.,  is  assumed  to 
monotonically  increase  with  L  a.  so  that  the  maximum  load 
am, ,  /  a0  happens  at  8,  -  5V.  This  in  general  is  incorrect 
when  Q  *  0  (Marshall  et  al.  1987).  or  the  bridging  softens 
(Carpintcn  1990,  Bao  and  Zok  1992).  II  this  seems  to  be  the 
case,  a  formal  procedure  is  as  follows.  After  /  and  g  are 
computed,  <Tm„  is  searched  as  a  function  of  damage  extent 
Lla,  subjected  to  <Jup  =  T0  in  (35),  and  8,  <  80  in  (  36). 

Consequences  of  large-scale  bridging  are  discussed  in 
the  following  sections.  To  focus  on  issues  of  qualitative 
significance,  the  bridging  law  is  assumed  to  be  rectilinear, 
and  the  crack  tip  energy  dissipation  is  negligible, 
r0l  OqSq  -  0,  unless  otherwise  stated. 


3.2  Strength:  monolithic  solids  vs  composites 


A  comparison  of  the  strength  of  a  monolithic  ceramic  and  the 
strength  of  a  composite  is  particularly  illuminating.  Similar 
comparison  has  been  made  by  Cottrell  (1963)  in  connccuon 
with  notch-brittleness. 

The  strength  of  a  monolithic  ceramic  measured  by  a 
mechanical  test,  S,  is  known  to  be  only  about  a  hundredth  of 
the  atomic  bond  strength,  a0.  Griffith  (1921)  put  forth  an 
explanation  on  a  basis  of  two  postulates:  1)  atomic  debond  is 
the  only  inelastic  process  during  fracture  and,  2)  the  solid 
contains  traction-free,  crack-like  flaws  comparable  to  the  size 
of  microstructure  (e.g„  grain  diameter).  The  small-scale 
damage  condiuon  is  satisfied:  the  microstructure  is  typically 
on  the  order  of  microns,  and  the  atomic  debond  process  is 
confined  within  a  few  nanometers.  Crack  tips  are  therefore 
idealized  to  be  mathematical  points  in  calculating  elastic  field 
in  the  solid.  In  particular,  the  energy  release  rate  for  a  plane 
strain  crack  of  size  la  is  (Tada  et  al.  1985) 


Q  =  naa1  /  E' 


(43) 


Atomic  debond  absorbs  energy  T  =  cr0<S0,  as  given  by  (10). 
The  applied  stress  d  reaches  strength  S  when  Q=  f,  so  that 

f  \~m 

(44) 
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1 
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This  curve  is  indicated  by  SSB  in  Fig.  10.  Griffith’s  small- 
scale  bridging  model  explained  the  small  values  of  S/<r0 
when  al  (Srf!' lo0)  »  1.  However,  as  clearly  indicated  in 


Fig.  10,  the  model  fails  when  a/(50E'/CT0)  -  1,  for  the 
strength  of  a  solid  should  never  exceed  the  atomic  bond 
strength. 

For  a  fiber-reinforced  ceramic,  the  dominant  inelastic 
process  is  frictional  sliding  of  fiber/matrix  interface.  Using 
the  illustrative  properties  in  Table  1,  assuming  that  the 
unbridged  flaw  size,  a,  is  of  a  few  fiber  diameters,  one  finds 
that  a/(8^'/o0)<  1.  Consequently,  the  bridging  zone 
length  is  comparable  to  the  flaw  size,  so  that  the  damage 
zone  and  the  flaw  must  be  analyzed  as  coupled.  The 


pertinent  results  are  (Tada  et  ai.  1985) 

=4(rj2- l)'/2l  — — —cos'll/  tj) 
and 


+  —  In  17 ,  (45) 
x 
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a- -17 1/21 


CT0V»J 


-cos  ‘(1  / 17 ) 


(46) 


where  T]  =  1  +  Lla. 

The  strength  <5  =  ^  is  obtained  by  setting  <5,  =  4  and 


*uP  =  0: 


8(fi  IOq 


lint  sec 


n  S 
V  *■  °o 


=  1. 


(47) 


This  equation  is  indicated  by  LSB  in  Fig.  10.  A  comparison 
of  the  two  curves  gives  a  quantitative  feel  for  the  regime 
where  the  small-scale  bridging  assumption  is  valid.  Indeed, 
the  LSB  model  predicts  that  S/o0  approaches  unity  when 
the  unbridged  flaw  size  a  is  small,  as  anticipated.  Since 
typically  a/(8<fi'/<T0)  -  1  fora  composite,  the  strength  of  a 
composite  is  insensitive  to  processing  defects,  as  compared  to 
the  strength  of  a  monolithic  ceramic. 


Fig  10  Strength  predicted  by  small-  and  large-scale  bridging. 
The  former  is  correct  only  when  a  is  large. 


Fig  1 1  Strength  of  a  material  computed  from  rectilinear  and 
softening  bridging  laws. 


To  demonstrate  the  effect  of  bndgtng  law  shape,  Fig.  1 1 
plots  strength  computed  from  rectilinear  and  softening 
bridging  laws  (Bao  and  Zok  1992).  The  difference  is 
appreciable,  but  of  order  unity.  When  a  proper  selection  of 
a0  and  4  |S  made,  bridging  laws  of  other  shapes  would  give 
rise  to  strength  bounded  between  the  rwo  curves  in  Fig.  1 1. 

3.3  Notch-sensitivity 

Holes  arc  often  drilled  in  a  panel  for  fastening  or  cooling. 
Neither  toughness  nor  streng'h  can  be  directly  used  to 
determine  the  maximum  static  load.  However,  a  designer 
knows  to  ignore  a  small  hole  tn  a  ductile  metal  panel,  but  not 
a  hole  in  a  ceramic.  What  about  a  fiber-reinforced  ceramic1 
To  fix  the  idea.  Fig.  12  illustrates  a  panel  w  ith  a  hole,  and  the 
question  is  how  much  load  the  panel  can  carry. 


The  answer  depends  on  materials.  For  a  monolithic 
ceramic  panel,  the  load  should  be  such  that  the  stress  at  the 
hole  is  below  the  "strength”  of  the  ceramic.  Let  be  a 
reference  value  of  strength  (ignoring  statistical  distribution), 
and  C  be  the  stress  concentration  factor  at  the  hole.  The 
maximum  load  that  can  be  carried  by  the  panel  is  given  by 

O^Jo^MC.  (48) 

The  stress  concentration  factor  depends  on  a/w  (Peterson 
1971);  Equation  (48)  is  plotted  in  Fig.  13.  Notice  that  even  a 
small  hole  (a/w  =  0)  reduces  the  load-carrying  capacity  by  a 
factor  of  3;  ceramics  are  notch-sensitive. 

The  design  criterion  is  different  for  a  ductile  metal  panel 
under  static  load.  Plasticity  relieves  stress  concentration  near 
the  hole,  so  that  the  maximum  load  should  be  such  that  the 
net  section  fully  yields: 

5™,/<7o  =  1-0/h’.  (49) 

where  aQ  is  the  yield  strength  of  the  metal.  Equation  (49)  is 
plotted  in  Fig.  13.  A  small  hole  does  not  reduce  much  load- 
carrying  capacity:  ductile  metals  are  notch-insensitive. 

What  about  a  panel  made  of  a  fiber-reinforced  ceramic? 
The  answer  depends  on  material  and  hole  size.  Matrix 
cracking  near  the  hole,  allowing  fibers  to  slide,  provides  a 
mechanism  for  ductility  S0  and  stress  redistribution.  The 


composite  behaves  according  to  the  dimensionless  group 
a  fO.  notch  -  ductile 

8(fi'/(r0  |  “=.  notch  -bntile 

That  is,  notch-sensitivity  is  a  property  of  both  material  and 
notch  sue:  for  a  given  composite,  a  large  hole  tends  to  be 
ceramic-like,  but  a  small  hole  metal-like.  In  practice,  <50  can 
be  changed,  by  orders  of  magnitude,  by  varying  the  sliding 
fricuon.  Such  experiments  would  verify  the  model. 

Classification  (50)  emerges  directly  from  the 
dimensional  analysis  of  the  large-scale  bridging  model  (see 
Appendix).  Another  dimensionless  group,  al{TE'lol},  has 
long  been  used  to  correlate  transition  behaviors  for  metals 
(see  Kanmnen  and  Popelar  1985).  The  two  groups  are 
equivalent  since  T  -  5tfJ0.  Large-scale  bridging  concepts 
provide  a  framework  to  simulate  notch  brittle-to-ductile 
transition  behaviors  for  composites.  As  we  shall  see,  some 
behaviors  have  close  analogues  in  metals,  others  do  not. 


aiw  1 


FIG.  13  The  maximum  load  for  a  panel  containing  a  hole. 


Fig.  14  Notch  ductile-to-brittle  transition  (Ho  and  Suo  1992). 

The  maximum  loads  for  intermediate  values  of 
(a<T0)/(<5<£)  fall  in  between  the  two  limiting  curves  in  Fig. 
13,  which  can  be  computed  by  invoking  large-scale  bridging 
concepts.  Figure  14  plots  the  results  of  such  a  computation 


for  a  hole  in  a  large  panel  (a*  =  0).  Specifically,  the  hole 
becomes  notch-brittle  when  a/(5^T7cr0j  >  10.  For 
example,  for  a  composite  with  5,£' /o(l  -  1  mm.  a  hole  of  a 
cenumetcr  radius  will  be  noich-bntUc.  The  mechanics  model 
to  construct  Fig.  14  is  similar  to  that  in  Section  3.2,  except 
that  finite  elements  are  used  to  compute /s  in  (37)  and  (38). 

Also  included  in  Fig.  14  is  the  maximum  load  for  a  panel 
containing  a  crack-likc  notch  (Eq.  47).  The  two  are  expected 
to  bound  the  curves  for  notches  of  various  root  radii. 
Computations  on  the  effects  of  notch  radius  and  elastic 
orthotropy  are  in  progress  (Gu  ei  al.  1992). 

Notch-ductility  can  be  enhanced  by  various  damage 
modes,  notably,  multiple  cracking  and  matrix  splitting  along 
the  fiber  direction.  To  illustrate,  consider  a  hole  with  splits 
(Fig.  15).  The  extent  of  the  spins,  hi  a  ,  is  determined  by  the 
shear  resistance  r,  resulting  from  either  friction  in 
unidirectional  composites,  or  bending  of  90  degree  fibers  in 
woven  composites.  The  anticipated  results  are  sketched  in 
Fig.  16.  When  T  /  cr0  -  0,  the  splits  arc  long  and  the  matrix 
crack  becomes  an  edge  crack,  so  that  the  full  load-carrying 
capacity  can  be  reached.  When  r  /  cr0  ~  the  spins  arc 
small,  so  that  the  curve  in  Fig.  14  is  reached.  Detailed  results 
will  be  reported  elsewhere  (He  and  Suo  1992). 


FIG.  15  A  stress  concentrator  (the  hole)  relaxed  by  splits. 
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FIG.  16  Notch-ductility  due  to  splitting. 


3.4  Transverse  cracks:  Splitting  vs  tunneling 

Two  types  of  transverse  cracks,  splitting  and  tunneling,  are 
illustrated  in  Figs.  17  and  18.  They  take  the  same  fracture 
path  in  the  matrix,  along  the  fiber  direction,  with  fibers 
crossing  over  the  crack  plane.  For  splitting,  the  cross-over 
fibers  supply  substantial  fracture  resistance  in  addition  to 
matrix  fracture  energy  (Spearing  and  Evans  1992).  In 
contrast,  the  cross-over  fibers  provide  little  resistance  to 
tunneling  cracks  (Bcyerie  et  al.  1992).  As  we  shall  show, 
this  is  a  large-scale  bridging  effect 

To  understand  the  difference,  first  consider  a  sphtung 
beam  of  thickness  2 h.  bridged  over  length  L,  and  loaded  by 
moment  M  (Fig.  17).  Typically  L  is  comparable  to  2h,  but 
smaller  than  the  total  crack  length.  The  problem  has  been 
analyzed  by  Suo  et  al  (1992a);  the  rcsulLs  pertinent  to  the 
present  discussion  are  outlined  below. 


cross  over  fibers 

/  Fiber  direcuon 
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FIG.  17  A  splitting  beam  interacting  with  cross-over  fibers. 

An  application  of  the  7-integral  shows  that 

12M2  /  E'  h?  =  <y05,  +  r0,  (51) 

where  the  left-hand  side  is  the  integral  computed  over  the 
external  boundary  of  the  beam,  and  the  nght-hand  side  over 
the  bridging  zone.  The  crack  tip  energy  dissipation,  Fq.  is 
also  included  for  the  sake  of  discussion.  The  maximum 
moment  is  reached  when  6 ,  =  <5q: 

12M^/F/I3  =  <T05o+r0.  (52) 

Using  the  illustrative  numbers  in  Table  1  and  the  typical 
value  for  a  glass  matrix.  Tq  -  10  J/m^,  one  finds  that  the 
cross-over  fibers  substantially  increases  Since  it  is 

small,  Tp  is  to  be  ignored  in  the  following  estimate  of  the 
bridging  zone  size. 

The  disturbing  number  in  Table  I,  L0  -  I  m,  is 
predicted  from  the  small-scale  bridging  model.  It  is 
incorrect:  L  o  fa  few  beam  thickness,  about  several 
cenumcters,  is  observed  in  experiments.  The  flexibility  of  a 
beam  can  substantially  reduce  the  critical  bridging  zone 
length.  This  is  a  large-scale  bridging  effect,  as  shown  below. 

Dimensional  considerations  lead  to 

M  =  ^L2o0,  (53) 

where  a\  depends  only  on  Lth ,  and  is  of  order  unity  when 
Lth  >  1  (Suo  et  al.  1992a).  Combination  of  (52)  and  (53) 
gives  the  critical  bridging  zone  length  when  5t  = 

I*  =  arU2(E’50/3<ro)UV'4-  (54) 

For  example,  with  h  =  1  cm,  one  finds  L0  =  3  cm, 
suggesting  that  the  potential  fracture  resistance  can  be 


realized  in  beams  with  practical  sue. 

The  7- integral  over  the  external  boundary  of  the  beam 
can  be  interpreted  as  the  driving  force  for  sphtung.  Figure  19 
plots  7  as  a  function  of  matrix  crack  extension.  L.  where 
(53)  is  the  nsing  part,  and  (52)  the  plateau  in  contrast  to  the 
^-curves  under  small-scale  bridging  condtuons.  the  7-Z 
curves  depend  on  beam  thickness.  The  latter  arc  therefore 
not  material  properucs. 


Crack  Extension,/. 

FIG.  19  7 -integral  as  a  function  of  crack  extension,  L.  and 
beam  thickness,  h. 


Cross-over  fibers  do  not  provide  much  resistance  to 
tunneling  cracks  (Beyerle  et  al.  1992).  A  large  crack 
separation  is  a  prerequisite  for  using  the  large  limiting- 
separation  50  (~  100  gnt),  which  cannot  be  realized  in  a 
tunnel  constrained  by  the  surrounding  material. 
Consequently,  tunneling  cracks  are  only  resisted  by  matrix 
fracture  energy  T0.  A  mechanics  model  for  tunneling  cracks 
is  giver  by  Ho  and  Suo  (1991) 

3 3  A  note  on  measuring  bridging  law 

Various  methods  have  been  considered  to  determine  the 
bridging  law  from  either  experiments,  models,  or 
combinations  (Cox  1991).  One  such  method  is  described  as 
follows  (Li  et  al.  1987). 

Write  a  bridging  law  as 


a  =  a\8). 

(55) 

Rice  (1968)  showed  that 

/  =  /ur-  f,<7i<’>)dS. 

(56) 

where  /  is  the  ./-integral  computed  over  a  contour  outside 
the  bridging  zone.  7  over  a  contour  close  to  the  crack  up, 
and  <5,  the  separauon  at  the  pre-cut  root  (Fig.  20).  Upon 
loading,  =  T,,  is  maintained  as  the  matrix  crack  extends. 
Differentiating  (56)  w  ith  respect  to  <5,  cues 

CT(<>.)  -rill  rid,.  (57) 

Consequently,  the  bridging  law  can  be  determined  if  both  J 
and  <5,  can  be  determined  as  a  function  of  applied  load  P. 
Since  the  limiting-separation  for  various  bridging 
mechanisms  in  composites  is  m  the  range  10  -  100  £tm. 
many  experimental  techniques  may  be  used  to  measure  <5, 
m  suu. 

Difficulty  arises  to  relate  J  to  the  applied  load  P. 
There  has  been  a  misconception  that  /  is  related  to  P 
through  handbook  solutions  for  K .  This  is  wrong  since 
Irwin's  relation  (8)  is  valid  only  under  small-scale  bndging 
condiuons.  Under  large-scale  bridging  condiuons,  J  usually 
depends  on  the  bridging  law,  which  is  yet  to  be  determined 
from  the  very  experiment.  A  procedure  has  been  proposed 
by  Li  et  al.  (1987)  to  determine  /  experimentally.  In 
general,  the  method  suggested  by  (57)  will  be  difficult  to  use 
under  large-scale  bridging  conditions. 

There  are  exceptions.  For  example,  the  /-integral  over 
the  external  boundary  of  a  splitting  beam  (Fig.  17)  is 
independent  of  the  bridging  law  (Rice  1968): 

J  =  \2M2  f  E'h\  (58) 

Thus,  splitting  beam  can  be  used  to  determine  the  bridging 
law  under  large-scale  bridging  conditions.  Specimens  having 
the  same  attribute  are  reviewed  by  Suo  et  al.  (1992a). 


FIG.  20  Contours  over  which  /  integrals  are  computed. 


4.  SUMMARY 

Figure  21  summarizes  the  main  theme  of  crack-bridging 
concepts.  At  the  center  is  the  bridging  law,  derived  from 
micromechanics  models  and  experiments,  which,  combined 
with  continuum  stress  analysis,  gives  rise  to  mechanical 
properties  such  as  toughness,  strength,  notch-ductility. 
Consequently,  bridging  law  (1)  replaces  toughness  or 


strength  as  the  basic  material  property.  Together  wah  an 
elastic  component,  the  bridging  law  provides  a  length . 
8f£’ /cr„,  varying  from  a  nanometer  to  a  meter  lor  different 
bridging  mechanisms  (Table  1 ).  w  hich  is  responsible  for  the 
vast  differences  in  failure  behaviors.  Large-scale  bridging 
introduces  a  dimensionless  group,  a  ! (  S,E  /<T,  j ,  where  a  is 
the  length  characterizing  a  component,  having  different 
meanings  in  various  contexts:  unhndged  crack  size  for 
toughness,  unhndged  flaw  size  for  strength,  and  hole  radius 
for  noich-scnsiiivity.  Ii  is  demonstrated  that  the  set  of 
normalization  introduced  in  tins  article  separates  the  roles 
played  by  the  shape  and  the  scale  of  a  bndging  law .  so  that  a 
design  chan  can  be  presented  in  a  nondimensional  form  (;4i. 
and  a  different  bndging  law  only  modifies  the  chart  within 
order  unity.  A  collection  of  small-scale  bndging  solutions  is 
given  in  Section  2  for  several  idealized  bridging  laws. 
Large-scale  bndging  effects  arc  illustrated  in  Secuon  3  by 
examples  of  pracucal  significance. 


FIG.  21  The  main  theme  of  crack-bridging  concepts 
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APPENDIX 

A  crack,  oracoon-frcc  or  bridged,  is  equivalent  to  ;ci  array  ol 
continuously  distributed  dislocations  (Bilb>  c.i  ai  1963). 
The  dislocation  per  unit  length,  b,  is  related  to  crack 
separation  8.  by 

hi  x)  =  ~r)8  /  rtt .  (Ai  i 

Resulting  from  geometric  considerations,  this  has  nothing  to 
do  with  pile-up  dislocations  in  a  real  cry  stal.  Solutions  to  a 
single  dislocation  interacting  with  a  hole,  a  free  surface,  or  a 
crack  are  available  in  the  literature,  which  can  be  used  as 
kernels  to  formulate  integral  equations  for  notch-sensuivity 
problems  (Gu  etal.  1992). 

To  illustrate,  consider  a  hole  in  an  infinite  composite 
(Fig.  12.  a/w  =  0).  The  stress  prior  to  matrix  cracking  is 
given  by  the  standard  elasticity  solution  of  a  hole  in  an 
infinite  plate: 

<7(x)  =  cF(x  /a).  (A 2) 

where  a  is  the  applied  stress,  and  dimensionless  function  F 
is  given  in  elasticity  textbooks.  The  stress  induced  by  a  pair 
of  edge  dislocations,  symmetrically  located  at  x  -  r  |,  is 
given  by 

<t(x)  =  —  H{x/a.  <5  /a)b(Z),  (A3) 

a 

where  H  is  a  known  function  (Dundurs  1968). 

Superimposing  the  stress  due  to  the  dislocations  and  the 
remote  stress  leads  to 

o<X(S!8f\=  dr-  —  d-  (A4) 

a  Ja 

The  bridging  law  (1)  is  also  incorporated  in  the  above. 
Equation  (A4)  is  the  integral  equation  governing  crack 
separation  8(x),  to  be  solved  numerically.  Normalizing 
(A4)  according  to 

5  /  o0.  5  1 8U,  x  / a.  L  /  a.  ( AS) 

one  can  confirm  (35)  and  (36)  for  any  bridging  law,  and  (41 ) 
and  (42)  for  power-law. 
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ABSTRACT 


Holes  are  often  drilled  in  a  panel  for  cooling  or  fastening.  For  a  panel  made  of  a  monolithic 
ceramic,  such  a  hole  concentrates  stress,  reducing  load-earn  ing  capacity  of  the  panel  by  a  factor  of 
3.  By  contrast,  for  a  ductile  alloy  panel,  plastic  flow  relieves  stress  concentration  so  that  the  small 
hole  does  not  reduce  load-carrying  capacity.  A  panel  made  of  ceramic-matrix  composite  behaves  in 
the  middle:  matrix  cracks  permit  unbroken  fibers  to  slide  against  friction,  leading  to  inelastic 
deformation  which  partially  relieves  stress  concentration.  Load-carrying  capacity  is  studied  in  this 
paper  as  an  outcome  of  the  competition  between  stress  concentration  due  to  the  notch,  and  stress 
relaxation  due  to  inelastic  deformation.  The  inelastic  deformation  is  assumed  to  be  localized  as  a 
planar  band  normal  to  the  applied  load,  extending  like  a  bridged  crack.  The  basic  model  is  large- 
scale  bridging.  A  material  length,  d(fi  /  cr(),  scales  the  size  of  the  inelastic  band,  where  <70  is  the 
unnotched  strength,  <50  the  inelastic  stretch  at  the  onset  of  rupture,  and  E  Young's  modulus. 
Load-carrying  capacity  is  shown  to  depend  on  notch  size  a,  measured  in  units  of  /  cr0. 
Calculations  presented  here  define  the  regime  of  notch  ductile-to-brittle  transition,  where  ceramic- 
matrix  composites  with  typical  notch  sizes  would  lie.  Both  sharp  notches  and  circular  holes  are 
considered.  The  shape  of  the  bridging  law,  as  well  as  matrix  toughness,  is  shown  to  be 
unimportant  to  load-carrying  capacity. 


1.  INTRODUCTION 

Cottrell  (1963)  was  among  the  first  to  recognize  the  full  capacity  of  the  work  of  Dugdale 
(1960).  Barenblatt  (1962)  and  Bilbv  et  al.  (1963),  and  put  forth  crack-bridging  as  a  unifying 
process  at  all  scales — from  atomic  debond  to  metal  voiding.  Instead  of  being  viewed  as  a 
singularity,  fracture,  or  any  localized  damage  band,  is  now  a  gradual  stretching  of  nonlinear 
springs.  He  also  drew  the  analogy  with  the  Peierls  model,  where  a  crystalline  dislocation  is  a 
nonsingular,  solitary  solution  of  a  spring- substrate  system. 

The  crack-bndging  concept  integrates  physical  mechanisms  of  damage  and  macroscopic 
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performance  of  materials  in  two  steps.  First,  a  sufficiently  localized  damage  process  is  represented 
by  nonlinear  springs — be  it  electron  cloud  or  metal  ligament — with  essential  physical  variables 
retained.  Second,  at  a  coarse  scale,  the  interaction  between  the  springs  and  the  undamaged  elastic 
substrate  is  viewed  as  a  continuum  problem.  A  common  thread  is  that  the  spring  law  introduces  a 
reference  stress  <J0  and  a  reference  length  S0,  and  that  together  with  Young's  modulus  E  of  the 
substrate,  they  form  a  material  length,  t  ff0,  varying  from  a  few  nanometers  for  atomic 
decohesion,  to  a  few  centimeters  for  metal  voiding.  This  materia!  length  determines  the  size  of  the 
inelastic  deformation  region.  Cottrell  was  able  to  correlate  notch-bnttieness  by  the  ratio  of  this 
material  length  to  notch  size. 

Much  has  since  been  developed  in  vastly  different  contexts.  A  few  recent  examples  are 
cited  here.  Metal-ceramic  debonding  is  studied  by  Needieman  (1990)  on  a  basis  of  phenomeiogicai 
spring  laws  mimicking  atomic  decohesion,  and  inelastic  substrates  representing  background 
dislocation  motion.  Using  springs  with  atomic  periodicity,  Rice  (1992)  reconsidered  dislocation 
emission  from  a  crack  tip;  instead  of  a  full  dislocation  and  a  sharp  crack  (two  singularities!),  a 
dislocation  now  emerges  incrementally  from  a  crack  tip,  in  a  way  analogous  to  Barenblatt’s 
cleavage  process.  On  a  coarser  scale,  Huang  and  Hutchinson  (1989)  modeled  shear  localization  by 
using  springs  representing  void  interaction.  Suo  (1991)  examined  domain  band  propagation  in 
ferroelectric  crystals  under  combined  electric  field  and  stress.  Compressive  kink  band  emanating 
from  a  hole  is  studied  by  Soutis  et  al.  (1991)  with  springs  representing  fiber  buckling.  Using  an 
earlier  model  of  Aveston  etal.  (1971),  Marshall  et  al.  (1985)  derived  a  bridging  law  representing 
frictional  sliding,  which  set  the  basis  for  much  of  the  subsequent  work  on  composites. 

Rice  (1976)  suggested  two  approaches  to  localization.  In  one  approach,  localization  is  due 
to  loss  of  uniqueness,  the  entire  band  setting  in  simultaneously  from  a  homogeneous  field.  In  the 
second  approach,  a  localization  band  nucleates  at  a  materia!  defect  or  a  stress  concentrator, 
spreading  like  a  bridged  crack.  They  are  not  equivalent,  physically  or  mathematically.  The  second 
approach  has  the  advantage  that  a  physical  length  scale  is  introduced  through  bridging  law,  which 
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links  material  performance  with  processing  variables,  such  as  fiber  strength  and  fiber/matrix 
interface  friction.  The  first  approach  seems  to  be  irrelevant  to  ceramic-matrix  composites,  where 
the  band  consisting  of  the  matrix  crack  and  sliding  fibers  nucleates  from  a  processing  flaw. 

This  paper  is  out  of  a  more  practical  concern.  We  have  been  trying  to  reconcile  design 
practices  for  ductile  alloys  and  monolithic  ceramics,  and  thereby  provide  a  theoretical  link  between 
design  with  and  design  of  ceramic-matrix  composites.  A  representative  design  problem,  notch 
sensitivity,  is  as  follows.  Holes  are  often  drilled  in  a  panel  for  fastening  or  cooling.  In 
determining  maximum  load,  a  designer  knows  to  ignore  a  small  hole  in  a  ductile  metal  panel,  but 
not  in  a  monolithic  ceramic.  What  about  a  fiber-reinforced  ceramic? 

To  focus  the  idea.  Fig.  1  illustrates  a  panel  with  a  hole,  and  the  question  is  how  much  load 
the  panel  can  carry.  For  a  monolithic  ceramic  panel,  the  load  should  be  such  that  the  stress  near  the 
hole  is  below  the  strength  of  the  ceramic.  The  latter  is  the  Griffith  stress  associated  with  a  crack¬ 
like  flaw  in  the  vicinity  of  the  hole  surface,  of  size  close  to  grain  diameter.  Because  of  stress 
concentration,  even  a  tiny  hole  reduces  the  load-carrying  capacity  by  a  factor  of  3:  ceramics  are 
notch-sensitive.  By  contrast,  a  ductile  alloy  panel  is  designed  with  much  tolerance.  Plasticity 
relieves  stress  concentration,  so  that  the  maximum  load  should  be  such  that  the  net-section  fully 
yields.  A  small  hole  does  not  reduce  the  load-carrying  capacity  much:  ductile  alloys  are  notch- 
insensitive. 

What  about  a  fiber-reinforced  ceramic?  Without  a  hole,  a  composite  sustains  stress  up  to 
the  fiber  strength  times  the  fiber  volume  fraction.  The  presence  of  a  hole  knocks  down  load- 
carrying  capacity,  but  not  necessarily  by  a  factor  of  3.  Matrix  cracks,  allowing  unbroken  fibers  to 
slide,  partially  relieve  stress  concentration.  Elastic  stress  concentrates  over  a  region  that  scales  with 
the  hole  radius,  a.  On  the  other  hand,  sliding  fibers  provide  extra  deformation  to  redistribute 
stress  over  a  region  that  scales  with  5(fi  /  <70  •  Here  50  is  the  extra  displacement  due  to  frictional 
sliding  at  the  onset  of  fiber  breaking,  o0  the  fiber  strength  times  the  fiber  volume  fraction,  and  E 
Young’s  modulus  of  the  composite.  Consequently,  the  ultimate  load,  trmax,  is  determined  by  the 
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competition  between  elastic  concentration  and  inelastic  relaxation: 

a  f  0.  notch  -  ductile,  &max  /  o0  =  1 

5<£  /  cTq  [<*>,  notch  -  brittle,  amax  /  a0  =  1  /  3 

Both  material  ant/  notch  size  are  important:  for  a  given  composite,  a  large  hole  reduces  load¬ 
carrying  capacity  by  a  factor  close  to  3,  but  a  small  hole  does  not  reduce  it  as  much.  Large  or 
small,  hole  radius  a  is  measured  in  units  of  material  length  5JE  !  o0 . 

This  concept  places  design  practices  into  perspective.  Take  a  =  1  ~  10  mm  in  usual 
engineering  practice  and  take,  for  ceramic-matrix  composites,  /  Oq  =0.1  ~  10  mm.  As  our 
calculation  will  show,  these  put  a  notched  composite  into  the  ductile-to-brittle  transition  regime. 
Criterion  (1)  also  prompts  the  notion  of  designing  materials  for  a  given  application.  For  ceramic- 
matrix  composites,  the  limiting-separation  SQ  can  be  varied,  by  orders  of  magnitude,  by  varying 
fiber  radius,  fiber  strength  and  fiber-matrix  interface  friction.  Thus,  a  composite  may  be 
engineered  to  make  a  hole  ductile  for  a  required  hole  size. 

In  a  broader  context,  /  cr0  serves  as  a  figure  of  merit  of  ductility.  The  ultimate  strain  of 
an  unnotched  bar  in  tension  is  not  a  good  measure  of  ductility;  it  depends  on  gauge  length  and  the 
number  of  deformation  bands.  Cross-section  reduction  is  a  valid  measure  of  ductility  for  metals, 
but  is  not  transferable  to  a  notched  component,  nor  does  it  have  any  counterpan  in  composites. 

The  basic  ideas  outlined  above  and  a  few  preliminary  results  have  been  discussed  in  a 
review  anicle  by  Bao  and  Suo  (1992).  The  present  paper  is  to  supply  mechanics  calculations  that 
define  the  ductile-to-brittle  transition  regime,  where  ceramic-matrix  composites — with  holes  of 
useful  sizes — would  lie.  A  more  general  theme  pursued  here,  as  well  as  in  the  previous  anicle,  is 
to  search  for  commonality  in  large-scale  bridging  models,  where  Irwin  s  linear  fracture  mechanics 
breaks  down.  A  dilemma  which  has  become  evident  over  the  last  few  years  is  this.  While  crack- 
bridging  concepts  are  versatile  to  explain  many  phenomena,  the  mechanics  analyses — and 
interpretations — are  complicated  enough  to  be  author-dependent,  particularly  in  the  large-scale 
bridging  regime.  At  this  stage,  any  simplification  or  integration  would  help. 
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2.  THE  MODEL 

2.1  Dimensionless  Groups 

Figure  1  defines  the  general  mechanics  problem:  a  hand  of  inelastic  deformation  emanates 
from  a  notch  in  a  component  monotonicallv  loaded  by  a .  The  band  is  localized  in  that  us 
thickness  is  much  smaller  than  any  other  lengths  characterizing  the  component.  The  load  a  can  be 
regarded  as  a  function  of  the  stretch  at  me  uand-taii,  otail;  the  band  length  L  is  an  interna!  variable 
to  be  determined  by  the  model.  The  model  will  predict  the  ultimate  stress,  or  load-carrying 
capacity ,  a  ,  of  the  notched  component.  The  answer  takes  the  functional  form 

^ma Jct0  =  j{a,y).  (2) 

Also  entering  the  right-hand  side  are  the  bridging  law  shape,  and  the  ratios  of  a  to  other  lengths  of 
geometry,  such  as  notch  root  radius  and  panel  width.  The  rest  of  this  subsection  explains  these 
dimensionless  groups. 

The  inelasticity  may  be  divided  into  that  localized  in  the  band,  and  that  further  localized  at 
the  band  tip.  The  inelasticity  in  the  band  is  modeled  as  an  array  of  springs  with  a  nonlinear  stress- 
stretch  relation: 

o/gq  =  x(5  /  60).  (3) 

The  dimensionless  function  x  describes  the  shape  of  the  relation;  the  scale  is  set  by  a  reference 
stress,  <X0,  and  a  reference  stretch,  50.  Figure  2  shows  several  bridging  laws  io  be  used  in 
numerical  calculations.  The  second  mechanism  is  represented  by  a  critical  energy  release  rate  at  the 
tip,  T0.  For  a  ceramic -matrix  composite  with  debonded  fibers,  the  inelastic  stretch  is  due  to  sliding 
between  fibers  and  matrix,  and  r0  =  (l-/)rm,  where/ is  fiber  volume  fraction  and  Tm  matrix 
fracture  energy.  For  a  void  band  in  a  ductile  alloy,  the  band  stretches  at  the  expense  of  enlarging 
voids,  and  T0  dissipates  in  creating  new  voids  by  inclusion/matrix  debonding. 

The  relative  magnitude  of  the  two  inelastic  mechanisms  is  described  by  the  dimensionless 

number 

y  =  ro/0o<5o.  (4) 

It  enters  (2)  to  determine  load-carrying  capacity.  Two  limiting  cases  are  of  particular  significance. 
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When  7-^=0,  the  energy  dissipation  in  the  hand  is  insignificant  compared  to  that  at  the  tip.  so  that 
Linear  Fracture  Mechanics  applies.  However,  for  composites  and  ductile  alloys,  inelastic 
dissipation  of  the  band  dominates,  say  y<  0.1.  This  paper  focuses  on  the  latter  case. 

Outside  the  band,  the  material  is  taken  to  be  isotropic  and  linearly  elastic,  £  being  Young's 
modulus,  v  Poisson's  ratio,  and  £'  =  £  for  plane  stress  and  £'  =  £/(  1  -  v2)  for  plane  strain. 
The  coupled  substrate-spring  defines  a  material  length 

5q£7  a0.  (5) 

This  length  serves  as  a  figure  of  merit  for  the  ductility  of  a  bridging  mechanism.  The 

dimensionless  group 

a  =  a  /  (S^'/Oq)  (6) 

measures  the  size  of  the  notch,  a.  in  units  of  the  material  length.  Observe  that  or  enters  (2)  as  a 
size  effect. 

2.2  Mathematical  Description 

The  basic  model  is  large-scale  bridging;  see  Bao  and  Suo  (1992)  for  references.  An 
inelastic  band  can  be  viewed  as  either  a  bridged  crack,  or  an  array  of  continuously  distributed 
dislocations.  An  inelastic  band  and  a  traction-free  crack  behave  the  same  at  their  tips.  The  stress  a 
short  distance  r  ahead  of  the  band-tip  is  square  root  singular: 

Oy  —  Af,jp(27tr)~1/2,  r/L->  0.  (7) 

Here  Af[ip  is  Irwin’s  stress  intensity  factor.  The  stretch  a  short  distance  r  behind  the  band-tip  is 
parabolic: 

<5  =  8(tflip/£')(r/2/r)1/2,  r/£->  0.  (8) 

This  may  be  verified  by  superimposing  the  result  for  a  pair  of  concentrated  force,  on  crack  faces 
that  are  otherwise  free  of  traction.  Irwin's  relation  connects  the  stress  intensity  factor  and  the 
energy  release  rate  at  the  band-tip: 

<9> 
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We  will  use  giif)  and  /C(jp  interchangeably 

An  inelastic  band  is  also  equivalent  to  an  array  cf  continuously  distributed  dislocations 
(e.g.,  Cottrell  1963).  The  stress  in  the  spring,  at  position  x.  is  due  both  to  the  aoplied  stress  a , 
and  to  the  dislocation  array: 

OqX{8  /  $o)=  °F{x  /  ci)  +  —  \a  H(x  /  a,%  /  a)—d$  .  (10) 

Here  F  and  H  are  known  functions;  this  integral  equation  governs  the  stretch  5(x).  w'hich  can 
be  solved  numerically  (Gu  et  al.  1992). 

Of  direct  bearing  on  load-carrying  capacity  are  the  tail-stretch  <5taj[ ,  and  the  band-tip  energy 
release  rate  ^lip  (Fig.  1).  Normalizing  (10)  by 

a  /  a0,  S / 50,  x  /  a,  ^  / a,L  /  a,  (11) 

one  finds  that  the  answers  take  the  forms 

a  /  cr0  =  f(SM/  S0,a<L/ a),  (12) 

and 

Cap  /  Mo  =  1?(  ^taii  /80,aX/ a).  (13) 

The  functions  /  and  g  will  also  depend  on  the  bridging  law  shape  %•  and  the  ratios  of  a  to  other 
lengths  of  geometry,  but  nothing  else.  Note  that  £up  may  be  obtained  from  5(x)  according  to  (8) 
and  (9). 

For  hardening  bridging,  at  fixed  a  and  Lla,  o  monotonically  increases  with  5ui!,  so  that 
either  one  can  be  prescribed  in  solving  (10).  This  is  not  so  for  softening  bridging;  o  may  First 
increase  with  <5^,,  reaching  a  peak,  and  then  drop.  Thus,  in  general,  <5taj)  should  be  prescribed  in 
a  calculation.  Given  a  notched  component,  a  and  yare  fixed;  upon  loading,  the  applied  stress  a 
is  a  function  of  tail-stretch  <5tail.  The  band  length  L,  being  regarded  as  an  internal  variable,  is  to 
be  determined  from  (13)  by  maintaining  ^tip  =  r0.  Load-carrying  capacity  amax/  a0  is  the 
maximum  as  5tai!  varies  within  the  range  allowed  by  the  bridging  law.  We  therefore  confirm  (2). 

2.3  A  Simplification 
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For  well-toughened  materials,  band-tip  dissipation  is  negligible,  y  =  T0/  a080  «  1.  A 
drastic  simplification  is  suggested  by  steady-siaie  banding.  When  the  band  is  long  compared  to 
the  notch  size,  <7lip  becomes  independent  of  Lia  and  notch  shape,  being  equal  to  the 
complementary  energy  of  the  spring  law  (Budiansky  et  al.  1986,  Rose  1987).  For  example, 

C  =  \a°8o(°/O°f  (14) 

for  the  square-root  law  %{£)  =  yfe .  Consequently,  if  y  =  T0/  cx0<50  is  small,  the  band  runs  across 
the  entire  component  at  a  low  load  a  /  <r0,  leaving  springs  intact. 

The  cross-component  band  is  nonuniformly  stretched,  <5laiJ  >  5 ,  where  5  is  related  to  5 
by  the  spring  law.  The  dimensional  argument  similar  to  that  leading  to  (12)  now  gives 

a/<r0  =  5($tail/$0.a),  (15) 

Obviously,  no  equation  analogous  to  (13)  exists  in  this  case.  The  maximum  cmax  can  thus  be 
determined  as  <5tai,  varies  within  the  range  allowed  by  the  bridging  law.  The  rest  of  the  arucle  will 
focus  on  presenting  results  for  the  special  case  y-  0,  with  occasional  excursion  to  the  case  of 
small  y,  only  to  show  the  insignificance  of  the  latter  as  far  as  load-carrying  capacity  is  concerned. 

Figure  2  shows  bridging  laws  representative  of  a  wide  range  of  behaviors;  their  solutions 
are  summarized  in  the  Appendix.  A  few  general  observations  are  made  here.  Rectilinear  and 
linear-softening  laws  cause  a  peculiarity;  they  have  no  complementary  energy,  =  0.  Thus,  the 
band  length  L  is  finite  even  if  y- 0,  and  should  be  determined  from  (13). 

The  exponential  law 

o  /  Gq  =  (5  /  S0)exp(l-  S  /  S0)  (16) 

is  taken  by  Needleman  (1990)  to  represent  atomic  decohesion.  The  two  reference  quantities,  oQ 
and  50,  can  be  inferred  in  the  usual  way  from  measurable  cohesive  properties — lattice  spacing. 
Young's  modulus  and  surface  energy.  This  law  is  used  here  to  illustrate  all  laws  of  this  type. 
First,  the  law  has  no  limiting-stretch;  S0  is  assigned,  arbitrarily,  as  the  stretch  where  the  stress 
reaches  the  maximum,  aQ.  Nonetheless,  <50  still  conveys  the  idea  of  interaction  range  (S0  ~  1  A 
for  atomic  debond).  Second,  due  to  softening  in  the  springs,  for  fixed  a  in  (15),  a  first 
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increases  with  5ta,l’  reaching  a  maximum,  and  then  drops.  Third,  uniqueness  is  not  guaranteed 
for  systems  with  softening.  In  fact,  for  the  defect-free  case  (a  =  0),  multiple  solutions  are  found, 
ranging  from  periodic  to  solitary  (Suo  et  a!.  1992b).  However,  uniqueness  seems  to  prevail  when 
a  defect  is  present. 

3.  DAMAGE  PROGRESSION  IN  CERAMIC  COMPOSITES 

To  be  definite,  the  model  is  now  interpreted  in  the  context  of  ceramic-matrix  composites, 
even  though  conclusions  may  be  applicable  to  other  inelastic  mechanisms.  Figure  3  is  a  schematic 
of  damage  progression  in  a  notched  component  under  monotonic  loading  <7.  A  matrix  crack 
initiates  at  a  -  ct(;  prior  to  this,  <5lail  =  0.  For  a  crack-like  notch,  <7,  is  governed  by  notch  size  a, 
according  to  Griffith’s  formula 

d,  =  {ETQlna)in.  (17) 

This  stress  is  insensitive  to  processing  flaws  in  the  matrix,  so  long  as  the  flaws  are  much  smaller 
than  the  notch  size. 

For  a  circular  hole,  an  initial  flaw  must  be  assumed  in  the  vicinity  of  the  hole,  of  size,  say, 
on  the  order  of  the  fiber  diameter.  Take  the  flaw  to  be  a  traction-free,  penny-shaped  crack  of 
diameter  d ,  so  that 

CTi  =  i(^£T0/2d)1/2.  (18) 

This  has  been  reduced  by  the  stress  concentration  factor  3,  and  assumes  that  the  fibers  and  mau.x 
have  similar  elastic  constants.  In  practice,  at  may  also  depend  on  the  hole  radius  a,  for  a  larger 
hole  concentrates  stress  in  a  wider  region,  increasing  the  chance  to  trigger  a  bigger  defect.  Since  a 
»  d ,  the  cracking  initiation  stress  is  larger  for  a  hole  than  for  a  crack-like  notch.  In  either  case, 
further  loading  may  be  sustained  without  fiber  breaking.  Consequently,  dt  is  unimportant  as  far 
as  the  ultimate  strength  is  concerned. 

After  extending  into  the  component,  the  crack  is  bridged  by  the  fibers  sliding  against 
friction.  This  inelastic  deformation  can  be  represented  by  a  bridging  law  (Marshall  etal.  1985) 
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(19) 


a/  aQ  =  {8/ 50f 12 . 

Upon  assuming  a  deterministic  fiber  strength  S,  one  has 

aQ  =  fS,  (20) 

(21) 

sliding  friction  of  fiber/matrix 
composite,  matrix  and  fiber, 
respectively.  In  terms  of  primary  processing  variables,  the  material  length  identified  in  Section  2 
now  scales  as 


and 


«r£„f(i-/)2s2 


dfl  —  — 

0  2  {  E 


t £ 


f 


Here  /  is  the  fiber  volume  fraction,  R  the  fiber  radius,  t  the 
interface,  and  E,  Em  and  Ej-  are  Young's  moduli  for  the 


Sfi/GQ'xRSIr.  (22) 

Thus,  the  "ductility"  of  a  composite  increases  with  increasing  fiber  radius  and  fiber  strength,  but 
decreases  with  increasing  friction  of  the  fiber-matrix  interface. 

In  practice,  the  fiber  strength  is  statistical;  S  is  taken  to  be  some  average  value,  since  the 
ultimate  stress  of  a  composite  corresponds  to  the  breaking  of  many  fibers.  It  is  wrong  to  take  5  as 
physical  separation  of  the  matrix  crack.  As  pointed  out  by  Hutchinson  and  Jensen  (1990),  5 
should  be  inelastic  deformation  associated  with  frictional  sliding — that  is,  total  elongation  of  the 
composite  with  a  matrix  crack  minus  the  elastic  deformation  of  the  composite  without  the  matrix 
crack.  The  inelastic  band  consists  of  both  the  matrix  crack  and  the  frictional  dissipation  off  the 
crack  plane.  The  above  equations  were  derived  from  an  approximate  analysis  of  fibers  frictionally 
constrained  in  a  matrix,  and  are  valid  wnen  the  slip  length 

,  =  |MZZ)£  (23, 

2  Ef  T 

is  several  times  fiber  radius,  which  is  typically  the  case  in  ceramic-matrix  composites.  Also  note 
that  the  square-root  law  is  only  valid  prior  to  fiber  breaking.  Yet  design  with  ceramic -matrix 
composites  may  allow  matrix  cracking  to  relieve  stress  concentration,  but  require  fibers  to  remain 
unbroken,  so  that  the  square-root  law  is  adequate  for  this  purpose. 

An  important  feature  is  multiple  cracks.  Broadly,  multiple  cracks  provide  additional 
frictional  dissipation  sites  or,  equivalently,  larger  inelastic  deformation  to  relieve  stress 
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concentration.  As  an  illustration,  consider  multiple  cracks  emanating  from  a  long,  blunt  notch  in 
Fig.  4.  The  matrix  is  assumed  to  be  sufficiently  brittle  so  that  these  cracks  run  across  the 
component  at  a  low  load  without  fibers  breaking.  If  the  slip  lengths  do  not  overlap  with  one 
another  and  each  spring  is  described  by  (19).  the  fracture  energy  is  given  by 

r  =  ^  (7o<5(X  .  <241 

where  i\Cis  the  number  of  cracks,  presumably  related  to  the  ratio  of  notch  root  radius  over  slip 
length.  More  detailed  modeling  is  needed  to  take  into  account  overlapping  slip,  analogous  to 
models  for  unnotched  panels  by  Aveston  ei  al.  (1971)  and  Zok  and  Spearing  (1992). 
Nonetheless,  to  a  First  approximation,  the  effect  of  multiple  cracks  on  load-carrying  capacity  may 
be  captured  by  a  single  inelastic  band  with  a  larger  equivalent  5q. 


4.  NOTCH  SIZE  AND  MATRIX  TOUGHNESS:  a  AND  y 

Now  the  calculated  load-carrying  capacity  is  presented  in  form  (2).  The  strength  of  a 
monolithic  ceramic  is  only  a  fraction  of  its  bridging  strength  (the  atomic  bond),  and  is  sensitive  to 
processing  flaws.  By  contrast,  the  strength  of  a  composite  is  close  to  its  bridging  strength  (the 
Fiber  strength  times  fiber  volume  fraction),  and  is  insensitive  to  processing  flaws.  To  understand 
this  difference,  consider  an  unbndged  crack  of  length  2a,  as  in  Fig.  5.  The  inelasticity — either 
atomic  separation  or  fiber  sliding — is  approximated  by  a  rectilinear  law  in  the  band,  and  by  T()  =  0 
at  the  band  tip.  The  standard  solution  is  reproduced  in  the  Appendix.  Under  monotonic  loading 
a,  the  band  length  L  is  determined  from  (A4)  by  maintaining  K lip  =  0.  The  ultimate  stress  crmax 
is  reached  when  ^tail  -  So.  Eliminating  the  internal  variable  L  from  (A3)  and  (A4),  Cottrell 


(1963)  obtained  that 


f 


n 


<5<£7ct0; 


In 


sec 


f  *  max  ^ 


2  cr0 


=  1. 


(25) 


This  curve  is  labeled  in  Fig.  5  by  F,,  /  cr0<50  =  0,  to  show  load-carrying  capacity  as  a  function  of 
notch  size. 

For  a  tme  grain  ceramic,  energy  dissipates  to  separate  a  few  atoms  at  the  crack  tip,  so  that 
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<5 pE’/CTo  -  1  nm;  the  flaw  size  is  about  the  grain  diameter,  say  a  -  1  jUm.  Consequently,  a  - 
103  so  that  Omzx!  Oq  «  1,  confirming  that  the  strength  of  a  monolithic  ceramic  is  much  smaller 
than  that  of  the  atomic  bond.  By  contrast,  for  a  ceramic-mainx  composite,  energy  dissipates  over 
manv  atoms  by  interface  sliding,  say  8(JE 7<T„  ~  1  mm;  material  processing  is  unlikely  to  break 
many  fibers  on  the  same  location,  so  that  a  <  1.  Consequently,  the  strength  is  close  to  the 
limiting  stress  amw  -  cr0  =  /S ,  and  is  insensitive  to  processing  defects.  This  comparison  reveals 
the  central  concept  of  making  strong  materials:  the  limiting-strength  for  a  composite  is  very  low 
compared  with  atomic  bond  strength,  but  amply  compensated  by  a  large  inelastic  stretch  <5{l, 
which  retains  this  strength  in  the  presence  of  flaws  or  small  notches. 

Next  consider  the  case  r0/ cr0S0  =  O.i,  which  is  perhaps  the  largest  value  any  well- 
toughened  ceramic-matrix  composite  may  assume.  The  left-hand  side  of  (A3)  equals  <5[ajI  /  S</x , 
and  the  left-hand  side  of  (A4)  equals  (y  /  na)]/".  Thus,  for  fixed  or  and  y,  (A3)  and  (A4) 
prescribe  the  applied  stress  ff  /  cr0  as  a  function  of  <5^  /  <50,  the  band  length  L/a  being  viewed  as 
an  internal  variable.  This  a-5Ul,  relation  is  plotted  in  Fig.  6  for  y=  0.1  and  various  a. 
Depending  on  a,  the  maximum,  amax  /  <70,  is  reached  at  either  <5ui)  /  80  =  1  or  <5^  /  50  <  1 . 
The  maxima  so  obtained  are  plotted  in  Fig.  5.  Except  for  very  small  a,  the  difference  between  the 
two  curves  is  small.  The  curve  for  y=  0. 1  tends  to  infinity  for  small  a,  which  is  consistent  with 
Griffith  theory.  However,  this  difference  is  practically  inconsequential,  for  it  only  happens  for  a 
notch  smaller  than  fiber  diameter.  Corresponding  plots  have  been  made  for  the  linear  bridging  law 
and  for  a  circular  hole  (not  shown  here);  the  trend  is  similar  to  Fig.  5.  In  the  rest  of  the  paper,  we 
shall  focus  on  the  case  T0  /  cr0<50  =  0. 

5.  BRIDGING  LAW  SHAPE 

The  shape  of  the  bridging  law  is  uncertain  in  practice.  Fortunately,  load-carrying  capacity 
is  a  robust  quantity:  a  different  %  only  modifies  it  slightly,  not  to  affect  the  judgement  of  a 
designer  (e.g.,  notch-bnttle  or  -ductile).  Figure  7  demonstrates  this  for  a  sharp  notch  in  an  infinite 
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panel,  and  Fig.  8  tor  a  circular  hole.  On  the  basis  of  the  preceding  discussion,  it  is  sufficient  to 
consider  the  case  r0/  cr0<50  -  0*  s0  l^at  [he  inelastic  band  has  extended  across  the  component  for 
bridging  laws  with  nonvanishing  complementary  energy.  The  curves  in  Figs.  7  and  8  may  shift 
somewhat  as  more  accurate  calculations  become  available,  but  the  small  difference  in  load-carrying 
capacity  for  the  various  bridging  laws  may  be  inconsequential  in  practice.  An  explanation  for  such 
small  differences  follows. 

Instead  of  a,  a  modified  dimensionless  group,  a  t  [E T  /  ajj,  is  used  in  Fig.  7,  where  T 
is  the  energy  to  separate  a  unit  area  of  the  inelasuc  band: 

r  =  CTo<5oJ0~*(£)d£-  (26) 

As  discussed  in  Section  3,  the  inelastic  band  may  consists  of  several  matrix  cracks,  each  permitting 
fibers  to  slide,  so  that  80  should  be  regarded  as  the  sum  of  all  inelastic  deformation. 

Two  limiting  cases  can  be  solved  analytically;  both  are  independent  of  bridging  law  shape. 
As  a  — »  0.  stress  concentration  is  fully  relieved — that  is,  <rmiu/cr0  =1.  As  a  — »«>,  the 
unbridged  crack  is  long  so  that  Griffith's  formula  applies: 

tfmax/<7o  =  [«2/(£T/<7o)]  '  -  (27) 

This  curve  is  indicated  in  Fig.  7,  which  is  only  valid  for  l?yee  a.  The  mechanics  problem 
involved  here,  which  consists  of  two  elastic  substrates  joined  by  springs  (inset  of  Fig.  7),  is 
different  from  that  in  Griffith's  original  paper.  Nonetheless  (27)  can  be  confirmed  by  an  energy 

argument.  A  simple  interpolation  of  the  two  limiting  cases  is 

,  -,.1-1/2 

0-max  /  CT0  =  [1  +  /  (28) 

This  is  a  close  approximation  of  the  computed  result  for  the  liner  law,  and  a  fair  representation  of 
the  curves  for  other  iaws.  One  can  use  this  equation  for  arbitrary  a,  as  an  extrapolation  of  the 
Griffith  formula  (27). 

Equation  (28)  can  also  be  derived  from  an  energy  consideration.  Under  the  applied  load 
<7,  the  springs  are  nonuniformiy  stretched;  <5^  >  8 ,  where  8  and  d  are  related  by  the  spring 
law.  In  equilibrium,  the  increment  of  the  combined  strain  energy  in  the  substrates  and  springs 
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must  vanish  for  any  small  increment  of  the  notch  size.  Thus, 

'  =  ma2  i  E\  C'J) 

Jo/o0 

The  left-hand  side  is  the  energy  decrease  in  the  springs,  and  the  right-hand  side  the  energy  increase 
in  the  substrates,  for  a  unit  enlargement  of  the  notch  under  fixed  load.  The  latter  is  approximate, 
with  relaxation  due  to  the  springs  ignored.  Equation  (29)  becomes  exact  as  or  — *  00 ,  which 
reduces  to  (27);  and  is  also  correct  as  a  — »  0,  since  <5uil  =  8  in  this  case.  Specializing  (29)  for  the 
linear  law  #(£)  =  e ,  one  obtains  (28). 

Plotted  in  Fig.  8  is  the  load-carrying  capacity  reduced  by  a  circular  hole,  which  is 
constructed  by  using  finite  element  solutions,  discussed  in  the  Appendix.  Note  that  the  difference 
for  various  bridging  laws  is  still  small,  and  that  the  two  limiting  cases  are  given  by  (1). 

Normalized  as  such,  it  appears  from  Figs.  7  and  8  that  load-carrying  capacity  is  insensitive 
to  bridging  law  shape.  We  have  not  carried  out  comparisons  other  than  for  notches  in  an  infinite 
panel.  Nonetheless  the  normalization  scheme  used  here  separates  the  les  of  the  shape  and  the 
scale  of  a  bridging  law.  This  is  of  practical  significance.  Once  charts  are  constructed  for  idealized 
bridging  laws  with  important  design  features  (e.g.,  fasteners),  a  new  material  can  be  used  by 
fitting  its  bridging  law  to  one  of  the  idealized  laws.  This  approach  is  equally  valuable  in  design  of 
composites.  In  this  phase,  the  detailed  bridging  law  shape  may  be  unknown,  but  the  scale  of  the 
bridging,  cx0  and  <5 0,  can  be  related  to  microstructural  variables.  Whether  a  material  is  viable  for 
a  particular  application  can  be  assessed,  before  the  material  is  made,  by  consulting  the  charts. 

6.  EFFECT  OF  alw 

The  effect  of  finite  panel  width  is  studied  with  T0/  <7q5q  -  0.  The  model  consists  of  halves 
joined  by  springs,  with  an  unbridged  sharp  notch  (Fig.  9)  and  a  circular  hole  (Fig.  10). 
Independent  of  bridging  law,  full  notch-ductility  is  reached  when  al{TE'lo 0)  =  0.  Stress 
concentration  is  completely  relieved,  so  the  load-carrying  capacity  is  governed  by  the  net-section: 

O0=\~a/w.  (30) 
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This  is  the  straight  line  in  Figs.  9  and  10. 

Notch-brittleness  prevails  for  large  a  /  (r£'/Oo).  in  lhls  limit,  Linear  Elastic  Fracture 


where  F  is  a  dimensionless  number  in  the  stress  intensity  factor  for  a  crack  in  an  elastic  strip. 


approximated  by  (Tada  etal.  1985) 

F(a  /  w)  =  [l  -  0. 5(a  /  w)  +  0. 326(a  /  w)2][  1  -  (a  /  w)] 


-1/2 


An  interpolation  similar  to  (28)  is 


~  max  _ 
°0 


w 


-2 


+  kF 


TE'/Oq 


-1/2 


(32) 


(33) 


This  equation  is  plotted  in  Fig.  9,  and  expected  to  be  a  fair  approximation  for  the  entire  parameter 
range  and  arbitrary  bridging  law,  and  highly  accurate  when  a  /  (r£'/Ooj  >  2,  as  inferred  from  Fig. 


7. 

For  a  circular  hole,  when  a  /  (rE’/cr2)  is  large,  load-carrying  capacity  is  reduced  bv  the 
stress  concentration  factor  k ,  namely 


omAJo0  =  \lk.  (34) 

The  handbook  solution  (e.g.  Peterson  1974/  of  the  stress  concentration  factor  for  a  circular  hole  in 
an  elastic  strip,  k,  is  indicated  in  Fig.  10,  as  the  boundary  of  notch-brittleness.  A  Finite  element 
calculation  using  linear  springs  is  carried  out  for  intermediate  a  /  (TE'/CTo].  Linearity  suggests  that 
the  stress  at  the  band-tail  takes  the  form 


(7lail  =  o/"(a,a/w).  (35) 

The  applied  load  o  -» <7maj(  when  <rlai ,  =  a0,  so  that  /  o0  =  1  /  /.  The  calculated  coefficient 
/is  plotted  in  Fig.  10.  Judged  from  Fig.  8,  the  curves  in  Fig.  10  should  be  fair  approximations 
for  other  bridging  laws. 

7.  CONCLUDING  REMARKS 

Notch-sensitivity  can  be  substantially  reduced  by  inelastic  deformation.  In  a  ceramic-matrix 
composite,  the  inelastic  deformation  is  due  to  one  or  several  matrix  cracks  bridged  by  frictionally 
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sliding  fibers.  The  strength  of  notched  ceramic-matrix  composites  is  found  to  depend  on  notch 
size,  as  governed  by  a  dimensionless  group  a  /  Io0).  Notch-insensitivity  is  attained  if  the 

composite  is  made  such  that  a !  (<5qE7ct( ,)  <  1 .  It  is  found  that  the  shape  of  the  bridging  lav.  is 
unimportant  as  far  as  notch  strength  is  concerned.  Although  the  results  are  interpreted  for  ceramic- 
matrix  composites,  they  may  be  applicable  for  other  materials  or  inelastic  mechanisms.  For 
example,  the  notch  strength  presented  here  is  the  same  as  the  residual  strength  of  a  metal-matnx 
composite  with  a  fatigue-cracked  matrix. 
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APPENDIX 


Representative  bridging  laws  are  drawn  in  Fig.  2.  Solutions  for  a  hole/crack  in  an  infinite 
body  are  reviewed  here.  For  the  rectilinear  law,  the  solution  is  linear  in  both  the  applied  stress  and 
the  closure-stress,  so  that 

5(aiiE7fl  =  /,a-/2tr0,  (Alj 


and 

(A2) 

with  coefficients /s  depending  on  L  et  only.  For  a  crack-like  notch  the  solution  is  (Tada  ei  ai 


1985) 

and 

where  T]  -  1  +  L!a. 


,r  - 


=4 (t]2~  i)i/2  —  -  — cos~’(l  /  rj) 
(?o a  x  !  o0  n 


8, 

+  — In  T], 
K 


(A3) 


^tip  _  ^1/2 

cr0Vna 

Coefficients  for  a  circu 


--cos-'O/r?)  ,  (A4) 

<J0  n  J 

ar  hole  are  obtained  by  using  finite  elements  (Ho 


1992). 


The  square-root  law  is  written 

o  /  o0  =  {5  /  60)112 .  (A5) 

The  solutions  take  the  forms  (e.g.,  Gu  et  al.  1992) 

cr^j,  /  aaQ  =  I(ct  /  aaQ,  L  /  a),  (A6) 

with  er^  being  connected  to  <5uil  by  the  bridging  law,  and 

Kupl  aa^yfa  =  k{c!  aa^L! a).  <A7) 

Solutions  for  a  crack-like  notch  are  given  by  Marshall  and  Cox  (1987),  Bao  and  McMeeking 
(1992),  and  Cui  and  Budiansky  (1992).  Solutions  for  elliptic  holes  are  given  by  Gu  etal.  (1992). 

The  linear  law  is  written 

o  /  o0=  6  / 50,  (A8) 

The  coupled  spring-substrate  is  linear,  so  that 

o  =  g\(a,L/a),  (A9) 
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and 


A'np  /  afna  =  g2(a,L/  a).  (A  10) 

Solutions  for  a  crack-like  notch  are  given  by  Rose  (1987).  and  for  elliptical  holes  by  Gu  et  al. 
(1992). 

The  linear  softening  is  an  idealization  of  the  following  situation.  Some  bridging 
mechanisms,  notably  ductile  reinforcement,  attain  the  limiting  stress  at  a  very  small  stretch,  and  the 
stress  then  drops  with  a  long  tail.  The  initial  rising  portion  may  be  conveniently  lumped  into  I~0, 
leaving  the  post-limit  tail  idealized  to  be  linear  softening.  The  bridging  law  is  thus 

a  /  o0  =  \-S  /  60.  (All) 

The  reward  for  such  a  simplification  is  that  the  limiting-stress,  ff0,  can  be  treated  as  a  residual 
stress,  so  that  the  coupled  substrate-spring  becomes  linear,  which  can  be  solved  by  using 
commercial  finite  element  codes  (e.g.  Suo  ei  al.  1992a).  The  solution  is  still  of  form  (Al)  and 
(A2),  but  now  the  coefficients  depend  on  both  a  and  Lla. 
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FIGURE  CAPTIONS 

Fig.  1  An  inelastic  band  is  viewed  as  either  a  bridged  crack  or  an  array  of  continuous! 

distributed  dislocations. 

Fig.  2  Idealized  bridging  laws. 

Fig.  3  Damage  progression  in  ceramic-matrix  composites. 

Fig.  4  Multiple  cracks  modeled  as  an  inelastic  band. 

Fig.  5  Effect  of  the  two  primary'  dimensionless  groups. 

Fig.  6  Relation  between  load  and  tail-separation  (rectilinear  bridging). 

Fig.  7  Notch  ductile-to-brittle  transition  (sharp  notch). 

Fig.  8  Notch  ductile-to-brittle  transition  (circular  hole). 

Fig.  9  Effect  of  a/w  (sharp  notch). 

Fig.  10  Effect  of  alw  (circular  hole). 
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ABSTRACT 

The  tensile  strength  of  a  Fiber  reinforced  ceramic  composite  containing  a  through-the-fiber 
flaw  in  the  form  of  a  sharp  crack  is  studied.  The  strength  of  a  brittle  unreinforced  ceramic 
containing  a  sharp  crack  of  length  2a0,  subjected  to  uniaxial  load  in  the  direction  normal  to  the 
crack  plane,  is  given  by  linear  elastic  fracture  mechanics  as  crs  =  Km  /^/na0  ,  where  Km  is  the 
fracture  toughness  of  the  material.  However,  for  a  fiber  reinforced  ceramic,  the  strength  can  only 
be  determined  on  the  basis  of  a  full  analysis  of  crack  growth  in  the  matrix  and  the  failure  of  crack 
bridging  fibers.  The  tensile  strength  of  a  flawed  ceramic  material  that  is  reinforced  by  fibers 
aligned  in  the  direction  perpendicular  to  the  flaw  surfaces  is  studied  in  this  paper.  Crack  bridging 
Fibers  are  assumed  to  slip  relative  to  the  matrix  when  a  critical  interface  shear  stress  is  reached. 
The  orthotropy  of  the  composite  produced  by  the  presence  of  aligned  Fibers  is  rigorously  accounted 
for  in  the  analysis.  The  dependence  of  the  composite  tensile  strength  on  Fiber  tensile  strength, 
matrix  toughness,  flaw-size,  and  frictional  shear  stress  at  the  Fiber-matrix  interface  is  determined 
and  described  in  terms  of  a  universal  set  of  non-dimensional  parameters. 
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NOMENCLATURE 
initial  crack  size 

fiber  volume  concentration 
orthotropy  factor  (see  Eq.  (1)) 
matrix  toughness 

Young’s  moduli  (composite,  fiber,  matrix) 
fiber  radius 
fiber  strength 

Poisson’s  ratio  (composite,  fiber,  matrix) 

fiber-matrix  sliding  shear  resistance 
matrix  cracking-initiation  stress 
steady-state  matrix  cracking  stress 
base  fibers-only  strength 


modified  toughening  ratio  (see  Eq.  (14)) 
tensile  strength  of  flawed  composite 
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INTRODUCTION 

This  paper  is  concerned  with  the  tensile  strength  of  flawed,  fiber-reinforced  ceramics.  On 
the  basis  of  linear  elastic  fracture  mechanics,  an  unreinforced  brittle  ceramic  containing  a  sharp, 
two-dimensional  flaw  of  length  2a0,  loaded  in  the  direction  perpendicular  to  the  faces  of  the  flaw, 
has  a  tensile  strength  given  by  cs  =  Km  /,/rca0 ,  where  Km  is  the  fracture  toughness  of  the 

material.  However,  the  tensile  strength  of  a  fiber  reinforced  ceramic  can  only  be  determined  by  a 
full  analysis  of  a  process  involving  matrix  crack  growth,  frictional  sliding  along  the  fiber-matrix 
interfaces,  and  failure  of  crack  bridging  fibers.  We  shall  study  the  configuration  shown  in  Fig.  1, 
in  which  a  large,  aligned-fiber  reinforced  ceramic  body  containing  an  isolated  center  flaw  of  length 
2a0  that  cuts  through  the  fibers  is  subjected  to  uniform  remote  tension  in  the  fiber  direction.  We 

define  the  tensile  strength  as  the  maximum  applied  stress  the  composite  can  carry,  and  seek  to 
detero-Jie  this  stress  theoretically. 

As  in  most  previous  studies  the  fibers  are  assumed  to  be  held  in  the  matrix  by  friction;  that 
is,  sliding  beiwt-n  the  fibers  and  the  matrix  is  suppressed  only  if  the  interface  frictional  shear  is 
less  than  some  limiting  stress  t.  The  brittle  ceramic  matrix  is  assumed  to  have  a  fracture  toughness 
Km ,  and,  except  near  the  tip  of  the  matrix  crack,  the  composite  is  treated  as  a  homogeneous 
orthotropic  elastic  medium.  The  effects  of  crack  bridging  fibers  are  taken  into  account  by  means  of 
a  spring  model  that  embodies  the  additional  assumption  that  the  frictional  resistance  is  low  enough 
to  permit  long  slip  lengths  relative  to  the  fiber  diameter.  Failure  of  the  composite  is  assumed  to  be 
associated  with  the  fracture  of  crack-bridging  fibers  in  the  matrix  crack  plane  and  we  assume  that 
there  is  no  statistical  variation  in  fiber  strength.  It  is  further  assumed  that  during  the  course  of 
matrix  crack  extension  leading  to  the  final  failure  of  the  composite,  no  longitudinal  splitting  or 
shear  banding  takes  place  in  the  vicinity  of  the  flaw  tip.  Both  splitting  and  statistical  variation  in 
fiber  strength  may  often  be  important,  but  we  neglect  them  in  the  present  study. 

The  mechanical  behavior  of  both  flawed  and  unflawed  unidirectional  fibrous  composites 
has  been  a  subject  of  research  efforts  for  the  past  two  decades.  Matrix  cracking  without  associated 
fiber  failure  is  a  distinctive  tensile  damage  mechanism  often  observed  in  unidirectional  fibrous 
ceramic  composites.  The  tensile  stress  required  for  the  steady-state  propagation  of  a  single,  long 
matrix  crack,  known  as  the  matrix  cracking  stress,  was  first  evaluated  by  Aveston  et  al.  (1971)  for 
the  limits  of  large  and  small  frictional  shear  resistance  at  the  fiber-matrix  interfaces.  More  recently, 
Budiansky  et  al.  (1986)  extended  these  results  to  intermediate  friction  values.  For  the  limiting  case 
of  very  long,  initial  flaws,  the  solution  for  tensile  strength  has  been  obtained  by  Budiansky  and 
Amazigo  (1989)  on  the  basis  of  the  small  scale  bridging  condition,  wherein  (see  Fig.  2)  the  bndge 
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length  Aa  prior  to  fiber  failure  is  very  small  relative  to  original  flaw  length  2a0.  Although 
Marshall  and  Cox  (1987)  have  done  extensive  calculations  for  a  composite  with  a  flaw  of  arbitrary 
length,  their  presentation  is  quite  complicated  and  it  is  difficult  to  extract  the  desired  general, 
comprehensive  results  for  the  composite  tensile  strength  from  their  paper. 

There  are  many  parameters  governing  the  tensile  failure  of  unidirectional  composites,  such 
as  fiber  tensile  strength,  matrix  toughness,  flaw-size,  fiber  and  matrix  elastic  properties,  and  fiber- 
matrix  frictional  shear  stress.  We  shall,  however,  be  able  to  determine  the  composite  strength  cs 
in  terms  of  just  the  following  three  basic  stress  quantities  that  suffice  to  characterize  the  flawed 
composite: 

•  o0,  the  critical  applied  stress  for  the  initiation  of  matrix  cracking; 

•  omc,  the  steady-state  matrix-cracking  stress;  and 

•  Ofs=cfS,  the  base  fibers-only  strength, 

where  S  is  the  fiber  fracture  stress  and  cf  is  the  fiber  volume  concentration.  More  precisely,  the 
ratio  of  as  to  any  one  of  these  stresses  depends  on  only  two  ratios  of  the  three  parameters.  We 
stan  with  a  qualitative  description  of  the  matrix  crack  growth  process  that  leads  to  failure  of  a 
flawed,  unidirectional  fiber  composite. 

DESCRIPTION  OF  FAILURE  PROCESS 

When  a  tensile  stress  O  is  applied  to  the  composite  in  the  fiber  direction  (Fig.  1),  failure 
due  to  a  preexisting,  through-the-fibers  flaw  that  is  normal  to  the  fibers  always  begins  with 
growth  of  the  crack  in  the  matrix  (Fig.  2),  and  ends  with  the  fracture  of  bridging  fibe's.  Consider 
a  typical  curve  of  applied  stress  o  vs.  matrix  crack  growth  Aa,  shown  schematically  in  Fig.  3. 
Such  a  curve  would  be  governed  by  the  requirement  that  the  average  energy  release  rate  along  the 
matrix  crack  front  must  remain  equal  to  the  critical  value  for  matrix  crack  extension.  In  the  absence 
of  fiber  failure,  a  typical  o  -  Aa  curve  has  the  following  qualitative  features.  Crack  growth  starts 
when  the  applied  stress  c  reaches  the  initiation  stress  Oq,  which  is  essentially  a  crack-size 

parameter.  Due  to  the  constraining  effects  of  crack-bridging  fibers,  matrix  crack  growth  requires 
increasing  applied  stress  c  until  a  peak  value  Cfp  is  reached  at  Aa=Aap.  Then  the  crack  growth 

continues  under  decreasing  applied  o,  which  approaches  the  steady-state  matrix  cracking  stress 
omc  asymptotically  for  Aa  — >  <».  (It  is  also  conceivable  that  for  sufficiently  small  values  of  the 
initiation  stress o0,  the  applied  stress  a  may  never  reach  a  peak  value  at  a  finite  Aa,  but  simply 
increases  monotonically  as  it  approaches  the  steady-state  matrix-cracking  stress  omc 
asymptotically.)  After  the  matrix  crack  extends  to  infinity,  the  applied  loading  is  supported  entirely 
by  the  crack-bridging  fibers,  and  the  vertical  line  at  Aa  =  »  indicates  that  further  increase  in  o  is 
then  possible. 
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Now  consider  fiber  failure.  Corresponding  to  each  point  on  the  a  -  Aa  curve,  there  is  a 
smeared-out  bridging  stress  distribution  p(x)  that  has  its  maximum  value  p(ao)  at  the  original  flaw 
tip.  Let  Aafdenote  the  amount  of  matrix  crack  growth  corresponding  to  the  first-fiber-failure 
criterion  p(a0)  =  cfS,  and  if  Aaf  <  «,  let  Of  be  the  value  of  the  associated  applied  load. 

Similarly,  for  the  composite  containing  a  matrix  crack  that  has  grown  to  infinity  from  each  edge  of 
the  original  flaw  (Fig.  4),  let  o^  denote  the  value  of  the  applied  stress  c  that  gives  p(a0)  =  cfS . 

In  both  cases,  we  find  that  maintaining  the  applied  load  o  at  the  value  that  produces  the  first  fiber 
failure  results  in  the  failure  on  the  matrix  crack  plane  of  all  the  fibers.  Accordingly,  th  trength 
Os  of  the  composite  is  set  by  one  of  the  following  three  conditions: 

(i)  the  flaw-tip  fibers  fail  during  increasing  applied  stress  at  a  value  of  applied  stress 
0f  <  op  and  Aaf<  Aap;  then  os  =  of ; 

(ii)  the  applied  stress  reaches  the  peak  value  op  without  the  occurrence  of  fiber  failure,  and 
op  exceeds  the  value  of  the  stress  ofmc  ._Jed  to  produce  flaw-tip  fiber  failure  when  the  crack  is 
infinitely  long;  then  os  =  op. 

(iii)  the  matrix  crack  extends  to  infinity  without  fiber  failure,  and  op  is  less  than  ofmc;  then 

°s  =  ®fmc- 

A  complete  determination  of  the  strength  of  flawed  composites  will  therefore  require 
consideration  of  both  the  transient  crack-growth  problem  of  Fig.  2  and  the  auxiliary  problem  of  the 
fully  cracked  composite  shown  in  Fig.  4. 


MATRIX  CRACKING:  INITIATION,  GROWTH,  AND  STEADY-STATE 
Crack  growth  criterion 

We  shall  now  discuss  an  appropriate  criterion  for  matrix  crack  growth  in  an  aligned-fiber 
composite  (Fig  1).  What  we  seek  is  a  criterion  based  on  the  stress-intensity  factor  of  a  crack, 
bridged  or  unbridged,  in  an  equivalent,  uniform,  orthotropic  (but  transversely  isotropic)  material 
(Fig.  2).  Consider  the  plane-strain  energy  release  rate  Q  for  a  Mode-I  crack  lying  in  the  plane  of 
transverse  isotropy.  We  can  write 


1- v2 
AE 


K? 


(1) 


where  Kj  is  the  conventional  stress-intensity  factor,  E  is  the  Young's  modulus  for  longitudinal 
tension  normal  to  the  crack  plane,  v  is  the  associated  Poisson's  ratio  (for  the  ratio  of  transverse 
contraction  to  longitudinal  extension),  and  A  is  a  factor  that  characterizes  the  orthotropy.  We  will 
assume  that  matrix  crack  growth  occurs  when  the  orthotropic  energy  release  rate  Q,  given  by  (1), 
satisfies  the  condition 

£  =  0-cf)£m 


where  is  the  critical  energy  release  rate  for  fracture  in  the  matrix,  given  by 


(2) 
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Em 

in  terms  of  the  elastic  constants  of  the  matrix  and  its  fracture  toughness  Km.  The  factor  (1-Cf) 
accounts  for  the  reduction  in  length  of  the  edge  of  the  matrix  crack  due  to  the  presence  of  the 
aligned  fibers.  It  follows  that  the  critical  orthotropic  stress  intensity  factor  K1C  for  matrix  cracking 

in  the  direction  perpendicular  to  the  direction  of  fibers  in  unidirectional  fibrous  ceramic  composites 


Kir  = 


_  Mi-vj) 


(l-c,)K, 


The  magnitude  of  A  as  a  function  of  the  plane-strain  compliances  of  an  orthotropic  material 
follows  from  the  formula  given  by  Tada  et  al  (1985)  for  the  energy  release  rate  (see  Appendix  A). 
If  we  let  E,  Ef,  and  Em  be  the  Young’s  moduli  of  the  composite,  fiber,  and  matrix,  respectively, 
and  if  we  assume,  for  the  sake  of  simplicity,  that  fibers  and  matrix  have  the  same  Poisson’s  ratio 
vr  =  vm  =  v>  then  E  is  given  by  the  rule  of  mixtures  formula  E  =  CfEf  +  (l-Cf)Em.  The 
dependence  of  A  on  E{  /Em  and  cr  for  vf  =  vm  =  1/4  has  been  calculated  on  the  basis  of  the  Hill 

(1965)  self-consistent  estimates  for  the  effective  compliances  of  an  aligned-fiber  composite  having 
isotropic  constituents,  and  the  results  for  A  vs.  cf  are  plotted  in  Fig.  5a  for  various  values  of 
Ef/Em>l.  (These  curves,  and  the  associated  formulas  shown  in  Appendix  A,  correct  errors  in 

the  earlier  work  by  Budiansky  and  Amazigo  (1989)).  Fig.  5b  shows  A  for  several  values  of 
Ef/Em  <  1. 

It  is  important  to  note  that  the  parameter  KIC  is  a  material  property  of  the  composite  which 
encompasses  information  about  matrix  toughness,  fiber  volume  concentration,  the  orthotropy 
induced  by  unidirectional  fiber  reinforcement,  and  the  moduli  of  the  matrix  and  composites.  In 
order  to  analyze  the  matrix  cracking  problem  illustrated  in  Fig.  2,  we  will  be  calculating  the 
orthotropic  stress  intensity  factor  Kj  in  the  presence  of  both  external  loading  and  crack  bridging 
fibers,  and  then  using  Kj  =  Kjc  as  the  criterion  for  matrix  crack  growth. 


For  the  special  case  of  matrix  cracking  initiation  in  the  configuration  of  Fig.  1,  we  can  use 
the  familiar  formula  K]  =  o-^7ta0 ,  which  is  valid  for  any  anisotropic  as  well  as  isotropic  2D  elastic 
body  (Sih  ct  al.,  1965).  Setting  Kj  =  KIC gives  the  matrix  crack-growth  initiation  stress  of  the 
composite  --  one  of  our  three  basic  stress  parameters  --  as 

°o  =  Kjc/ V^o  (5) 

Thus  Go  may  be  regarded  as  a  crack-length  parameter,  decreasing  like  a3,/2.  Note  too,  that  for 
vf  =  vm  =  v,  the  initiation  stress  o0  is  related  to  the.  corresponding  strength  of  a  unrcinfonced, 
cracked  monolithic  ceramic  of  the  same  crack  geo  men  y  by 
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o0  = 


A(l-cf)E 
^  Em 


°tO 


(6) 


Matrix  crack  growth 

Equations  connecting  the  applied  stress,  the  bridging-fiber  stress  distribution,  and  the 
matrix  crack  extension  in  the  absence  of  fiber  failure  (Fig.  2)  are  presented  in  Appendix  B.  In  this 
formulation  the  orthotropic  stress-intensity  factor  is  kept  equal  to  Kic,  and  the  smeared-out 
bridging  fiber  stress  p(x)  is  related  to  the  displacement  v(x)  of  the  upper  crack  face  (Fig.  2)  by 

p  (x)  =  PVy(x)  (7) 

where  the  equivalent  spring  constant  is  given  by 


4CfEfE2T 

R(l-Cf)2Em 


1 

2 


(8) 


This  relation  follows  from  the  assumption  of  ’’large"  slip  lengths  adjacent  to  the  crack  faces  and 
neglect  of  initial  stresses  (Aveston  et  a!  1971;  Budiansky  et  al  1986;  Budiansky  and  Amazigo  1989; 
Hutchinson  and  Jensen  1991).  Various  non-dimensional  forms  of  the  governing  equations  and 
their  numerical  solution  are  discussed  in  detail  in  Appendix  B. 

Steadv-state  matrix  cracking 

As  already  mentioned,  when  the  matrix  crack  extension  becomes  large,  the  applied  stress  o 
approaches  the  steady-state  matrix  cracking  stress  of  Aveston  et  al  (1971).  Under  the  assumptions 
adopted,  the  steady-state  matrix  cracking  stress  Omc  is  given  by 


CTmc  = 


6c? 


(i-vS,)k; 


,tE, 


(l-c,)R£ 


(9) 


where  R  is  the  fiber  radi-s  and  T  is  the  interface  slipping  shear  resistance  stress.  This  is  the 
second  of  the  three  basic  stress  parameters  that  define  the  composite;  the  third  one,  we  remind  the 
reader,  is  just  Cfs=CfS. 


M  \TRIX  CRACK  GROWTH  AND  PEAK  STRESS 
The  analysis  and  calculations  described  in  Appendix  B  provide  the  connections  between  the 
applied  stress  o  and  the  matrix  crack  extension  Aa  (Figs.  2-3)  shown  nondimensionally  in  Fig.  6. 
(These  relations  assume  no  fiber  fracture,  and  so  the  basic  stress  parameters  CfS  is  not  involved.) 
The  abscissa  Oo /rimc  is  a  measure  of  the  original  flaw  size.  Note  that  for  Aa/ao>.5  the  curves 
giving  o/omc  vs.  Oo/Gmc  cross  each  other  in  the  vicinity  of  Oo/omc=.95.  It  follows  that  the  peak 
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stress  op  during  crack  growth  (see  Fig.  3)  must  occur  for  Aap/ao  >  5  whenever  the  flaw  size 
corresponds  to  o/omc  <  .94;  but  for  Oo/Omc  >  1,  Aap/ao  must  be  less  than  0.5! 

As  discussed  earlier,  the  strength  os  of  the  flawed  composite  will,  for  some  parametric 
ranges,  be  equal  to  the  peak  stress  op  attained  during  matrix  crack  growth  (Fig.  3).  The  results  for 
op  obtained  from  the  solution  of  the  crack-growth  equations  are  completely  described  by  the  curve 
in  Fig.  7,  which  shows  Op/omc  as  a  function  of  Co/Omc-  (This  curve  is  actually  the  upper 
envelope  of  the  family  of  curves  in  Fig.  6).  Note  that  op  is  almost  always  very  close  to  either  Oo 
or  omc.  The  accuracy  to  which  we  could  calculate  op  was  much  better  than  that  of  the  associated 
values  of  Aap.  It  may  be  that  for  sufficiently  small  values  of  Oo/omc,  op  becomes  equal  to  Cmc, 
corresponding  to  a  monotonic  increase  in  the  value  of  the  applied  stress  as  the  matrix  crack  grow  s 
to  infinity  (see  Fig.  3 y,  but  the  numerical  calculations  do  not  resolve  this  point  In  any  case,  this  is 
not  important,  and,  as  we  shall  see,  parametric  ranges  for  which  the  strength  as  is  given  by  op 
turn  out  to  be  small. 


FULLY  CRACKED  MATRIX:  AN  AUXILIARY  PROBLEM  FOR  Ofmc 
We  will  find  that  there  are  significant  ranges  of  the  ratios  of  the  three  basic  stress 
parameters  for  which  failure  of  the  flawed  composite  occurs  only  after  the  matrix  crack  has  become 
infinite,  and  then  os  equals  the  strength  Ofmc  of  the  fully  cracked  configuration  sketched  in  Fig. 
4.  Clearly,  Ofmc  is  independent  of  the  fracture  toughness  Km  of  the  matrix.  But  because  of  the 
bridging-fiber  stress  concentration  induced  at  the  edge  of  the  original  through-the-fibers  crack, 
Ofmc  suffers  a  reduction  from  the  base  fibers-only  strength  CfS  it  would  have  if  the  flaw  were 
absent.  An  integral-equation  formulation  for  the  calculation  of  Ofmc  is  given  in  Appendix  C  in 
teims  of  the  non-dimensional  combination 


a0  = 


(10) 


a  = 


(11) 


of  the  basic  stress  parameters,  where 

r6Tc(l-v2)cfEEf~ 

L  a(i-c,)jeJ,  _ 

The  parameter  a0,  independent  of  Km,  may  be  regarded  as  a  measure  of  the  original  flaw  size. 
The  solution  found  numerically  for  OfocAcfS)  as  a  function  of  this  parameter  is  shown  by  the  solid 
curve  in  Fig.  8*.  A  remarkably  accurate  approximation  to  this  result  is  given  by 


See  Suo  el  al  (1992)  as  well  as  Bao  and  Suo  (1992)  for  the  results  of  similar  calculations  based  on  other  bridging 
laws,  and  suggestions  concerning  the  possibility  of  unifying  these  results  over  a  wide  range  of  bridging  laws  via 
energy  concepts. 
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(12) 


which  provides  the  dot-dash  curve  in  Fig.  7.  This  formula  was  discovered  fortuitously,  and  we 
have  not  found  a  persuasive  way  to  derive  it. 

STRENGTH  Gs:  RESULTS  AND  DISCUSSION 
We  can  now  put  together  the  final  results  for  the  strength  os  of  the  composite  in  terms  of 
the  basic  stress  parameters  Co.^mc.  and  CfS,  and  we  will  display  these  results  in  several  different 
forms  to  bring  out  various  trends.  By  monitoring  the  magnitude  of  the  bridging-fiber  stress  at  the 
original  flaw  tip  during  the  matrix  crack  growth,  as  calculated  from  the  analysis  of  Appendix  B,  the 
magnitude  of  the  load  Of  corresponding  to  fiber  failure  during  this  growth  has  been  determined, 
and,  on  the  basis  of  the  discussion  given  in  the  earlier  description  of  the  failure  process,  the 
appropriate  choices  have  been  made  for  the  assignment  of  Of,  op,  or  Ofmc  to  the  strength  os  This 
has  been  done  on  the  basis  of  various  non-dimensional  forms  of  the  governing  equations, 
described  in  detail  in  Appendix  B. 

One  nondimensional  form  of  the  results  for  os  is 


CfS  op 


V  me 


(13) 
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where  gJgq  may  be  regarded  as  a  modified  strengthening  ratio  provided  to  a  flawed  ceramic  by 
aligned-fiber  reinforcement.  (The  actual  strengthening  ratio  is  Os/oso,  to  which  Oj/Oo  (see  Eq. 
(6))  is  a  fair  approximation.)  We  prefer,  however,  to  introduce  the  parameter 


A*  1  +  2 


cfS 

\°mc  . 


(14) 


in  lieu  of  CfS/omc  in  exhibiting  the  results  fer  the  strength  of  the  composite,  and  we  have  done  so 
in  Fig.  9,  where  we  show  curves  of  Oj/Oo  vs.  A  for  various  values  of  Op/Omc-  The  quantity  A  is 
the  modified  toughening  ratio  K/Kic  found  by  Budiansky  and  Amazigo  (1989)  for  the  case  of 
small-scale  bridging.  The  significance  of  A  is  that  it  provides  the  modified  strengthening  ratio  of  a 
composite  containing  a  very  long  initial  crack,  which  corresponds  to  a  very  small  value  of  Op/omc. 
Thus,  cJoq-A  for  ap/omc= 0,  and  this  is  an  upper  bound  to  OjGo  for  all  finite  values  of  Oo/omc. 
In  effect,  the  sequence  of  curves  in  Fig.  9  shows  quantitatively  how  much  the  small-scale-bridging 
strengthening  due  to  aligned-fiber  reinforcement  is  reduced  for  flaws  of  decreasing  size. 

As  indicated  by  the  key  to  the  line  types  in  Fig.  9,  the  strength  os,  at  each  fixed  value  of 
Oo/omc,  always  starts  out  equal  to  Of  at  low  values  of  A;  for  a  sufficiently  large  value  of  A,  this 
first  range,  associated  with  fiber  failure  during  matrix  crack  growth  (Fig.  3),  merges  into  a 
generally  small  interval  in  A  for  which  os  is  given  by  the  '‘peak"  stress  op;  and  then,  beyond 
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another  critical  value  of  A,  failure  at  os=Ofmc  in  the  fully  cracked  matnx  becomes  the  rule.  Note 
that  because  Co/Omc  does  not  depend  on  S,  each  of  the  curves  of  Fig.  9  can  be  interpreted  as 
showing  the  influence  of  Fiber  strength  on  the  composite  strength. 

The  results  for  os  have  also  been  computed  in  the  form 

ik  =  1JS£i.£r£'|  „5i 


and  Fig.  10  shows  ojo  o  vs.  A  for  various  fixed  values  of  CfS/Oo,  which  may  be  regarded  as  a 
crack  length  parameter  that  is  an  increasing  function  of  the  initial  flaw  size.  Since  CfS/Oo  is 
independent  of  the  shear  stress  t,  each  curve  in  Fig.  10  shows  how  the  fiber-matrix  interface 
friction  affects  the  strength.  The  matrix  cracking  stress  Omc  is  an  increasing  function  of  x  (Eq 
(9)),  and  therefore  the  small-scale-bridging  toughening  ratio  A  gets  larger  as  T  goes  down.  The 
curves  in  Fig.  10  show  that  for  flaws  of  finite  size  the  strengthening  generally  remains  an 
increasing  function  of  1/t,  except  for  some  insignificant  isolated  parametric  ranges. 

In  both  Fig.  9  and  Fig.  10,  displaying  the  ratio  oJOq  as  the  dependent  variable  provides 

the  answer  to  the  question:  how  much  has  the  flawed  matrix  been  strengthened  by  aligned  fibers? 

An  alternative  viewpoint  is  to  contemplate  the  base  fibers-only  strength  Ofs=CfS  as  a  starting  point 

of  reference,  and  study  what  happens  to  the  ratio  aj  CfS  under  the  degrading  influence  of  a  flaw 

and  the  reinforcing  presence  of  the  matrix.  A  useful  representation  of  the  results  is  in  the  form 

/  -3  _  \ 


cfS  (cfSo5  CfS  J 

as  shown  in  Fig.  11.  The  abscissa  a0  is  a  flaw-size  parameter  that  is  independent  of  the  matrix 
toughness  Km,  and  the  increasing  values  of  amc/CfS  labeling  each  curve  reflect  increasing  values 
of  Km.  The  curve  for  amc/CfS=0  reproduces  the  one  in  Fig.  7;  for  Km=0,  the  matrix  will  crack  out 
to  infinity  as  soon  as  load  is  applied,  and  then  the  strength  will  be  given  by  Cfmc.  The  curves  in 
Fig.  11  show  that  Ofmt  constitutes  a  lower  bound  to  the  strength,  and  that  for  reasonable  finite 
values  of  Omc/fCfS)  only  modest  increases  above  this  value  are  obtained.  In  terms  of  the  parameters 
of  Eq.  (16)  and  Fig.  11,  the  identity  of  the  failure  mode  can  exhibit  a  curious  progression.  Thus, 
for  omc/CfS=.75,  a5  is  given  by  Of  for  large  flaw  size;  then,  as  a<,  decreases,  05=0P  over  for  a  tiny 
interval  of  the  abscissa;  this  is  followed  by  os=Ofmc  along  the  bottom  curve;  and  finally,  below  a 
critical  value  of  flaw  size,  Os=op  again.  Actually,  values  of  the  abscissa  much  below  unity  are 
unlikely  to  be  in  a  practical  range  of  interest. 

The  formula  (12)  suggests  that  the  results  of  Fig.  1 1  might  usefully  be  replotted  as  show  n 
in  Fig.  12,  wherein  Oj/(CfS)  is  shown  over  the  full  practical  range  of  (a0)~  .  Note  that  for 

omt/c,S  greater  than  some  critical  value  between  .75  and  .85,  failure  always  occurs  during  finite 
extension  of  the  matnx  crack. 
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NUMERICAL  EXAMPLES 

To  provide  some  quantitative  feel  for  the  theoretical  results  of  Figs.  9- 12,  we 
present  a  set  of  numerical  examples  for  a  well-documented  ceramic  composite  system  that  was 
used  in  matrix  cracking  experiments  by  Marshall  et  al  (1985),  consisting  of  silicon-carbide  fibers  in 
a  lithium-alumino-silicate  glass  matrix.  The  nominal  values  of  pertinent  parameters  were 

R  =  8  pm 

Km  =  2  MPa  -  m/j 
S  =  1  GPa 

Ef  =  200  GPa  I  x  =  2  MPa 


cf  =  0.5 

0.25 

=  85  GPa 


Vm  =vf 


E  =  142.5  GPa 


On  the  basis  of  this  data,  we  get 

A  =  0.95  omc=265  MPa  A  =  3.8 

Table  I  shows  the  strength  predictions  of  the  present  analysis,  for  several  values  of  flaw, 
length  2a<>  and  the  corresponding  values  of  Co.  CfS/Oo,  and  a0.  Numerical  results  for  o5  are 

given,  as  well  as  the  ratios  oJcq  and  a</(CfS);  the  failure  type  (i.e.,  ctf,  op.  or  Ofmc)  is  listed. 

TABLE  1 


2a0(pm) 

Q 

o 

CfS/o0 

ao 

os  (MPa) 

OjOo 

Cs/lCfS) 

type 

32.5 

250 

2 

0.60 

415 

1.7 

0.83 

Ofmc 

130 

125 

4 

2.38 

319 

2.6 

0.64 

Ofmr 

290 

83.3 

6 

5.36 

257 

3.1 

0.51 

Of 

520 

62.5 

8 

9.53 

213 

3.4 

0.43 

Of 

In  these  examples  the  strength  aso  of  the  unreinforced  ceramic  is  about  10%  higher  than  Cq 
(Eq.  (6).  Thus,  the  composite  containing  a  flaw  (or  sharp  notch)  about  1/2  mm  in  length  is 
strengthened  considerably  (by  about  a  factor  of  three)  by  the  presence  of  aligned  fibers  that  do  not 
bridge  the  initial  flaw.  But  the  failure  mode,  of  the  Of  type,  remains  catastrophic,  occurring  before 
the  onset  of  widespread  matrix  cracking  at  omc.  In  contrast,  the  strength  of  the  matrix  with  the 
smallest  of  the  flaws  considered  above  is  increased  by  only  about  50%,  but  this  is  enough  to  raise 
os  above  omc. 


COh  UDING  REMARKS 

Our  study  has  produce-  meoretical  results  fer  the  tensile  strength  of  a  flawed, 
aligned-fiber  ceramic  composite  in  succinct  non-dimensional  forms  that  encompass  the  effects  of  a 
large  number  of  geometrical  and  physical  variables.  The  results  for  the  strength  os.  displayed  in 
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terms  of  three  basic  characterizing  reference  stresses  oo,  onc.  and  CfS  in  Figs.  9-12,  may  provide 
a  basis  for  the  micromechanical  design  and  analysis  of  such  materials,  as  well  as  for  the 
formulation  of  design  criteria.  A  useful  lower  bound  to  the  strength  os  is  given  by  the  post-matnx- 
cracking  failure  stress  Cfmc  provided  by  Fig.  8. 

The  present  study  provides  a  sound  foundation  from  which  to  proceed  to  elaborations  that 
include  the  effects  of  initial  stress  and  statistical  variations  in  the  fiber  strength.  The  latter,  in 
particular,  can  lead  to  intra-matrix  fiber  failures  at  locations  off  the  crack  faces,  and  the  consequent 
higher  fiber-pullout  lengths  during  failure  can  produce  substantial  increases  in  predicted  composite 
strengths  (Thouless  and  Evans  1988).  However,  the  extent  to  which  design  should  rely  on 
beneficial  effects  of  statistical  dispersions  in  fiber  strength  remains  an  open  question.  Finally,  it 
should  be  emphasized  that  the  possible  intervention  of  failure  modes  not  considered  here,  such  as 
longitudinal  splitting  or  shear  localization,  requires  investigation. 
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APPENDIX  A 
ORTHOTROPY  FACTOR  A 

This  Appendix  corrects  the  one  with  the  same  title  in  the  paper  by  Budiansky  and  Amazigo 
(1989),  in  which  several  blunders  occur. 

We  consider  a  transversely  isotropic,  orthotropic  elastic  material  satisfying  the  stress-strain 
relations 

ex  =  ox/E- voy  /E  -  voz  /  E 

ey  =  ~vax/E  +  oy/E-voz/E 

_  -  -  (AD 

ez  =  -  vcx  /  E  -  voy  /  E  +  oz  /  E 

Y*  y  =TRy/G 

According  to  Tada  et  al  (1985),  quoting  results  of  Sih  et  al  (1965),  the  plane-strain  energy  release 
rate  at  the  edge  of  a  mode-I  crack  lying  in  the  transversely  isotropic  x-z  plane  is 

Q  =  CKj2  (A2) 

where 


C  = 


Ai  i  A 


11^22 


A22  (  ^Ai2  +  A66 
A,)  2An 


and  the  Au  are  defined  by  the  plane-strain  constitutive  relations 


(A3) 


|l/2 
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Ex  -  A„C,  +  A12Oy 
'  ey  =  A!2Cx  +  A22Ox 
Yxy  —  A^^xy 


The  A,,  are  given  by 


An  = 


1 


v(l  + v) 


M2 


A  22  “ 


1- v2E/E 


(A4) 


(AS) 


Hence,  in  the  representation 

.  (1  -  v2)K2 

9  =  —  ae“' 


(A6) 


we  have 


(A7) 


For  the  aligned  Fiber  composite,  the  elastic  constants  E,  E,  G,  v  have  been  calculated  for  the  case 
v=Vf=vm  in  terms  of  Cf,  Em,  and  Ef,  and  the  resulting  dependence  of  A  on  Cf  is  plotted  in  Figs. 
5(ab)  for  various  values  of  Ef  [E^. 


APPENDIX  B 

FORMULATION  AND  NUMERICAL  SOLUTION  FOR  MATRIX  CRACKING  INITIATED 

FROM  A  CRACK-LIKE  FLAW 


Formulation 

This  section  details  the  formulation  of  an  integral  equation  and  an  associated  scalar  equation 
for  matrix  cracking  that  is  initiated  from  a  preexisting  flaw.  The  matrix  crack  together  with  the 
original  flaw  is  modeled  as  a  crack  of  length  2(a0  +  Aa)  (see  Fig.  2)  with  a  cohesive,  bridged  zone 


of  length  Aa  at  both  ends.  The  upper  crack  face  displacement  is 

»,  +  A» 

l>/(ao  +  Aa)2  -  x2  +  ^(a0  +  Aa)2  -  E,2 


v(x) 


J-tll 


P(S)  log} 


>/( a0  +  Aa)2  -  X2  -  ^/( a0  +  Aa)2  -  ^2 

(Bl) 


Except  for  the  factor  A,  the  first  term  is  the  standard  crack  face  displacement  due  to  remote  uniform 
loading  of  an  isotropic  material.  The  second  term  is  the  crack  face  closure  displacement  due  to  the 
bridging  stresses,  and,  again  except  for  A,  is  obtained  by  superposition  of  the  crack  face 
displacements  due  to  concentrated  loading  on  crack  surfaces  given  by  Tada  et  al.  (1985).  The 
orthotropy  factor  A,  defined  by  Eq.  (1)  in  terms  of  energy  release  rate,  correctly  takes  orthotropy 
into  account  in  this  expression  for  displacement.  (This  can  most  easily  be  shown  by  weight- 
function  considerations.)  An  integral  equation  for  p(x)  may  be  obtained  by  equating  v(x)  in  (Bl) 
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to  fp(x)/{3]:  in  accordance  with  the  bridging  law  (7),  and  then  differentiation  with  respect  to  x 
gives 


pU) 


dp(x) 


2(3*  (1  -  v2)x 


nAE^(a0  +  Aa)‘  -x2 


tn  +  Aa 


0™  , - 


5  -* 


*0 


for  a0  <  x  £  a0  +  a 


(B2j 


A  scalar  equation  that  must  be  satisfied  simultaneously  with  (B2)  is  obtained  by  asserting  that  the 
orthotropic  stress  intensity  factor  Kj  (which  depends  on  o  and  p(x)  in  the  same  way  as  for 
isotropy)  must  remain  equal  to  Kjc.  Hence  (Tada  et  al,  1985) 

*e+Aa 

K,  =  o/jt( a0  +  Aa)  -  2^-^-— 

*0 


T 


p(x) 


-dx  =  K 


Ao'r 


IC 


(B3) 


By  making  the  substitutions 


(x  =  (a0  +  Aa)s  p(x)  =  omcq(s) 
1 


a  = 


1  +  Aa/a0 


°  ~  ^°mc  °0  =  ^0°r 


one  may  express  the  governing  equations  (B2)  and  (B3)in  the  normalized  forms 

't 

TT  i 

for  a  <  s  <  1 


vr^q(s)^ — m 


ds  3n2aIo 


Jf2(t,s)q(t)dt  +  ~X 


La 


Z--jf3(s)q(s)ds  =  VaIo 


where 


(B4) 


(B5) 

(B6) 


I - 2 

fl(y)  =  ^Tp'*  ^2^,s^=  ’”2  _  an£*  ^3(s)=  ~  (B7) 

For  assigned  values  of  a,  Eqs.  (B5)  and  (B6)  can  be  solved  for  I  and  q(s)  versus  Xo,  and  thereby 
provide  the  results  of  Fig.  6,  and  the  curve  for  Cp/omc  in  Fig.  7.  The  condition  of  fiber  fracture  at 
x=ao  is  q(l)=CfS/cmc.  Hence,  for  given  values  of  Xo  and  CfS/omc,  Eqs.  (B5)  and  (B6)  can  be 
solved  (by  a  Newton-Raphson  technique)  for  the  corresponding  distributions  p(s)  and  magnitudes 
of  a  and  Xf=Of/omc  at  fracture,  and  then  the  points  for  Ot/Oo=Of/o0=Xf/Xo  on  the  dot-dash  curves 
of  Fig.  9  can  be  plotted. 
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To  get  points  on  the  dot-dash  curves  of  Fig.  10,  we  assign  values  of  CfS/oo  as  well  as 
CfS/omc,  replace  Xo  in  Eqs.  (B5)  and  (B6)  by  the  ratio  of  these  quantities,  and  similarly  solve  for 

If. 

Finally,  to  plot  the  curves  for  c5=Of  in  Figs.  1 1  and  12,  it  is  convenient  to  renormalize  the 
governing  equations  by  letting 

So  =  -4r.  500=%  <B8) 

CfSCo  CfS  CfS 


to  get 


VT'-^sq(s)— --  =  [f2(t,s)q(t)dt  +  —  X  for  a<s<l  (B9) 

ds  3n2a  i  2 

La  J 

?  ]  /  \K 

X--Jf3(s)q(s)ds  =  |^-^|-  %/a/5o  (BIO) 


The  fracture  criterion  is  now  q(l)=l,  and  so,  for  assigned  values  of  a0  and  Omc/(CfS)  the 
magnitude  of  Xs  =  Xf  corresponding  to  this  condition  can  be  found  from  Eqs.  (B9)  and  (BIO). 

We  omit  a  detailed  description  of  the  fairly  straightforward  procedures  used  to  plot  the 
curves  in  Figs.  (9-12)  corresponding  to  the  results  in  Figs.  7  and  8  for  op  and  Ofmc. 

Numerical  procedure 

This  section  describes  the  numerical  procedure  used  to  solve  Eqs.  (B5)  and  (B6)  for  q(s) 
and  X;  the  method  is  equally  applicable  to  Eqs.  (B9)  and  (BIO).  Make  the  substitutions 

s  =  l[(l  +  a)  +  (l-a)z],  t  =  ^[(l  +  a)  +  (l-a)C],  q(s(z))  =  Q(z)  (Bll) 

in  Eqs.  (B9-B10)  to  get 


VTrTo(z)^r = 1 


for  - 1  <  z  <  1 ,  and 


I-  —  jf3[s(z)]Q(z)dz=V£x0 

n  -l 

Note  that  the  displacement  v  «  Vl-z  near  z=l,  and  since  Q  «  Vv  it  is  appropriate  to  wiite 

M 

Q(z)  =  (l-z)K£akTk_j(z) 


(B12) 


(B13) 


(B14) 


where  Tk(z)  is  the  Chebyshev  polynomial  of  the  first  kind  of  degree  k.  For  given  values  of  a,  and 
X0,  the  M  coefficients  ak,  together  with  the  additional  unknown  X,  were  determined  by 

collocation  of  Eq.  (B12)  at  the  M  points 

z,  =C0S(\T+t)  (>■=  3’2,...M)  (B35) 


(B15) 
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and  enforcement  of  Eq.  (B13).  The  definite  integrals  with  respect  to  z  in  (B12)  and  (B13)  were 
evaluated  by  means  of  the  general  Cauchy-Chebyshev  formula  (Erdogan  and  Gupta  1972) 


j 

-l 


F(C)d; 

(zr-oVi-c2 


tt 


M  +  l 


M 


y  F(Cp) 
1  Zr -Cp 


(r  =  1.2....M) 


(B16) 


and  the  standard  Gaussian  integration  formula 


\A  «.  M+l 

Z)dz  71  v*  rv_  * 

”=^P?,F<V 


F(z)dz 

Tx 


where 


Zp  =  Cp  =  cos 


(2p-l)7t 


(p  =  1,2 . M  +  l) 


(B 17) 


(BIS) 


2(M  + 1) 

A  Newton-Raphson  iterative  scheme  was  used  to  find  solutions  for  the  an's  and  I,  with 
convergence  specified  by  a  relative  change  of  less  than  .01%  in  the  values  of  each  of  the  unknowns 
in  successive  iterations.  The  physical  argument  that  for  a  long  matrix  crack  the  applied  stress  o 
should  approach  the  steady-state  matrix  cracking  stress  Cmc  provides  a  consistency  check  on  the 
accuracy  of  the  numerical  solution.  It  was  found  that  with  M  between  40  and  60,  the  consistency 
check  was  always  satisfied  to  within  about  0.1%. 


APPENDIX  C 

AUXILIARY  PROBLEM  FOR  Ofmc 

We  can  obtain  an  integral  equation  for  the  auxiliary  problem  of  Fig.  4  by  letting  Aa 
Eq.  (B2).  The  result  is 

,2/1  *‘2)  .  A  _  . 

\<oo 


,  Ndp(x)  2|r(l-v/)  f  x  r 

for  a°s 


»o 

Bv  making  the  substitutions  shown  in  Eq.  (B7),  together  with 

x  =  a0y 

we  obtain 


oo  in 


(Cl) 


(C2) 


q(y)_gjL--  0  f-T2-Tq(T1)dn  for  1  <  y  <  °°  (C3) 

dy  3rt  J  T]  -y 

l 

Note  (Fig.  4)  that  under  the  applied  stress  a,  q(~)  =  o/(cfS)  =  X,  and  the  condition  for  fiber 
fracture  at  the  original  flaw  tip  is  given  by 

q0)=l  (C4) 
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Accordingly,  for  assigned  values  of  a0  = — m£y,  the  solutions  q(y)  of  (C3)  that  satisfy  (C4) 

cfSo0 

provide  the  associated  values  of  q(°o)  =  lf  =  /(cfS)  needed  to  plot  the  solid  curve  of  Fig.  8. 
The  transformation 


y  =  1  + 


1  +  03 
1-03 


(C5) 


may  be  introduced  into  (C3)  to  map  the  infinite  domain  into  the  interval  (-1,  1).  The  subsequent 
numerical  procedure  used  to  calculate  versus  a0,  involving  expansion  of  q  in  Chebyshev 

polynomials  and  Newton-Raphson  iteration,  was  basically  similar  to  that  outlined  in  Appendix  B. 


Fig.  1.  Initial  through-the-fibers  crack-like  flaw. 


Fig.  2.  Matrix  cracking  initiated  from  flaw  tips. 


m 


c 


Fig.  4.  Auxiliary  problem:  fully  cracked  matrix. 


21 


0  .2  .4  .6  .8  1 

O'  o/ O'  me 


Fig.  6.  Applied  stress  for  various  amounts  of  matrix  crack  growth. 


0  .5  1  1.5  2 

O'  o/ O' me 

Fig.  7.  Peak  stress  during  matrix  crack  growth. 
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0  5  10  15  20  25 


Cmc/(CfSffo)  =  a[OoT/(RS)] 
Fig.  8.  Results  for  Ofmc,  fully  cracked  matrix. 


1  2  5  4  5  6 


A=[l+2(cfS/03]’/2 

Fig  9.  Modified  strengthening  ratio  Og/Oo  for  various  values  of  o^Omc-  The  parameter  A  is 
the  modified  toughening  ratio  for  small-scale  bridging. 


A=[l+2(cfS/<rmc)3]  2 

Fig.  10.  Modified  strengthening  ratio  oJoq  for  various  values  of  CfS/Oo-  The  parameter  A  is 
the  modified  toughening  ratio  for  small-scale  bridging. 


f\  I 


«r,=(7, 

P*~ap 


o,me/(c,So-o)=a[a0T/(RS)] 

_3 

Fig.  1 1.  Strength  ratio  Os/(CfS)  vs.  a0  s  — ^  for  various  values  of  omc/(CfS).  The  constant  a  is 

cfSa0 

defined  in  Eq.  (11) 


a',/3[RS/(o0T)]‘/: 


/  _3  ywi 

Fig.  12.  Strength  ratio  Os/(cfS)  vs.(a0)*1/2  s  — 

UfSoJJ 

constant  a  is  defined  in  Eq.  (1 1 ) 


for  various  values  of  amc/(CfS).  The 
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Abstract 

Thi.  trassvirsi  properties  of  an  aluminum  alloy  metal  matrix  composite  reinforced  by  continuous  alumina 
fibers  have  been  investigated  The  composite  is  subjected  to  both  mechanical  and  cyclic  thermal  loading 
The  results  of  an  experimental  program  indicate  that  the  shakedown  concept  of  structural  mechanics 
provides  a  means  of  describing  the  material  behavior  When  the  loading  conditions  arc  within  the  shake¬ 
down  region  the  material  finally  responds  in  an  elastic  manner  after  initial  plastic  response,  and  for 
loading  conditions  outside  the  shakedown  region  the  material  exhibits  a  rapid  incremental  plastic  strain 
accumulation.  The  failure  strain  vanes  by  an  order  of  magnitude  according  to  the  operating  conditions 
Hence  for  high  mechanical  and  low  thermal  loading  the  failure  strain  is  small,  while  for  low  mechanical 
and  high  thermal  loading  the  f  -:!ure  strain  is  large. 


I.  Introduction 

The  potential  for  weight  and  strength  advantages  of  components  made  of  metal 
matrix  composites  is  the  consequence  of  the  anisotropic  properties  of  the  composite. 
That  advantage  is  diminished,  or  is  even  lost,  for  laminates  with  a  less  marked 
anisotropy.  Consequently,  if  full  advantage  is  to  be  taken  of  the  dominant  strength 
characteristics  then  the  fibers  should  be  oriented  in  the  direction  of  maximum  stress 
transmission.  In  this  circumstance  the  transverse  properties  of  the  composite  are 
critical  since  there  must  be  sufficient  strength  in  the  matrix  to  carry  the  secondary 
stresses  applied  in  the  transverse  direction. 

The  transverse  properties  of  a  metal  matrix  composite  consisting  of  an  Ai-Li  alloy 
matrix  reinforced  with  continuous  alumina  fibers  are  investigated  in  this  study.  An 
important  characteristic  of  this  material  is  the  combination  of  a  strong  bond  at  the 
fiber-matrix  interface  and  a  ductile  matrix.  There  is  also  a  large  mismatch  in  the 
coefficient  of  thermal  expansion  of  the  fiber  and  matrix  so  that  fluctuations  in  oper¬ 
ating  temperature  induce  thermal  stresses  in  the  composite.  It  is  the  goal  of  this  study 
to  determine  the  behavior  of  the  composite  when  subjected  to  mechanical  and  thermal 
loading  with  special  attention  given  to  the  transverse  properties.  The  properties  in  the 
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fiber  direction  are  the  subject  of  another  studs  As  a  result  of  this  studs  it  is  possible 
to  describe  the  behavior  of  the  composite  in  terms  of  the  shakedown  concept  used  in 
structural  mechanics,  and  it  is  also  possible  to  develop  a  rather  simple  method  lor 
establishing  the  constitutive  equations  jor  use  in  structural  calculations 


2  Famkimimai  Pkik.rvvi 

The  composite  studied  is  I)u  Pont's  IP  Al  i(  hvmimon  <•/  a!  .  I't'M.  with  continuous 
libers  in  a  unidirectional  las -up  The  liber  volume  fraction  was  determined  to  be  '5'’* 
The  FP  tiher  consists  of  Wo  poly  crystalline  s-aiumma  t  Alt)  i  coated  with  sihcj  that 
improves  .he  strength  of  the  fiber  and  aids  the  wetting  bv  the  molten  metal  The  fibers 
have  a  diameter  of  approximate!)  20  /im.  a  modulus  ol  34?  3N0  GPu.  a  tensile  strength 
of  1.9  2.1  GPa  for  6  4  mm  gauge  length,  and  a  fracture  strain  of  0  3  0  4“„  The 
matrix  material  is  a  2  wt°<>  Li  Al  binary  alios  The  lithium  promotes  the  wetting  of 
the  alumina  fibers  that  forms  a  strong  matrix  fiber  interface  and  it  also  raises  the 
modulus  and  decreases  the  density  of  the  aluminum  The  composite  is  fabricated  b> 
preparing  the  FP  fibers  into  tapes  bv  using  a  fugitive  binder  and  the  tapes  are 
subsequently  laid  up  in  a  metal  mold  in  the  desired  orientation  The  binder  is  burned 
assay  and  the  mold  is  vaeuum-inliltrated  with  the  molten  matrix  The  composite  was 
available  in  the  form  of  a  plate  150  x  ISO  *  12.5  mm  thick 

The  specimen  used  in  the  test  is  shown  in  Fig  1(a).  It  has  a  relatively  large  radius 
at  the  transition  from  the  gripping  section  to  the  reduced-gauge  section  to  provide  a 
low  stress  concentration  and  a  short  gauge  length  for  efficient  use  of  the  material.  The 
specimen  was  loaded  in  a  servo  hydraulic  machine  and  heated  by  means  of  induction 
coils  [Fig.  1(b)],  and  the  strain  was  measured  with  an  extensometer  with  3  8"  gauge 
length.  The  temperature  was  measured  bv  using  three  type  K  thermocouples  mounted 
at  the  center  and  at  the  ends  of  the  gauge  section.  The  center  thermocouple  controlled 
the  temperature  while  the  top  and  bottom  thermocouples  were  used  to  measure  the 
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Etc  -  Temperature  distribution  in  specimen 


variation  of  temperature  along  the  length  of  the  specimen.  The  variation  of  tem¬ 
perature  with  time  and  space  is  show  n  in  Fig  2.  The  spatial  temperature  distribution 
is  slightly  different  for  the  heating  and  cooling  parts  of  the  cycle.  It  was  not  possible 
to  adjust  the  coil  to  have  a  uniform  temperature  distribution  over  the  whole  cycle.  It 
was  therefore  adjusted  to  have  a  minimal  spatial  variation  over  the  cycle.  A  computer 
was  used  to  control  the  tests  by  generating  command  signals  for  load  and  temperature, 
and  to  perform  data  acquisition. 

The  tests  reported  in  this  study  involved  a  constant  transverse  stress  in  combination 
with  cycles  of  temperature  with  heating  rates  of  0.7  C  s  that  give  cycle  times  of 
approximately  150  s.  Because  of  the  limited  availability  of  the  composite  only  one 
specimen  was  used  for  each  transverse  stress  level.  The  specimen  was  loaded  and 
subjected  to  cyclic  temperature  and  the  ratcheting  rate  was  measured  when  the  steady- 
state  condition  was  reached.  The  cyclic  temperature  range  was  then  increased  and  the 
next  rate  was  measured  on  reaching  the  next  steady-state  condition.  The  temperature 
and  strain  variation*  were  continuously  recorded.  Examples  of  recorded  strain  in  the 
direction  of  the  applied  stress  are  shown  in  Fig.  3. 


3.  Experimental  Observations 

Transverse  stress-strain  curves  at  room  temperature  are  shown  in  Fig.  4.  from 
which  a  deviation  from  linearity  is  observed  to  occur  at  75  MPa.  The  ultimate  strength 
is  200  MPa  and  the  strain  to  fracture  is  0.8%.  The  ultimate  strength  is  about  50% 
higher  than  the  ultimate  matrix  strength  while  the  failure  strain  of  0.8%  is  only  3% 
of  the  30%  failure  strain  of  the  matrix  (Sakui  and  Tamura.  1969). 

Representative  results  for  operating  conditions  in  excess  of  shakedown  are  given 
in  Fig.  3(a)  for  a  low  transverse  stress  and  in  Fig.  3(b)  for  a  high  transverse  stress.  In 
both  cases  transient  behavior  is  followed  by  a  cyclic  response  for  which  there  is  an 
increment  of  strain  after  each  cycle,  i.e.  ratcheting  occurs  in  both  examples.  For  the 
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Fig  3  Accumulation  of  plastic  strain  (al  low  transverse  loading,  (b)  high  transverse  loading 
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Fig.  5.  Average  cyclic  strain  as  a  function  of  transverse  loading  and  temperature  range 


Fig.  6  Ratcheting  rate  as  a  function  of  transverse  stress  and  temperature  range.  The  rate  of  10  *  is  very 

close  to  the  shakedown  limit 

low  transverse  stress  the  transient  portion  is  completed  after  one  cycle  [Fig.  3(a)] 
whereas  in  the  case  of  tl  e  high  load  the  transient  behavior  continues  for  40  cycles 
before  a  steady-state  condition  is  reached  [Fig.  3(b)], 

Similar  tests  were  performed  at  different  values  of  constant  transverse  stress  and 
temperature  cycles.  In  Fig.  5,  the  steady-state  strain  range  Ac  recorded  over  a  cycle 
of  temperature  is  plotted  as  a  function  of  the  temperature  range  AT  for  different 
values  of  the  transverse  stress  <rr.  It  may  be  inferred  from  this  plot  that  the  cyclic 
strain  is  independent  of  the  level  of  the  transverse  stress  and  is  linearly  dependent  on 
the  temperature  range  AT.  Some  of  the  samples  have  a  higher  strain  range  close  to 
fracture. 

Contours  of  constant  values  of  steady-state  accumulation  rate  of  dzpldN.  where  tr 
is  the  plastic  ratchet  strain  and  N  the  cycle  number,  are  plotted  in  Fig.  6  as  a  function 
of  the  thermal  and  mechanical  loading.  There  are  combinations  of  aT  and  AT  for 
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Fig  7.  Steadv-siaic  ratcheting  rate  as  a  function  of  the  distance  from  the  shakedown  surface 


which  no  ratcheting  occurs  and  after  an  initial  (transient)  response  the  cyclic  material 
behavior  is  elastic.  This  condition  is  indicated  in  Fig.  6  as  the  shakedown  condition 
(<  i:r  f.Y  <  10  J).  When  the  operating  conditions  exceed  the  shakedown  condition 
ratcheting  occurs  at  rates  indicated  in  Figs  6  and  7. 

The  contours  of  constant  ratchet  strain  rate  plotted  in  Fig.  6  are  generally  parallel 
to  the  shakedown  surface.  This  observation  suggests  that  the  force  ft  which  drives  the 
ratchet  strain  rate  is  given  by 


0) 


where  T,  and  a,  are  the  ordinates  defining  the  shakedown  condition.  The  relationship 
of  dcr  dAr  has  the  form 


S  =  /</»' 


(2) 


where  /(/?)  has  the  form  given  in  Fig.  7.  The  relationship  is  exponentially  dependent 
on  [i  for  the  present  range  of  /?  and  can  be  written  as 

/(/?)  =  ex  p(9.5x  10:/?)-l 

The  failure  strain  is  dependent  on  the  operating  condition  as  indicated  in  Fig.  8. 
The  failure  strain  was  0.8%  for  high  stress  and  low  thermal  load  whereas  for  a  low 
transverse  stress  of  30  MPa  the  failure  strain  reaches  12%.  Microscopic  observations 
of  specimens  subjected  to  low  transverse  loading  and  with  large  failure  strains  [Fig. 
9(a)]  showed  distributed  damage  in  the  form  of  small  cracks  over  the  whole  gauge 
section.  The  cracks  are  initiated  from  areas  with  poor  matrix  infiltration  and  locations 
with  closely  spaced  fibers.  The  macroscopic  fracture  surface  is  wavy.  A  high- 
magnification  view  [Fig.  9(b)]  indicates  a  ductile  fracture  in  the  matrix  with  extremely 
oblong  voids.  It  appears  that  the  initial  fracture  is  close  to  the  fiber  matrix  interface 


Hc>  9  Typical  fracture  surface  for  low  transverse  loading  (a)  a  low-magnilicalion  view  showing  the 
distributed  cracking  in  the  sample,  (b)  a  close  up  indicating  initial  fracture  close  to  the  fiber-matrix 

interface. 
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I  it..  10  T> picul  fracture  surf  ace  lor  hich  transverse  loading  tal  a  low  -magnification  view  show  me  thai 
the  fracture  is  localized  to  one  plane,  (hi  a  close  up  showing  a  ductile  fracture  in  the  mams  with  no  traces 

of  liber  on  the  fracture  surlace 
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on  planes  perpendicular  to  the  loading  direction  and  that  the  final  fracture  consist 
of  a  ductile  fracture  in  the  remaining  matrix  ligaments  between  the  libers. 

The  fracture  for  high  transverse  loading  and  small  failure  strain  [Fig.  10(a)]  is 
localized  to  one  narrow  band  oriented  approximately  45  to  the  loading  direction. 
The  fracture  surface  [Fig  10(b)]  also  indicates  that  the  fracture  is  governed  by  a 
ductile  matrix  failure.  However,  the  fracture  does  not  approach  the  fiber  matrix 
interface  as  for  the  low  transverse  loading  and  .t  appears  as  if  the  whole  load  carrying 
capacity  of  the  matrix  has  been  lost  at  the  same  time.  These  observations  suggest  that 
the  failure  mechanism  in  the  matrix  is  associated  with  void  grow  th. 


4.  Computational  Studies 

By  using  the  theory  of  homogenization  in  conjunction  with  finite-element  pro¬ 
cedures  an  attempt  is  made  to  determine  the  mechanics  that  governs  the  behavior  of 
the  composite  in  terms  of  the  properties  of  the  fiber  and  the  matrix. 

The  present  composite  consists  of  long  fibers  in  a  unidirectional  lay  up  that  are 
randomly  distributed  in  the  transverse  plane.  In  the  model  to  be  analyzed  the  fibers 
are  assumed  to  be  long  parallel  cylinders  arranged  in  a  hexagonal  array  [Fig.  1 1(a)]. 
This  periodica!  array  has  the  mechanical  properties  with  the  closest  symmetries  to  a 
composite  with  randomly  distributed  fibers.  Both  systems  are  transversely  isotropic 
when  the  constitutents  are  linear  elastic  but  the  hexagonal  array  has  a  weak  deviation 
from  transverse  isotropy  when  the  matrix  exhibits  a  nonlinear  stress  strain  relation 
(Jansson,  1990a).  The  deviation  is  most  pronounced  for  a  perfectly-plastic  matrix. 
However,  reasonable  results  can  be  expected  if  effective  properties  are  calculated  for 
loadings  that  do  not  permit  slip  pianes  unconstrained  by  the  fibers. 

The  governing  boundary  value  problem  for  the  effective  properties  of  the  unit  cell 
is  two-dimensional  and  has  been  solved  with  the  finite  element  method  by  using 
ABACUS  (1988).  A  10-node  biquadratic  quadrilateral  generalized  plane  strain 
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element  with  reduced  integration  was  used  to  avoid  locking.  The  considered  loading 
of  the  unit  cell  [Fig.  I  l(a)j  is  symmetric  with  respect  to  the  i  and  i  -axes  This 
implies  that  only  an  eighth  of  the  indicated  unit  cell  in  fig.  1 1(a)  need  he  analyzed. 
The  mesh  show  n  in  Fag  1 1  (h)  is  subject  to  the  following  in-plane  boundary  conditions 
for  the  tractions  T,  and  displacements  u,  on  the  boundary  S : 


h 
•> ' 


u:(\ :  ~  0)  =  =  b)  -  constant  so  T:  dS-  j  7\  dS  =  U. 

J  •  *  0  Ji  *  *  b 

«.(.v.  ®0)=  - %3 /»<£,>.  r,ds=-<ff.>, 

where  <«7,>  is  the  average  stress  and  <£,>  is  the  average  strain  in  the  1 -direction.  The 
generalized  plane  strain  condition  gives 


£i  =  constant  so  Ty  dS  =  0. 

Ji.-O 

A  detailed  description  of  the  derivation  of  the  boundary  conditions  for  different 
loadings  is  given  in  Janxson  (1990a). 

The  elastic  properties  of  fiber  and  matrix  are  not  greatly  affected  by  the  histon  of 
processing  and  heat  treatment  of  the  composite  so  that  it  is  possible  to  use  data  from 
tne  literature.  However,  the  flow  properties  of  the  AI  Li  matrix  alloy  are  strongly 
dependent  on  the  histones  of  heat  treatment  and  cold-working  (Starkf  ei  al. ,  19X1  : 
Sakui  and  Tamura,  1969).  Details  of  the  processing  of  the  composite  and  of  any 
post-heat  treatments  are  not  available.  Hence,  the  exact  state  of  the  matrix  is  not 


Transverse  and  thermal  loading  ol  fiber  composite 


known  and  it  is  not  possible  to  determine  the  flow  properties  of  the  matrix  from  the 
literature  The  only  means  of  estimating  the  flow  properties  of  the  matrix  of  the 
composite  is  to  select  matrix  properties  so  that  the  calculated  response  fits  the  exper¬ 
imental  stress  strain  curve  tor  the  composite  This  procedure  has  been  performed  by 
Jasssos  (1940b).  who  demonstrated  that  the  matrix  properties  obtained  from  one 
stress  state  could  be  used  to  predict  accurately  stress  strain  relationships  for  other 
loading  states  The  initial  yield  stress  of 'the  matrix  was  determined  to  he  94  MPa  with 
a  hardening  exponent  n  —  5  (Fig  4)  for  isotropic  hardening.  The  isotropic  hardening 
cannot  describe  the  matrix  behavior  when  it  is  subjected  to  cyclic  loading  eondit.  >•> 
and  nonlinear  kinematic  hardening  would  be  more  appropriate  The  tests  required  to 
determine  the  cyclic  properties  of  the  matrix  have  not  been  performed  due  to  lack  of 
material.  However,  observations  indicate  that  the  tnnia!  yield  stress  is  close  to  the 
cyclic  yield  stress  of  the  composite.  The  matrix  was  therefore  modeled  as  an  elastic 
perfectly  -plastic  material  In  the  calculations  the  fibers  arc  assumed  to  be  linear  elastic 
and  the  matrix  behavior  is  modelled  with  a  small-strain  J  perfectly -plastic  theory 
using  the  properties  given  in  Table  1  It  is  therefore  not  expected  that  the  calculations 
cun  be  used  to  provide  accurate  predictions  but  should  be  sufficiently  reliable  to 
provide  insight  into  the  material  behavior. 

The  calculated  transverse  stress  strain  curve  (Fig  4)  for  an  elastic  perfectly -plastic 
matrix  agrees  well  with  the  experimental  curve  up  to  r  =  0.1%.  The  calculated  limit 
load  is  much  lower  than  the  observed  load  because  the  matrix  hardening  has  not  been 
included  It  can  be  noted  that  the  increase  in  limit  load  is  30° o  for  the  perfectly -plastic 
matrix.  A  substantial  portion  of  the  increase  comes  from  the  plane  strain  condition 
for  the  matrix  in  the  fiber  direction  which  is  2  v  3  and  the  remainder  represents 
constraint.  The  calculated  strain  ranges  agree  well  with  the  measured  values  (Fig  5). 

The  calculated  response  for  constant  stress  and  cyclic  temperature  (Fig.  12(a)  and 
(b)]  exhibit  the  same  features  as  the  experiments  [Fig.  3(ai  and  < b >]  with  a  short 
transition  period  for  low  transverse  stress  and  a  long  transition  penod  for  high 
transverse  stress 

In  performing  the  elastic-plastic  calculation  it  was  possible  to  determine  initial  yield 
surface  for  the  case  of  no  residual  stresses  and  shakedown  boundary  given  in  Fig  1 3 
These  have  been  expressed  in  terms  of  the  dimensionless  loadings  EAi  AT  a,  and 
.  It  was  found  for  an  exponentially  temperature-dependent  yield  stress  that  the 
shakedown  boundary  ts  given  by  the  result  for  a  temperature-independent  yield  stress 
to  a  good  approximation  by  replacing  the  yield  stress  with  the  average  yield  stress  for 
the  temperature-dependent  case  The  initial  yield  surface  is  dependent  on  the  residual 
stress  state  induced  during  fabrication  and  cannot  be  determined  without  knowing 


TABLt  1.  Material  constants  used  in  computations 
(cf  =  55%) 
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(GPa) 
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(  C) 

(MPa) 

Fiber 

345 

0.26 

8  6  x  10  '' 

Matrix 

70 

0.32 

24  x  10  *■ 
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Fig.  12.  Calculated  strain  accumulation  (a I  low  transverse  loading,  (bl  high  transverse  loading 


the  history  of  the  composite.  The  shakedown  boundary  is  not  dependent  on  the 
history.  The  ratchet  rates  for  different  loading  conditions  fall  on  the  master  curve 
(Fig.  14)  when  plotted  as  a  function  of  AcT  c;o,  .  where  Acr  is  the  thermal  strain 
increment  in  excess  of  the  shakedown  condition  and  a,aL  is  the  current  transverse 
stress  over  the  limit  stress. 

It  was  observed  earlier  that  the  failure  strain  was  found  to  be  strongly  dependent 
on  the  transverse  stress  (Fig  8).  It  is  known  that  ductility  is  usually  strongly  dependent 
on  the  void  growth  factor  auia  for  a  ductile  fracture,  where  au  is  the  sum  of  the 
principal  stresses  and  a  represents  the  effective  stress.  The  void  growth  factor  in  the 
matrix  attains  its  highest  value  dose  to  the  fiber-matrix  interface  (Janssov  |990b). 
The  evolution  of  the  void  grow  th  factor  with  the  highest  peak  value  is  plotted  in  Fig. 
1 5  as  a  function  of  accumulated  transverse  strain  for  different  loadings.  For  transv  erse 
tension  it  increases  from  3  at  the  initial  linear  elastic  response  to  6  at  the  observed 
fracture  strain.  Pure  heating  causes  a  hydrostatic  pressure  in  the  matrix.  For  transverse 
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Fig  14  Calculated  steady-state  plastic  strain  accumulation  as  a  function  or  strain  range  and  transverse 

loading 


loading  combined  with  thermal  cycling  okJ6  decreases  during  the  heating  period  after 
the  initial  transverse  loading  and  increases  during  the  subsequent  cooling  period.  The 
calculations  indicate  that  the  peak  value  of  akJa  decreases  initially  for  low  values  of 
transverse  stress  (Fig.  16).  However,  as  strain  is  accumulated  anid  increases  and 
reaches  a  steady-state  condition  with  an  increase  of  aujd  for  each  cycle. 

The  computations  indicate  that  the  peak  value  in  a  cycle  of  atJa  for  a  given 
accumulated  transverse  strain  is  strongly  dependent  on  the  magnitude  of  the  transverse 
stress  (Fig.  16).  A  low  transverse  stress  requires  more  strain  than  a  high  transverse 
stress  to  build  up  the  same  constraint. 

In  Fig.  17  the  equivalent  plastic  strain  at  the  location  with  the  highest  value  of  aujd 
is  plotted  against  the  accumulated  transverse  strain  for  different  loadings.  From  Fig. 
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Fig.  15  History  of  void  growth  factor  at  location  in  matrix  with  highest  peak  value 


FlG.  16  Peak  value  of  void  growth  factor  in  each  cycle  as  a  function  of  transverse  strain. 


17  it  can  be  deduced  that  the  equivalent  strain  is  linearly  related  to  the  transverse 
strain  and  is  relatively  independent  of  the  transverse  loading. 


5.  Analysis  of  thf.  Experimental  and  Computational  Studies 

The  experiments  and  computations  indicate  that  after  a  transient  response  the 
material  reaches  a  steady-state  condition.  If  the  operating  point  lies  within  the  shake- 
down  condition  the  final  behavior  of  the  composite  is  elastic.  When  the  shakedown 
condition  is  exceeded  steady-state  ratcheting  occurs.  The  experimental  contours  of 
constant  ratcheting  rates  are  found  to  be  parallel  to  the  surface  defining  the  shakedown 
surface  (Fig.  6).  Computational  studies  based  on  the  assumption  that  the  matrix  is 
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Fig.  17  Relation  between  effective  strain  at  the  location  of  the  highest  void  growth  factor  and  transverse 

strain. 


elastic-perfectly-plastic  also  predict  shakedown  behavior  but  the  shape  of  the  pre¬ 
dicted  shakedown  surface  is  slightly  convex  while  the  experimental  results  fall  on  a 
straight  line  (Fig.  13).  The  computations  give  a  close  prediction  of  the  shakedown 
condition  for  low  to  intermediate  transverse  loading.  The  elastic-perfectly-plastic 
matrix  model  underestimates  the  limit  strength  of  the  composite  and  the  shakedown 
region  for  high  transverse  loadings.  Results  for  an  approximate  model  that  provides 
insight  to  the  shakedown  mechanisms  in  the  composite  are  also  given  in  Fig.  13.  The 
model  is  based  on  constant  stress  fields  in  fiber  and  matrix,  and  is  given  in  the 
Appendix.  It  underestimates  the  stress  concentration  for  thermal  loading  and  the  limit 
load  of  the  composite.  The  stress  concentration  for  thermal  loading  can  be  determined 
accurately  by  using  the  elastic  solution  for  a  concentric  cylinder  model. 

The  calculations  and  general  results  for  shakedown  conditions  [cf.  Ponter  and 
Cocks  (1982)],  indicate  that  the  shakedown  condition  should  intercept  the  stress  axis 
at  the  limit  stress.  However,  the  experimental  values  intercept  at  a  slightly  lower  stress 
(170  MPa)  compared  to  the  measured  limit  stress  of  200  MPa.  This  discrepancy 
may  be  caused  by  the  simple  constitutive  equations  used  in  the  calculations.  The 
experiments  intercept  the  temperature  axis  at  130°C  and  the  calculations  predict 
1 10CC.  This  is  close  in  view  of  the  uncertainty  of  CTEs  of  fiber  and  matrix  and  yield 
stress.  This  indicates  that  the  transverse  strength  is  weakened  when  the  composite  is 
subjected  to  cyclic  loading  conditions. 

It  is  observed  experimentally  that  the  ratchet  strain  rate  has  the  form 


d  e. 

dJV  =  f(fi)' 


(3) 


where  /?  is  proportional  to  the  distance  outside  the  shakedown  surface  and  /(/?)  is 
defined  in  Fig.  7.  The  simplified  analysis  performed  in  the  Appendix  for  the  Tresca 
yield  condition  gives  similar  results  and  predicts  the  same  relative  change  in  ratcheting 
rate  for  operating  points  far  in  excess  of  the  shakedown  condition.  However,  the 
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computer  calculations  predict  a  more  complex  structure  of  the  expression  for  the 
ratcheting  rate  with  the  form 


di:r  <7 

d.Y  at 


/<//). 


(4| 


where  //  is  the  thermal  strain  in  excess  of  the  shakedown  condition  and  is  then 
also  proportional  to  the  distance  outside  the  shakedown  surface  in  the  temperature 
direction. 

It  can  be  deduced  from  Fig.  14  thai  /</()  is  a  nonlinear  function  of//  for  operating 
conditions  close  to  the  shakedown  condition  that  is  consistent  with  the  experimental 
observations.  For  operating  conditions  far  in  excess  of  the  shakedown  condition  it  is 
linearly  dependent  on  //  and  is  consistent  with  the  model  in  the  Appendix  for  the 
Mises  yield  condition. 

The  approximate  model  and  the  calculations  give  the  same  trend  when  the  cyclic 
plastic  region  extends  over  the  w'hole  unit  cell. 

A  low'er  bound  on  the  ratchet  strain  per  cycle  has  been  determined  b>  Poster  and 
Cocks  (1982)  for  Bree-like  problems  where  the  ratchet  strain  is  uniform  through  the 
body.  The  lower  bound  applies  for  loading  conditions  which  just  exceed  the  shake- 
down  condition.  The  lower  bound  is  given  by 


tor 

A  A' 


^  4Ac,  +At:,, 


(5) 


where  the  increment  of  elastic  strain  is  given  as 


(6) 


where  Aer  is  the  stress  increment  between  the  t  rent  state  and  the  shakedown  con¬ 
dition  (Fig.  13)  and  E  is  the  modulus  in  the  transverse  direction.  The  thermal  strain 
can  be  identified  for  the  present  problem  as 

AeT  =  AxAaT,  (7) 

where  Act  is  the  difference  in  coefficient  of  thermal  expansion  between  fiber  and  matrix 
and  AT  is  the  temperature  increment  in  excess  of  the  shakedown  condition  The 
experiments  exhibit  ratcheting  rates  that  are  lower  than  the  lower  bound  (5).  For 
operating  conditions  close  to  shakedown  the  cyclic  plastic  zones  do  not  extend  over 
a  large  portion  of  the  matrix  and  the  bound  is  not  applicable.  For  operating  conditions 
far  in  excess  of  shakedown  the  cyclic  zone  extends  over  a  large  portion  of  the  matrix 
and  the  bound  gives  a  better  estimate  for  these  conditions. 

The  failure  strain  can  differ  by  over  an  order  of  magnitude  depending  on  the 
operating  condition.  This  behavior  which  is  illustrated  in  Fig.  8  has  been  observed 
previously  by  Cottrell  (1964).  It  is  known  for  Al-Li  (Pilling  and  Ridley.  1986) 
that  ductile  failure  is  the  result  of  void  nucleation  and  growth  from  small  particles. 
In  the  studies  of  Hancock  and  Mackenzie  (1976)  it  ts  suggested  that,  when  failure 
is  the  result  of  void  nucleation  and  growth,  the  effective  strain  c,  at  failure  for  multiaxia! 
state  of  stress  has  the  form 
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V.,  = 


.65/:,,  exp  ! 


(Hi 


where  r.u  is  the  umaxml  failure  strain  The  failure  strain  for  this  matrix  in  uniaxial 
tension  is  reported  to  be  approximate!)  0.3  (Saki  i  and  Tami  ra.  1969)  and  Janssos 
( 1990a)  has  reported  in  tests  on  the  composite  under  consideration  that  the  strain  for 
in-plane  shear  parallel  t  i  the  fibers  is  0.2.  From  the  computer  studies  it  has  been 
determined  that  transverse  loading  alone  introduces  a  multiaxial  stress  state  for  w  hich 
a  -  6.0  over  a  large  region  of  the  matrix  at  fracture  This  is  not  great!)  different 
from  the  values  present  in  the  classical  Prandtl  punch  problem.  For  a  history-depen¬ 
dent  stress  state  the  damage  equation  of  (8)  is  equivalent  to 


Jo 


exp 


1.65e„ 


(9) 


Applying  formula  (9)  for  the  failure  strain  and  using  the  data  in  Figs  16  and  17 
gives  the  failure  strain  for  transverse  loading: 

,  =  0.9%. 

which  compares  quite  well  with  the  observed  failure  strain  of  0.8%  in  the  transverse 
direction.  Applying  (9)  for  the  thermomechanicai  loading  histories  gives  the  predicted 
failure  strain  is  shown  in  Fig.  8.  The  observed  failure  strain  is  higher  than  that 
predicted  by  the  model  for  low  transverse  stress.  However,  the  model  gives  the  right 
trend  but  clearly  requires  modification. 

In  the  model  it  is  assumed  that  catastrophic  failure  coincides  with  the  condition 
when  local  failure  occurs.  This  gives  an  accurate  prediction  when  the  transverse  load 
is  close  to  the  limit  load,  when  a  small  defect  is  sufficient  to  trigger  failure. 

In  the  case  of  low  transverse  loading  the  loss  of  load  carrying  capacity  occurs  in  a 
small  volume  of  matrix  material  and  may  not  be  sufficient  to  cause  global  fracture. 
The  damage  has  to  be  extended  over  a  larger  volume  and  the  calculations  give  the 
strain  for  the  first  matrix  failure  and  not  the  strain  for  which  the  damage  causes  global 
instability.  This  may  explain  the  observed  difference  in  failure  strains  for  low  and  high 
transverse  loading.  The  analysis  required  to  illustrate  this  failure  mechanism  would 
require  calculations  which  follow  the  growth  of  damage  throughout  the  matrix  and 
it  has  not  yet  been  attempted. 


6.  Conclusions 

When  the  metal  matrix  composite  was  subjected  to  a  constant  transverse  stress  and 
cyclic  temperature  it  is  found  that  after  an  initial  transient  response  the  material 
reaches  a  steady-state  condition. 

For  loading  conditions  which  fall  within  a  shakedown  condition  the  increment  of 
strain  over  a  cycle  is  zero.  However,  if  the  shakedown  condition  is  exceeded  there  is 
an  increment  of  irreversible  strain  after  each  cycle  of  temperature.  The  shakedown 
condition  is  defined  by  the  relation 
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g(a,,  AT) 


a1  ^  AT 
a  +  AT. 


1  =  0. 


where  a.  =  1.3 a,  and  AT ,  is  defined  by 

£mA*AT, 

-  _  14 

a, 

Predictions  of  finite  element  computations  agree  reasonable  well  with  the  experimental 
observations  of  the  shakedown  surface.  The  differences  exist  presumably  because  of 
the  deficiencies  in  the  constitutive  equations  of  the  matrix  which  in  the  calculations 
are  assumed  to  be  of  a  very  simple  form. 

The  increment  of  strain  per  cycle  is  also  found  to  depend  on  the  function  which 
defines  the  shakedown  surface  so  that 

—  =  exp  (9.5  x  10'  :/J)  —  1. 


where  /?  is  defined  as 


P  =  g(cr,AT). 

The  transverse  failure  strain  varies  substantially  with  operating  conditions.  The 
failun  train  is  0.08%  when  transverse  stress  is  the  only  loading,  and  it  increases  to 
12%  wnen  the  transverse  stress  is  30  MPa  and  the  thermal  loading  is  sufficiently  high 
to  cause  ratcheting. 
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Appendix  : 

Determination  of  Shakedown  Surface  and  Ratchet  Strains 

A  simple  calculation  has  been  performed  which  provides  physical  insight  and  some  limited 
quantitative  information. 

The  composite  consists  of  an  elastic-perfectly-plastic  metal  matrix  with  modulus  £„  and 
yield  stress  cr, .  The  fiber  with  modulus  E,  is  assumed  to  remain  elastic.  It  is  also  assumed  that 
the  stresses  are  constant  in  the  matrix  and  fiber,  and  that  the  fiber  is  so  stiff  that  the  longitudinal 
strain  is  given  bv  the  thermal  expansion  of  the  fiber.  This  is  an  approximation  which  satisfies 
equilibrium  and  consequently  will  tend  to  give  lower  bounds  on  stiffness,  limit  load  and 
shakedown  conditions. 

Since  the  fiber  modulus  E,  is  5  times  higher  than  the  matrix  modulus  £„,  the  elastic  matrix 
response  is  readily  calculated  using  the  condition 

e3=£-^+AdtAr=0.  (Al) 

‘-‘m 

where  <r ,  is  the  stress  corresponding  to  the  transverse  loading  and  c,  is  the  stress  in  the  fiber 
direction  acting  on  the  matrix  Hence,  for  heating 

<r3  =  —  £„AaAT,  +  vma,.  (A2) 

Using  the  Tresca  yield  condition  plastic  yielding  occurs  when 

a,- a,  =  -a,  (A3) 

if  o,  <  <r?.  Eliminating  <r,  gives 

<ri(l-vj  =  <r,— £A«A7V  (A4) 

Plastic  deformation  occurs  if  temperature  is  increased  by  a  further  amount.  A7\.  Since  At,  =  0. 

AtS  +  AaATj  =0  (A5) 

and  from  the  normality  rule  Ae^  =  —  Acpt  the  plastic  strain  cl  is  given  by 

Acl  ~  AaATj.  (A6) 

Now  when  the  temperature  is  decreased  by  an  amount  AT,,  elastic  unloading  takes  place  until 
the  yield  condition  a3  —  a2  =  <r,  is  reached.  Since  a,  =  0, 

<r3  =  —  a,  +£„Ax  AT,  =  a,,  (A7) 

from  which  the  shakedown  condition 
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E„,AxAT.  <Z2<r,~ot  I  AS) 

can  he  deduced.  The  transverse  load  is  also  restricted  b>  the  limit  load  condition 

(j  i  ^  <7  .  ( A9) 

If  the  shakedown  condition  is  exceeded  by  applying  an  additional  temperature  decrease  AT, 
then  plastic  increments  of  deformation  occur : 

Acf  =  Ax  AT.,.  ( A 10) 

and  normality  gives 

ArA  =  -Ac';.  (All) 

In  continued  cycling  no  incremental  accumulation  of  strain  can  occur  in  the  third  direction 
because  the  fiber  is  elastic.  For  steady-state  conditions 

A7\=-A  r4.  ( A 1 2 ) 

Let  the  total  temperature  difference  be  AT  for  steady-state  conditions  Hence. 

AT  =  AT-  +  AT,.  (AH) 

where  AT-,  is  the  value  lor  shakedown.  The  expression  for  the  ratchet  strain  increment  in  the 
1-direction  is  then 


At.; 
<i,  E„, 


Alt  AT  - 1  —  2. 
a,  a , 


<  A 1 4 ) 


This  rement  can  also  be  expressed  in  terms  of  the  shakedown  condition  Defining  the 
function  u  by 


g,(AT.a,) 


E„AxAT  u, 
<r,  tr, 


(A15) 


gives  the  condition  for  shakedown 

g,(AT.a,)  ^  0.  (AI6) 

The  ...tchet  increment  of  strain  when  the  shakedown  condition  is  exceeded  is  given  by 


Ac;  =  "#||AT,  a ,)  =  AaT'. 


(A17a.  b) 


where  AT'  is  the  temperature  change  in  excess  of  the  shakedown  condition.  The  same  model 
for  a  Mtses  yield  condition  gives  the  shakedown  boundary 


,AT-  ,  E„AxAT  lA  , 
.?:(AT.(t ,)  = - .  / 4-3 


o, 


with  the  ratchet  increment  of  strain 
Ac 


3  1  / 3  a, 

4  r  -j=29iULT.ot)-  v  -  A* AT 

4  V  X  V  .  /  (T,\  T; 


// (j,  V 
vw 


-c-;j 


(A  1 8) 


(A19a.b) 


where  <r,  =  (2,  v  3)cr, . 


MECHANICAL  AND  ENVIRONMENTAL 
ENGINEERING  DEPARTMENT 


Modeling  of  Anisotropic  Behavior  of  Weakly  Bonded 

Fiber  Reinforced  MMC’s 


S.  R.  Gunawardena,  S.  Jansson,  F.  A.  Leckie 

Department  of  Mechanical  and  Environmental  Engineering 
University  of  California  ak  Santa  Barbara 
Santa  Barbara,  CA  93106 


February,  1993 


ABSTRACT 


The  anisotropic  mechanical  behavior  of  a  continuous  fiber  reinforced  Ti  alloy  matrix 
composite  which  possesses  a  weak  fiber  matrix  interface  is  modeled  numerically.  Effects  of 
interface  properties  and  residual  stresses  incurred  during  the  fabrication  are  addressed  in  detail. 
The  computational  modeling  is  guided  by  comparison  with  experimental  data.  The  study  provides 
an  understanding  which  will  be  used  to  model  the  multiaxial  behavior  of  weakly  bonded 
composites  and  to  provide  a  tool  for  predicting  the  failure  of  composite  structures. 


1.  INTRODUCTION 

Continuous  fiber  reinforced  metal  matrix  composites  (MMC’s)  are  attractive  because  of 
excellent  longitudinal  properties  and  relatively  high  transverse  strength  and  stiffness.  The  MMC’s 
can  be  utilized  effectively  when  the  loading  is  predominantly  uniaxial  with  primary  stresses  in 
the  longitudinal  direction  and  only  secondary  stresses  in  transverse  directions.  However,  many 
structural  components  and  joints  arc  subjected  to  complex  multiaxial  stress  states.  The  efficient 
use  of  composite  materials  in  such  situations  requires  an  understanding  of  the  overall  anisotropic 
mechanical  behavior  of  the  MMC  systems.  MMC’s  are  presently  available  in  restricted  quantities 
and  shapes  which  limit  the  data  that  can  be  produced  experimentally.  This  implies  that  for  the 
present,  numerical  models  are  useful  supplements  and  provide  estimates  of  mechanical  responses 
that  cannot  be  determined  experimentally.  The  models  also  provide  insight  which  helps  establish 
the  failure  conditions  of  the  composite. 

Experimental  and  numerical  procedures  have  been  applied  in  a  previous  study  (Jansson. 


L991)  to  establish  the  anisotropic  behavior  of  an  FP/Ai  system  which  features  a  strong  interface. 
The  present  study  focuses  on  the  anisotropic  mechanical  behavior  of  SCS6/T1  15-3  which  is  a 
candidate  for  moderately  high  temperature  application.  The  composite  features  a  weak  interface 
designed  to  maintain  the  fiber  strength  in  the  fabricated  composite. 

Single  deformation  modes  such  as  the  transverse  tensile  behavior  of  the  similar  system 
SCS6/Ti-6V-4Al  has  been  studied  by  Nimmer  et  al  (1990,  1991).  Experiments  (Jansson  et  al, 
1991)  established  that  the  fiber  matrix  interface  plays  a  major  role  on  the  transverse  and  in-plane 
shear  behavior  of  the  composite.  For  a  system  featuring  a  perfect  bond,  the  constraints  induced 
by  the  fibers  cause  the  transverse  strength  to  be  higher  than  the  matrix  strength.  The  use  of  a 
weak  interface  in  the  SCS6/  Ti  15-3  system  results  in  a  transverse  strength  that  is  substantially 
lower  than  the  matrix  strength. 

A  detailed  micro-mechanical  model  is  developed  that  determines  the  influence  of  weak 
interface,  residual  stresses  from  fabrication  and  the  matrix  plasticity.  The  model  is  verified  by 
comparing  the  computations  with  experimental  data  obtained  from  longitudinal  tension,  transverse 
tension  and  in-plane  shear  tests  performed  on  specimens  manufactured  from  the  composite  plate. 
The  different  failure  modes  are  also  investigated  so  that  failure  criteria  can  be  established. 


2.COMPOSITE  MATERIAL 

The  material  used  in  this  study  is  SCS6/Ti  15-3  made  by  Textron  It  consists  of  SiC  fibers 
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with  a  carbon  and  a  SiC  coating  in  a  uniaxial  lay-up.  The  fiber  volume  fraction  is  35%  and  the 
average  fiber  diameter  140  mm.  The  matrix  is  a  (3-Ti  alloy,  Ti-15V-3Cr-3Al-  3Sn.  The  composite 
is  fabricated  by  vacuum  hot  pressing  a  fiber-matrix  foil  lay-up.  Detailed  information  of  the 
processing  is  not  available,  but  the  composite  is  consolidated  at  approximately  900  C.  In  the 
subsequent  cool  down,  the  mismatch  in  coefficients  of  thermal  expansion  of  fibers  and  the  matrix 
causes  residual  stresses. 

Tensile  properties  of  the  matrix  were  obtained  from  tests  on  matrix  foil  extracted  from 
the  composite.  The  fiber  modulus  was  determined  from  the  average  of  “>0  bend  tests  (Jansson  et 
al,  1991).  The  remaining  properties  have  been  extracted  from  the  literature  and  the  elastic 
properties  are  summarized  in  Table  1.  The  matrix  and  fiber  stress-strain  curves  are  shown  in 
Fig.  1. 


The  longitudinal  and  transverse  behavior  (Jansson  et  al,  1991)  were  determined  using  dog- 
bone  specimens  for  longitudinal  and  transverse  tension.  Specimens  of  the  Iosipescu  type  were 
used  to  determine  the  in-plane  shear  response. 


3.  MICRO  MECHANICAL  STUDY 

Numerical  simulations  were  performed  using  homogen; cation  techniques  in  conjunction 
with  the  general  purpose  finite  element  package  ABAQUS  (1988).  In  the  computations  the  fibers 
are  assumed  to  be  long  parallel  cylinders  arranged  in  a  hexagonal  array  (Fig.  3).  This  is  the 
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simplest  periodic  array  for  which  the  linear  elastic  properties  are  transversely  isotropic.  The 
nonlinear  response  of  the  array  has  a  slight  deviation  from  transverse  isotropy  It  u.a$ 
demonstrated  by  Jansson  (1991)  that  the  array  can  be  used  to  predict  the  properties  of  a 
transversely  isotropic  system  with  randomly  distribute  fibers,  if  care  is  exercised  w  hen  selecting 
the  loading  directions.  For  a  system  with  randomly  distributed  fibers  the  matrix  area  fraction  on 
any  plane  cut  through  the  composite  is  equal  to  the  matrix  volume  fraction,  cf  Underwood 
(1970).  However  the  matrix  area  fraction  is  strongly  dependent  on  the  orientation  and  location 
for  a  periodic  array.  The  present  system  has  some  form  of  arrangement  resulting  from  the  fiber- 
foil  consolidation  process,  but  is  difficult  to  identify  any  definite  simple  array  type,  since  the 
distribution  pattern  differs  from  point  to  point.  However  it  was  found  that  an  important  feature 
of  the  weakly  bonded  systems  for  transverse  tension  is  the  matrix  area  fraction  on  the  weakest 
planes.  It  was  determined  to  be  40  %,  which  is  substantially  lower  than  the  value  of  65  %  for 
randomly  distributed  fibers.  The  corresponding  value  for  the  hexagonal  array  is  38  %  when 
loaded  in  the  1 -direction.  Fig.  2.  The  hexagonal  array  was  selected  in  this  case  because  it  models 
the  correct  volume  fraction  and  matrix  area  fraction  on  the  weak  planes  that  dictates  the 
transverse  strength. 

In  the  homogenization  technique,  cf  (Jansson,  1992),  the  displacement  field  is  assumed 
to  have  the  form 

ui-uf+<eiJ>xJ^uip  (1) 

where  u,°  is  an  arbitrary  constant  displacement,  <xij>  is  the  average  strain  in  the  composite  and 
u,p  is  an  unknown  displacement  field  which  is  periodic  on  the  unit  cell.  The  average  stress  <o,j> 
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can  be  determined  from  the  traction  T,  on  surface  S  on  the  unit  cell  by  use  of  the  mean  stress 
theorem  as 

<<*«> -/?>/&  (2) 
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All  the  loading  cases  considered  are  symmetric  with  respect  to  the  x,  and  x:  axes  in  Fig. 
2  and  the  displacement  field  has  an  inversion  symmetry  about  the  point  (x,=av3/2,  x2=a/2).  This 
implies  that  only  the  unit  cell  A-B-C-D  in  Fig.  2  need  be  analyzed.  Ten  node  quadratic 
generalized  plane  strain  elements  with  reduced  integration  were  used  to  model  the  longitudinal 
and  transverse  behavior.  The  boundary  conditions  at  the  interface  were  selected  to  satisfy  the 
interface  bond  characteristics.  A  fully  bonded  interface  was  modeled  by  enforcement  of 
displacement  continuity  across  the  interface.  The  weak  interface  was  modeled  by  a  3-node  sliding 
interface  element  available  in  ABAQUS.  The  interface  is  assumed  to  debond  when  the  normal 
stresses  become  tensile  and  the  interface  is  thereafter  traction  free.  Normal  compressive  stresses 
can  be  accompanied  by  shear  stresses  given  by  Coulomb's  law  of  friction.  Restrictions  of  the 
code  meant  that  the  modeling  of  the  in-plane  shear  response  required  a  3-dimensional  analysis 
using  a  20  node  brick  element.  Boundary  conditions  which  ensured  generalized  plane  strain 
behavior  and  the  symmetries  on  the  unit  cell  were  imposed.  These  conditions  reduce  the  degrees 
of  freedom  in  the  model  substantially  and  results  in  reasonable  solution  times.  Numerical 
difficulties  were  encountered  when  calculating  residual  stresses  using  available  3-dimensional 
interface  elements.  This  difficulty  was  overcome  by  modeling  the  interface  as  a  thin 
elastic-perfectiy  plastic  solid  layer  whose  yield  strength  was  selected  to  be  equal  to  the  sliding 
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resistance  of  the  interface. 


The  fibers  were  assumed  to  be  isotropic  and  linear  elastic  and  the  matrix  is  assumed  to 
be  elastic-plastic  with  isotropic  hardening.  The  influence  of  different  temperature  dependence  of 
moduli  and  matrix  yield  strength  were  studied.  It  was  found  that  the  simplified  temperature 
dependence  of  the  yield  stress  given  in  Fig.  3  together  with  temperature  independent  moduli  gave 
the  same  residual  stress  distribution  as  more  refined  models.  The  elastic  properties  of  fiber  and 
matrix  given  in  Table  1  and  the  temperature  dependence  of  the  matrix  yield  strength  given  in  Fig. 
3  were  used  in  the  computations. 

3.1  Residual  Stresses  After  Fabrication 

The  residual  stresses  following  fabrication  are  likely  to  influence  the  mechanical  behavior 
of  weakly  bonded  composites.  When  calculating  the  residual  stress  fields  the  composite  is 
assumed  to  be  stress  free  at  the  consolidation  temperature  before  it  is  subsequently  cooled  down 
to  room  temperature.  The  exact  details  of  the  processing  are  unknown  and  consequently  no  time- 
dependent  viscous  behavior  was  included  in  the  analysis.  The  residual  stress  distribution  in  the 
matrix  is  shown  in  Fig.  4  for  the  consolidation  temperature  900  C.  The  residual  stress  in  the  fiber 
consists  of  a  compressive  axial  stress  of  720  MPa  and  almost  uniform  compressive  radial  and 
hoop  stresses  of  220  MPa.  The  residual  hoop  and  radial  stresses  in  the  matrix  vary  substantially. 
The  highest  magnitudes  are  found  near  the  interface  with  a  compressive  radial  stress  of  200  MPa 
and  a  tensile  hoop  stress  of  500  MPa.  The  axial  stress  is  tensile  and  is  almost  constant,  varying 
between  390  and  420  MPa.  No  matrix  cracking  was  observed  in  the  as  received  composite 
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(Jansson  et  al,  1990)  which  suggests  that  the  matrix  toughness  and  ductility  are  sufficiently  high 
to  sustain  the  tensile  stresses  induced  during  processing. 


3.2  Longitudinal  Tension 

The  computed  stress-strain  curves  following  the  different  assumed  consolidation 
temperatures  of  0,  600  and  900  C  are  shown  in  Fig.  5.  The  difference  in  response  for  different 
consolidation  temperatures  is  modest  which  indicates  that  the  magnitude  of  residual  stress  has 
only  a  weak  effect  on  the  longitudinal  behavior.  The  calculated  longitudinal  modulus  E„  and 
Poisson’s  ratio  v31  are  close  to  the  experimental  values  given  in  Table  2.  A  slight  sample  to 
sample  variation  in  the  longitudinal  tensile  response  was  obsetved  in  experiments,  as  shown  in 
Fig.  5.  The  variation  is  equivalent  to  a  variation  in  the  consolidation  temperatures  of  600  C.  This 
is  unlikely  and  the  observed  variation  is  most  likely  caused  by  handling  of  the  panels  after 
fabrication. 

Since  the  longitudinal  response  is  only  weakly  affected  by  the  constraint  in  the  transverse 
direction  the  longitudinal  stress  strain  relationship  can  be  estimated  closely  using  the  simple 
parallel  bar  model  to  give 

a33-/E,/€33+Cl  -f) 

where,  f  is  the  volume  fraction,  Ef  is  the  fiber  modulus,  E^,  is  the  matrix  modulus,  am  is  the 
longitudinal  residual  stress  in  the  matrix  after  consolidation  and  cm  is  the  longitudinal  stress  in 


am(£33  + 


E . 
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the  matrix.  This  relation  agrees  well  with  the  corresponding  numerical  calculations  when  the 
longitudinal  residual  stress  used  is  that  determined  by  computation. 

The  calculated  transverse  contractions  following  consolidation  temperatures  of  0  and  900 
C  are  compared  with  the  experimental  data  in  Fig.  6.  The  experimental  and  calculated  curves 
exhibit  the  same  behavior  with  an  initial  linear  response  followed  by  increased  contraction  after 
matrix  yielding.  The  difference  in  the  calculated  responses  for  the  two  consolidation  temperatures 
is  modest  and  is  of  the  same  order  as  the  sample  to  sample  variation. 

3.3  Transverse  Tension 

The  effect  of  interface  bond  conditions  on  the  transverse  tensile  behavior  was  first 
investigated  by  computing  responses  for  an  initially  stress  free  state.  Calculations  were  performed 
for  a  fully  bonded  and  for  a  weak  frictionless  interface.  As  illustrated  in  Fig.  7a,  the  stress  strain 
curve  for  the  fully  bonded  interface  has  an  initial  transverse  elastic  modulus  of  167  GPa  and  a 
limit  strength  of  1 195  MPa.  These  values  are  higher  than  the  experimentally  observed  values  of 
129  GPa  and  420  MPa  respectively.  For  a  weak  frictionless  interface  the  calculated  elastic 
modulus  is  48  GPa  and  the  limit  strength  380  MPa.  For  this  case  the  predicted  elastic  modulus 
is  much  lower  than  the  experimental  value,  while  the  limit  strength  is  in  close  agreement  with 
experiment. 

When  a  residual  stress  state  corresponding  to  the  consolidation  temperature  of  900  C  is 
included  in  the  analysis  for  the  weakly  bonded  interface,  it  was  found  that  the  elastic  properties. 
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Table  2,  and  the  strength  agree  very  well  with  experiment.  The  influence  of  the  coefficient  of 
friction  at  the  interface  on  the  stress-strain  relationship  is  negligible  as  is  shown  in  Fig.  7b  for 
the  values  of  p.  =  0  and  0.8  .  The  calculations  predict  that  debond  initiates  when  cru=140  MPa 
at  the  pole  of  the  fiber  and  the  angle  of  debond  increases  rapidly  with  applied  stress  until  it 
subtends  an  angle  of  90°.  Matrix  yielding  was  predicted  to  occur  in  a  small  confined  region  on 
first  loading  but  the  effect  of  plasticity  on  the  transverse  stress-strain  behavior  is  not  noticeable 
until  after  debond.  This  illustrated  in  Fig.  7b  where  the  stress  strain  curve  for  a  linear  elastic 
matrix  shows  the  same  response  up  to  debond  and  the  non-linearity  caused  by  plasticity  is  only 
evident  after  the  initiation  of  debond. 

The  presence  of  the  weak  interface  reduces  the  transverse  strength  of  the  composite  to 
approximately  40%  of  the  matrix  strength.  A  limit  load  calculation,  based  on  a  constant  tensile 
stress  in  the  ligament,  gives  the  limit  strength  (Jansson  et  al,  1991)  as 

^TL"  (4) 

\/3 

where  Ato  is  the  matrix  area  fraction  and  is  the  matrix  strength.  The  limit  load  calculated 
using  eqn.  (4)  is  420  MPa  which  agrees  well  with  experimental  and  computational  values. 

The  measured  contraction  in  the  unloaded  transverse  direction  for  transverse  loading  is 
shown  in  Fig.  8.  The  initial  linear  response  is  closely  given  by  a  linear  elastic  calculation  based 
on  a  value  of  (i  =  0.8  at  the  interface  and  a  residual  stress  state  sufficiently  high  to  maintain 
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continuity  at  the  interface.  Following  the  initial  linear  response,  when  debond  occurs  there  is 
substantial  strain  increment  in  die  loaded  direction.  The  total  strain  just  after  debond  is  closely 
given  by  a  calculation  for  a  fully  c  ‘bonded  interface  with  a  linear  elastic  matrix.  For  higher  stress 
the  contraction  increases  as  the  region  of  plastic  deformation  increases  in  the  matrix.  The  slope 
then  follows  the  calculation  for  a  fully  plastic  matrix  and  a  debonded  interface.  The  full 
simulation  following  consolidation  temperature  of  900  C  has  all  the  features  of  the  observed 
deformation  but  slightly  overestimates  the  contraction. 

The  longitudinal  contraction  resulting  from  the  transverse  loading  is  shown  in  Fig.  9.  The 
initial  linear  response  and  the  limit  behavior  are  closely  modelled  using  a  consolidation 
temperature  of  900  C  and  a  sliding  interface.  While  a  coefficient  of  friction  p=  0.8  fits  the 
experiments  most  closely  the  sliding  resistance  has  modest  influence  on  the  response 

3.4  In  Plane  Shear 

Experimental  results  are  available  for  the  Iosipescu  specimen  for  two  fiber  orientations 
(Jansson  et  al,  1991).  In  one  set  of  experiments  the  fibers  are  orientated  in  the  direction  of  the 
notches.  Fig.  10a,  and  is  referred  to  as  longitudinal  loading.  The  other  case  when  the  fibers  are 
orientated  perpendicular  to  the  notches,  Fig.  10b  is  referred  to  as  transverse  loading.  It  was 
observed  experimentally  that  the  initial  elastic  moduli  are  close  for  the  two  orientations  but  the 
limit  strength  for  transverse  loading  at  400  MPa  was  approximately  40%  higher  than  the  value 
of  280  MPa  observed  for  longitudinal  loading.  In  longitudinal  loading  the  fibers  are  orientated 
such  that  the  global  stress  field  is  constant  over  a  long  segment  of  the  matrix  orientated  in  the 
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fibers  direction.  This  condition  permits  highly  concentrated  bands  of  shear  to  develop  in  the 
matrix  along  the  fibers  at  the  weakest  plane.  In  the  case  of  transverse  loading  only  a  short 
segment  of  the  matrix  along  the  fiber  directions  is  subjected  to  the  higher  stress  in  the  gauge 
section.  This  effect  suppresses  the  development  of  bands  of  concentrated  shear  since  the  stresses 
decrease  with  increasing  distance  from  the  gauge  section.  Consequently  the  limit  strength  is 
higher  for  transverse  loading  compared  to  longitudinal  loading.  No  such  dependence  on  fiber 
orientation  was  observed  (Jansson,  1991)  for  a  system  that  has  a  strong  interface  and  a  smaller 
fiber  diameter. 

The  computed  and  experimental  shear  stress-strain  curves  for  longitudinal  loading  are 
shown  in  Figs.  10a.  The  computations  for  a  fully  bonded  interface  predict  an  initial  elastic 
response  which  agrees  with  experiment,  but  the  final  limit  strength  is  substantially  higher  than 
the  experimental  value.  A  calculation  based  on  an  interface  yield  strength  of  185  MPa  exhibits 
an  initial  non-linear  response  that  agrees  with  experiment  but  the  predicted  limit  strength  is 
higher  than  the  experimental  value.  The  correct  limit  strength  is  given  by  a  computation  for 
which  the  interface  yield  strength  is  115  MPa.  Hence,  it  might  be  inferred  that  the  interface  is 
initially  in  full  contact.  Sliding  first  develops  when  the  shear  stress  at  the  interface  is  185  MPa 
and  the  sliding  stress  is  subsequently  reduced  during  the  slip  to  a  saturation  value  of  115  MPa. 

The  initial  linear  elastic  response  for  transverse  loading.  Fig.  10b,  is  identical  to  the 
response  for  longitudinal  loading.  This  suggests  that  the  calculations  based  on  the  assumption  that 
the  local  displacement  field  consists  of  linear  and  periodic  components,  eqn.  (1),  also  predict  the 
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correct  linear  elastic  response  for  transverse  loading.  However  the  limit  strength  is  higher  for 
transverse  loading,  Fig.  10b,  than  the  longitudinal  loading.  Fig.  10a.  This  implies  that  the 
calculations  based  on  egn.  (1)  underestimate  the  limit  strength  for  transverse  loading.  As 
mentioned  earlier,  the  plastic  deformation  in  the  matrix  is  very  constrained  for  this  loading  and 
the  assumption  of  a  displacement  field  with  linear  and  periodic,  eqn.  1,  components  fails  to  pick 
up  this  feature. 

To  simulate  this  constraint  the  deformation  field  in  the  elastic  fiber  was  still  assumed  to 
have  linear  and  periodical  components.  However  the  deformation  field  in  the  matrix  was  assumed 
to  have  only  linear  components,  to  be  given  by, 

W3-tt30+<Yi3>*i  (5) 

This  formulation  suppresses  the  development  of  regions  with  high  concentrations  of  shear. 
The  calculated  responses  assuming  the  same  interface  characteristics  as  those  assumed  for 
longitudinal  loading  are  shown  in  Fig.  10b.  It  can  observed  that  use  of  the  same  interfacial  shear 
strength  as  that  for  longitudinal  loading  predicts  the  correct  limit  behavior  for  transverse  loading. 
The  initial  shear  modulus  before  debond  and  limit  strengths  for  calculations  based  on  an  interface 
shear  stress  of  115  MPa  are  listed  in  Table  2  for  the  two  loading  cases. 

A  simple  estimate  of  the  limit  strength  for  longitudinal  loading  is  given  by  considering 
a  deformation  that  is  given  by  a  slip  in  the  matrix  on  the  surface  x,  =  0  and  at  the  fiber  matrix 
interfaces.  This  gives 
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where  tL  is  the  limiting  strength  of  rn,  ry‘  is  the  shear  strength  of  the  interface,  is  the  limit 
stress  of  the  matrix  under  uniaxial  tension  and  Ata  is  the  matrix  area  fraction  of  the  weakest 
plane.  For  the  system  under  consideration  Afa  =0.4  and  use  of  eqn.  (6)  with  the  experimental 
limit  strength  rL  =300  MPa  gives  an  interface  shear  strength  tyl  =95  MPa,  which  is  close  to  the 
computed  value  of  1 15  MPa. 

The  limit  strength  for  the  transverse  loading  can  be  estimated  by  assuming  that  the 
deformation  in  the  matrix  is  linear  and  as  given  by  eqn.  (5).  This  deformation  causes  a  plastic 
deformation  throughout  the  matrix  with  slip  at  the  interface.  A  work  balance  gives 

■tl— krOi.a-tvltJf  (7) 

y/3  * 

where  f  is  the  fiber  volume  fraction.  This  expression  is  a  modified  version  of  the  upper  bound 
given  by  Majumdar  and  Mclaughlin  (1973)  for  a  strong  interface.  Using  the  experimental  strength 
tl  =  400  MPa  in  this  relation  gives  an  interfacial  shear  strength  of  ry‘  =  100  MPa,  which  is 
consistent  with  the  value  of  1 15  MPa  determined  from  the  computations. 


3.5  Transverse  Shear 


While  no  experimental  results  are  available  for  this  form  of  loading,  the  calculations  were 
performed  to  provide  a  more  complete  understanding  of  the  anisotropic  behavior  of  the  material. 
Shear  loading  x  in  the  transverse  plane  is  represented  by  the  principal  stress  state  shown  in  Fig. 
11.  Two  loading  conditions  have  been  investigated:  one  loading  defined  by  ou  =  -on  =  x  and 
the  other  by  -  cn  =  =  x  ,  where  x  >  0  .  Computed  shear  stress  strain  curves  for  a  fully 

bonded  and  a  frictionless  interface  following  a  consolidation  temperature  of  900  C  are  shown  in 
the  Figs.  11a  and  lib.  For  the  fully  bonded  interface  the  two  loading  cases,  an  >  0  and  an  > 
0  exhibit  very  similar  behavior  with  a  limit  strength  of  600  MPa.  However  in  the  case  of  a  weak 
interface,  the  strength  for  an  >  0  is  310  MPa  while  the  strength  for  oa  >  0  is  270  MPa.  This 
difference  indicates  that  a  system  with  a  debonded  interface  does  not  exhibit  the  transverse 
isotropy  commonly  assumed  for  fiber  reinforced  composites.  It  was  observed  in  the  calculations 
that  the  debond  always  initiated  close  the  point  of  the  interface  whose  normal  coincides  with  the 
direction  global  maximum  principal  stress. 

Pure  transverse  shear  loading  results  in  global  strains  that  have  both  shear  and  normal 
components.  For  a  fully  bonded  interface  the  normal  strain  component  exists  only  when  one  of 
the  constituents  has  a  non-linear  response.  However  for  this  case,  as  shown  in  Fig.  11c,  the 
normal  component  is  very  small  compared  to  the  shear  strain.  For  a  weak  interface  the  normal 
strain  is  small  before  debond  and  grows  to  30  %  of  the  shear  strain  after  debond.  Fig.  1  lc.  For 
a  initially  stress  free  state  the  debond  occurs  earlier  and  the  normal  strain  component  is  greater. 
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4.  FAILURE  MECHANISMS 


The  computational  procedures  described  previously  provide  the  local  stress  and  strain 
distributions  in  the  composite  which  can  be  used  to  determine  local  failure  conditions  of  the 
constituents.  Macroscopic  failure  condition  for  the  composite  can  then  be  predicted  for  different 
loadings. 

4.1  Longitudinal  Tension 

The  fracture  in  the  longitudinal  tension  is  dominated  by  fiber  failure.  The  observed  failure 
strain  of  the  composite  is  of  the  same  magnitude  as  the  fiber  failure  strain  e,  .  The  stress  at 
failure  can  be  written  as 


°  t/rs“fC*F+d  ~7T~^  ^ 

^  m 

where  is  yield  stress  of  the  matrix  at  fiber  failure  and  aF  is  the  stress  in  the  fibers  at  failure. 
For  the  present  residual  stress  state  =  900  MPa  at  failure. 

The  exact  nature  of  the  fiber  failure  is  still  an  open  question.  Failure  occurs  when  a  defect 
of  critical  size  has  formed  in  the  composite.  One  extreme  estimate  of  the  strength  is  to  assume 
that  fracture  occurring  in  two  adjacent  fibers  within  a  stress  transfer  length  causes  a  critical 
defect.  The  average  stress  in  the  fibers  when  this  occurs  is  give  by 


the  fiber  diameter ,  8,  is  the  stress  transfer  length  and  T  L  the  gamma  function.  This  is  the  model 
by  Zweben  and  Rosen  (1970)  modified  to  account  for  a  linearly  varying  fiber  stress  within  t.V 
transfer  length  of  thv.  fiber.  Based  on  data  for  the  SCS6  fiber  given  by  Bai'-  et  al  (1985)  it  was 
deduced  that  the  average  fiber  strength  is  aF  =  4.3  GPa  for  a  gauge  length  /0  =  6.25  mm  and  the 
Weibull  modulus  is  m  =  6.5.  For  the  present  specimen  the  loaded  volume  v  =  125  mm3  and  the 
transfer  length  is  estimated  to  be  8,  =  TyVOpd/4,  where  the  sliding  resistance  of  the  interface  ty' 
=  1 15  MPa.  An  upper  bound  on  k  for  fibers  arranged  in  an  hexagonal  array  is  k  =1.17.  Use  of 
these  values  in  eqn.  (9)  gives  a  failure  strength  =  1 890  MPa. 


The  other  extreme  is  to  assume  that  fiber  fractures  do  not  introduce  local  stress 
concentrations  in  adjacent  fibers  and  that  global  load  sharing  occurs.  The  fiber  contribution  at 
the  load  maximum  for  the  global  load  sharing  model  has  been  estimated  in  an  approximate  way 
by  Curtin  (1989)  and  Neumeister  (1991)  as 

Z0T3rCUl/m) 
d 


This  model  predicts  a  strength  =  2080  MPa.  Both  models  predict  the  strength  within 
10%  and  are  in  good  agreement  with  the  experimental  result.  Tests  of  specimens  of  different 
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volumes  and  with  stress  gradients  are  required  to  reveal  the  exact  nature  of  the  failure  process 
and  to  discriminate  between  the  models. 


4.2  Transverse  Tension  and  Shear 

The  observed  failure  strain  in  transverse  tension  is  1.2%  vhich  is  approximately  40%  of 
the  uniaxial  matrix  failure  strain  (Fig.  1).  The  computations  for  transverse  tension  and  shear 
indicate  that  the  stiff  Fibers  cause  muldaxial  stress  fields  to  develop  in  the  matrix.  When  a  ductile 
material  is  subjected  to  stress  states  with  a  high  hydrostatic  tension  component  the  failure 
ductility  is  reduced.  Hancock  and  Mackenzie  (1976)  suggested  that  failure  is  the  xesult  of  void 
nucleation  and  growth.  They  estimated  that  the  effective  plastic  strain  at  failure,  £f',  for 
muldaxial  stress  states  is  related  to  the  uniaxial  failure  strain  by 


e£-1.65e0exd 


1 

2  a‘ 


(IX) 


where  Eq  is  the  plastic  component  of  the  uniaxial  failure  strain  of  the  matrix,  is  the 
hydrostatic  stress  and  <f  is  the  von  Mises  equivalent  stress.  From  the  uniaxial  stress-strain  curve 
for  the  Ti  alloy  in  Fig.  1.  it  can  be  deduced  that  =  3%.  This  value  for  the  matrix  foil  is 
substantially  lower  than  what  is  normally  observed  for  f>-Ti  alloys.  The  low  matrix  ductility 
implies  that  large  strain  effects  can  be  neglected  in  the  analysis.  For  a  time  dependent  stress  state, 
the  void  growth  rate  has  to  be  integrated  over  the  history  and  the  used  portion  of  the  matrix 
ductility  is  given  oy 
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(12) 


1.65e0 


where  the  vanable  D  is  used  as  a  damage  variable  with  D=0  for  a  virgin  material  and  D=1  when 
the  material  has  lost  its  load  carrying  capacity  and  £e  =  The  evolution  of  the  damage  D  has 
been  calculated  by  integrating  eqn.  (12)  numerically  using  the  stresses  and  strain  increments  from 
the  computations. 

The  distribution  of  the  damage  parameter  D  in  transverse  tension  is  shown  in  Fig.  12  for 
a  global  strain  of  1%,  which  is  close  to  the  observed  failure  strain  of  1.2%.  The  computations 
indicate  that  most  of  the  load  carrying  capacity  is  lost  A  region  of  high  damage  is  localized  in 
the  matrix  ligament  between  the  Fibers  and  stimulates  fracture  on  a  plane  approximately  at  45° 
to  the  loading  direction.  Microscopic  observations  (Jansson  et  al,  1991)  showed  the  failure 
surface  consists  of  plastically  deformed  matrix  ligaments  and  debonded  matrix  fiber  interfaces. 

The  damage  distribution  for  transverse  shear  with  x  >  0  is  shown  in  Fig.  13  for  a  global 
shear  strain  of  1.6%  .  The  trend  is  similar  to  transverse  tension  with  a  region  of  high  damage  in 
the  matrix  ligament  between  the  fibers,  orientated  in  the  direction  of  the  global  tensile  principal 
direction.  The  damage  starts  to  exceed  unity  in  some  regions  of  the  matrix  when  the  global  stress 
is  272  MPa,  which  is  13%  lower  than  the  predicted  limit  strength  of  310  MPa.  This  suggests  that 
the  available  matrix  ductility  may  be  exceeded  in  portions  of  the  matrix  before  the  limit  condition 
is  reached. 
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4.3  In-Plane  Shear 


The  only  non-vanishing  stress  components  in-plane  shear,  except  for  the  residual  thermal 
stresses,  are  the  shear  stresses  x,3  and  x2v  This  implies  that  this  type  of  loading  does  not  cause 
high  hydrostatic  stresses  to  build  up  in  the  matrix.  The  effect  of  the  initial  residual  stress  is  small 
and  the  failure  criterion  described  previously  then  simplifies  to 


D 


1  £* 

1.65  e0 


(13) 


The  computed  damage  distribution  for  longitudinal  loading  corresponding  to  the  observed 
failure  strain  yn=  3%  is  shown  in  Fig.  14.  The  damage  exceeds  unity  across  the  whole  matrix 
ligament  between  the  fibers  indicating  that  the  model  predicts  a  failure  strain  slightly  lower  than 
the  experimental  value. 


5.  CONCLUSIONS 

The  longitudinal  and  transverse  tensile  properties  can  be  predicted  by  a  computational 
model  which  makes  use  of  fiber  and  matrix  properties,  fiber  distribution  and  an  interface  which 
debonds  when  the  interface  is  subjected  to  normal  tension.  In  addition  to  predicting  the  elastic 
properties  and  limit  strength  the  calculations  also  predict  the  failure  strains.  The  residual  stresses 
following  the  fabrication  strongly  affect  the  mechanical  behavior.  The  compressive  normal 
residual  stress  at  the  interface  dictates  that  the  initial  elastic  properties  are  consistent  with  normal 
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cononuity  at  the  interface.  In  transverse  tension  the  applied  stress  can  overcome  the  residual 
stress  and  interface  debonding  occurs  which  gives  anse  to  a  loss  of  stiffness.  The  presence  of  the 
debond  also  decreases  greatly  the  transverse  limit  strength,  with  the  composite  strength  being 
dictated  by  a  matrix  perforated  by  un-reinforced  holes. 

The  in-plane  shear  properdes  cannot  be  predicted  by  a  frictioniess  interface.  It  is  necessary 
to  assume  an  initial  sliding  stress  of  185  MPa  that  subsequently  reduces  to  115  MPa  when  the 
sliding  is  fully  developed.  However  the  interface  characteristics  determined  from  the  shear  test 
with  longitudinal  loading  predict  the  substantially  different  strength  for  the  shear  test  with 
transverse  loading.  The  different  limit  behavior  for  transverse  and  longitudinal  shear  loading 
indicates  that  the  in-plane  shear  response  is  strongly  dependent  on  the  extent  of  the  plastic  zone 
along  the  fiber  direction.  This  feature  has  to  be  addressed  in  the  formulation  of  macroscopic 
constitutive  equations. 

The  analysis  of  the  transverse  tension  test  indicates  that  the  sliding  resistance  at  the 
interface  can  be  modeled  by  Columb  friction  with  a  coefficient  of  friction  p  »  0.8.  Use  of  this 
value  and  the  residual  stress  state  following  a  consolidation  temperature  of  900  C  predicts  an 
initial  sliding  resistance  of  160  MPa  for  in-plane  shear.  This  is  close  to  the  value  determined 
from  the  inplane  shear  test  of  185  MPa.  However,  during  the  in-plane  shear  loading  after  matrix 
yielding  the  normal  pressure  at  the  interface  relaxes  and  the  steady  state  sliding  resistance 
vanishes  for  a  Columbs  friction  model.  Microscopic  observations  of  the  fibers  showed  that  the 
fibers  have  a  surface  texture  with  ridges  oriented  in  the  hoop  direction.  For  in-piane  shear  loading 
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the  sliding  direction  is  normal  to  the  ridges  while  it  is  parallel  to  the  ndges  for  transverse  tension 
and  this  could  cause  the  observed  steady  state  sliding  resistance  for  in-piane  shear. 

Using  the  mechanisms  of  interface  debonding  and  a  void  growth  model  for  matnx  failure 
it  was  possible  to  predict  with  accuracy  the  macroscopic  failure  strains  for  matrix  dominated 
failure  modes.  The  exact  nature  of  the  longitudinal  failure  is  still  an  open  question.  However, 
models  of  two  extreme  failure  conditions  give  approximately  the  same  predictions  of  the  failure 
stress. 


It  has  been  demonstrated  that  the  composite  properties  can  be  predicted  from  the  matrix, 
fiber  and  interface  properties  by  using  established  computational  procedures.  In  this  case  the 
interfacial  properties  have  not  been  measured  but  have  been  inferred  form  the  longitudinal  shear 
test  of  the  composite.  Independent  push-through  tests  (Warren  et  al,  1992)  show  sliding 
resistances  that  are  close  to  the  saturation  value  used  here.  The  push-through  test  may  therefore 
be  used  as  a  means  of  providing  some  information  on  the  sliding  characteristics  for  the  analysis. 
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Tabic  1.  Matrix  and  fiber  properties  at  ambient  temperature 


Matrix 

Fiber 

1 

Young’s  Modulus  (GPa) 

115 

360  | 

> 

Poisson’s  Ratio 

0.33 

0.17 

Tensile  Strength  (MPa) 

950 

4300 

Strain  to  failure  in  tension  (%) 

3 

1.2 

Coeff.  of  thermal  expansion  (1/C) 

9.7  10'6 

4.5  Iff6 

Table  2  Comparison  of  computed  and  experimental  elastic  properties 


E* 

1 

E„ 

1 

1 

^llL 

G„* 

*131.' 

G„’ 

• 

•• 

*13L 

GPa 

GPa 

MPa 

GPa 

MPa 

GPa 

MPa 

Experimental 

196 

0.25 

129 

0.34 

0.2 

420 

62 

300 

62 

400 

Computed 

202 

0.27 

133 

0.48 

0.17 

420 

64 

300 

73 

400 

’  Longitudinal  loading 
’*  Transverse  loading 
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FIGURE  CAPTIONS 


Fig.  1  Uniaxial  Stress-Strain  behaviors  of  Ti  15-3  matrix  and  SCS6  fibers. 

Fig.  2  Hexagonal  array  with  unit  cell  indicated. 

Fig.  3  Temperature  dependence  of  matrix  the  yield  strength  and  highest  calculate  equivalent 
matrix  stress  for  a  consolidation  temperature  of  900  C. 

Fig.  4  Calculated  residual  stress  distribution  after  consolidation  at  900  C. 

Fig.  5  Longitudinal  stress-strain  behavior  for  different  consolidation  temperatures. 

Fig.  6  Transverse  contraction  for  longitudinal  loading. 

Fig.  7  Transverse  tensile  stress-strain  behavior  for  different  interface  characteristics. 

(a)  Effect  of  interface  bond  condition. 

(b)  Effect  of  friction  at  the  interface. 

Fig.  8  Contraction  in  unloaded  transverse  direction  for  transverse  loading.  AT=  0  indicates  an 
initially  open  interface  and  AT=»  indicates  an  interface  that  terrains  closed. 
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Fig.  9  Contraction  in  longitudinal  direction  for  transverse  loading. 

Fig.  10  In-plane  shear  stress-strain  curves  for  different  sliding  conditions  at  the  interface. 

(a)  Longitudinal  loading 

(b)  Transverse  loading 

Fig.  11  Calculated  transverse  shear  stress-strain  curves  for  different  consolidation 
temperatures  and  interface  bound  conditions 

(a)  Stress-Strain  curve  for 

(b)  Stress-Strain  curve  for  o22=-c22=t 

(c)  Normal  strain  components  for  the  two  loadings. 

Fig.  12  Distribution  of  damage  parameter  D  for  transverse  tension,  at  en=l%. 

Fig.  13  Distribution  of  damage  parameter  D  for  transverse  shear  at  y=1.6  %. 

Fig.  14  Distribution  of  damage  parameter  D  for  in-plane  shear,  at  Yu=3% 
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TRANSVERSE  DUCTILITY  OF  METAL  MATRIX  COMPOSITES 


S.  R  Gunawardena.  S.  Jansson  and  F.  A  Leckie 
Department  of  Mechanical  and  Environmental  Engineering 
University  of  California 
Santa  Barbara.  CA  93106 


ABSTRACT 

The  role  of  the  fiber  matrix  interface  bond  on  the 
transverse  ductility  of  continuous  fiber  reinforced  composites 
has  been  investigated.  Two  specific  systems  have  beer 
considered:  an  Aluminum  alloy  matrix  reinforced  by 

Alumina  fibers,  characterized  by  a  strong  interface  and  a 
Titanium  alloy  reinforced  by  coated  Silicon  Carbide  fibers, 
characterized  by  a  weak  interface.  A  micro-mechanical  study 
indicates  that  the  bond  condition  has  a  significant  effect  on  the 
state  of  stress  in  the  matrix  which  in  turn  dictates  the  available 
matrix  ductility.  The  micro-mechanical  predictions  are  in  good 
agreement  with  the  experimental  results  for  the  two  systems. 

1 .  INTRODUCTION 

Metal  matrix  composites  reinforced  with  continuous  fibers 
have  attractive  strength  and  stiffness  properties  They  have 
the  advantage  of  providing  superior  transverse  properties 
compared  to  polymeric  matrix  composites.  Transverse 
properties  are  strongly  dependent  on  the  fiber  matrix  interface 
and  systems  with  strong  interface  are  expected  to  have  a 
higher  transverse  strength  and  stiffness  than  the  matrix. 
Some  systems  have  a  weak  interface  in  order  to  maintain  the 


fiber  strength  and  in  this  circumstance  the  transverse  strength 
and  modulus  of  the  composite  are  lower  than  those  of  ihe 
matrix.  The  interface  strength  also  affects  the  ductility  of  the 
composites. 

To  clarify  the  effect  of  the  bond  condition  on  the 
transverse  ductility,  two  different  continuous  fiber  reinforced 
composite  systems  are  investigated  in  this  study.  One 
composite  consists  of  an  Aluminum  alloy  reinforced  w:th 
Alumina(Al203>  fibers.  An  important  characteristic  of  this 
material  is  the  combination  of  a  strong  bond  at  the  fiber-matrix 
interface  and  a  matrix  with  a  large  ductility  of  30%.  The  other 
composite  consists  of  a  Titanium  alloy  reinforced  with  coated 
Silicon  Carbide(SiC)  fibers.  This  system  features  a  weak  bond 
between  the  fiber  and  matrix  and  a  matrix  ductility  of  3 %.  A 
micro-mechanical  study  has  been  performed  to  understand  the 
mechanics  that  governs  the  behavior  of  these  composites,  The 
computed  results  are  compared  with  the  experimentally 
determined  mechanical  behavior  in  sections  2  and  3.  A  matrix 
failure  criterion  based  on  void  nucleation  and  growth  is 
suggested  in  Chapter  4  and  verified  with  the  aid  of  the 
computations  and  experiments.  As  a  result  of  this  study  it  is 
possible  to  predict  the  transverse  ductility  of  the  composite  in 
terms  of  the  matrix  ductility  and  the  interface  bond  strength 


Fig.  1  S'^css' strain  curves  for  FP'Ai  ar.tf  Al  alio  matrix 
5  E^penmenud  and  computed i 

2.  EXPERIMENTAL  PROGRAM 

The  composite  with  strong  interface  bond  is  DuPont's 
FP/A1  reinforced  with  continuous  a-alumina  fibers  in  a 
unidirectional  lay-up  [Champion  et  al,  1978J.  The  fiber 
volume  fraction  was  determined  to  be  55%.  The  fibers  have  a 
diameter  of  approximately  20  pm,  a  modulus  of  345  to  380 
GPa.  a  tensile  strength  of  1.9  to  2.1  GPa  for  6.4  mm  gauge 
length,  and  a  fracture  strain  of  0.3-0  4%.  The  matrix  material 
is  a  2  wt%  Li-Al  binary  alloy  and  its  tensile  properties  are 
shown  in  Fig.  1.  The  composite  is  fabricated  by  vacuum- 
infiltration  of  the  molten  matrix  and  was  available  in  the  form 
of  a  plate  of  150  x  150  x  12.5  mm  thick. 


F:z  ITransvrrse  stress-sram  curse  tor  SCS6T;  *  ar.2 
curve*  for  mitri  ard  fsoer  rruiena.s  lor  comDimon 
<  Expen  menuii 


Transverse  stress-strain  curves  for  the  FP/A1  composite 
are  shown  in  Fig  1.  from  which  a  deviation  from  linearity  is 
observed  to  occur  at  75  MPa.  The  ultimate  strength  is  200 
MPa  and  the  strain  to  fracture  is  0  8%.  The  ultimate  strength 
is  about  50%  higher  than  the  ultimate  matrix  strength  while  the 
failure  strain  of  0.8%  is  only  3%  of  the  30%  failure  strain  of 
the  matrix  [Sakui  and  Tamura,  1969]. 

The  fracture  is  observed  to  be  localized  to  one  narrow 
band  oriented  approximately  450  [0  the  loading  direcnon.  The 
fracture  surface  is  confined  to  the  matrix  and  no  bare  fibers 
were  visible  on  the  fracture  surface.  The  matrix  fracture  is 
ductile  with  the  appearance  of  voidage. 


The  composite  with  the  weak  interface  bond  consists  of  a 
Titanium  alloy  (Ti-15V-3C2-3Su-3Al)  matrix  reinforced  by 
connnuous  SiC  fibers  (SCS6).  The  mechanical  properties  are 
reported  in  [Jansson  et  al,  1991a].  The  fiber  volume  fraction 
was  determined  to  be  35%.  The  fiber  diameter  is  150  pm  and 
the  elastic  modulus  is  360  GPa.  The  matrix  properties, 
determined  from  a  delaminated  matrix  foil,  are  given  in  Fig. 
2.  The  composite  is  made  by  hot-pressing  alloy  foils  between 
the  fiber  tapes.  The  composite  was  available  in  plates  of  150  x 
150  x  2  mm  thick. 


The  transverse  stress  strain  curve  for  the  SCS6T1 
composite  is  shown  in  Fig.  2.  A  slight  deviation  from  the 
initial  elastic  response  occurs  at  a  stress  of  150  MPa  (as 
illustrated  in  Fig. 4)  and  the  ultimate  strength  is  420  MP3, 
which  is  less  than  50%  of  the  matrix  strength  of  950  MPa. 
The  composite  failure  strain  is  1 .2%  compared  to  the  observed 
matrix  failure  strain  of  3%. 

The  macroscopic  fracture  surface  is  perpendicular  to  the 
tensile  direction.  The  failure  surface  is  irregular  with 
debonding  that  is  a  combination  of  debond  at  the  fiber  matrix 
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interface  and  fracture  m  the  carbon  layer  of  the  fiber  The 
matnx  ligaments  between  the  fibers  exhibit  a  ductile  fracture 
(Jansson  et  al  .  1 99 1  a|. 


Fig  3  Hexagonal  array  with  umi  cell  indicated. 


3 .  micro-mechanical  studies 

By  using  the  theory  of  homogenization  in  conjunction 
with  finite  element  procedures,  the  mechanics  that  governs  the 
behavior  of  the  composite  in  terms  of  the  properties  of  the 
fiber  and  the  matrix  have  been  studied. 

The  composites  both  consist  of  long  fibers  in  a 
unidirectional  layup.  The  fibers  in  the  FP/A1  composite  are 
randomly  distributed  in  the  transverse  plane  while  the  fibers  in 
the  SCS6/Ti  15-3  composite  are  more  arranged  In  the  model 
to  be  analyzed  the  fibers  are  assumed  to  be  long  parallel 
cylinders  arranged  in  a  hexagonal  array,  Fig.  3.  This  is  the 
periodical  array  which  has  the  mechanical  properties  with  the 
closest  symmetries  to  a  composite  with  randomly  distributed 
fibers.  Both  systems  are  transversely  isotropic  when  the 
constituents  are  linear  elastic  but  the  hexagonal  array  has  a 
weak  deviation  from  transverse  isotropy  when  the  matnx 
exhibits  a  nonlinear  stress  strain  relation  (Jansson,  19901. 
The  deviation  is  most  pronounced  for  a  perfecily-piastic 


matnx.  The  transverse  loading  have  been  simulated  by  loading 
the  array  in  the  1 -direction.  This  loading  does  no:  activate  vug 
on  pianes  that  are  unconstrained  by  the  fibers  and  give- 
reasonable  results  It  also  gives  the  correct  hm:t  strew  tor  the 
SCSb/Ti  composite  because  the  matrix  area  traction  on  the 
fracture  surface  and  the  weakest  cross-section  ot  the  array  are 
close  A  loading  in  the  T -direction  gives  a  Sc.wei  «mt  strew 

The  governing  boundary  value  problem  for  the  effective 
properties  of  the  unit  cell  is  two  dimensional  and  has  been 

solved  with  the  Finite  Element  method  by  using  ABAQIS 
finite  element  program  (1988].  A  10  node  biquadratic 
quadr.late  generalized  plane  strain  element  with  reduced 
integration  was  used  to  avoid  locking  The  considered  loading 
of  the  unit  cell.  Fig.  3.  is  symmetric  with  respect  to  y ;  and  y  ; 
axis.  This  implies  that  only  an  eighih  of  the  indicated  unit  cell 
in  Fig.  3  needs  to  be  analyzed.  The  boundary  conditions  for 
different  loadings  are  given  in  the  referencef  Jansson.  1990]. 
In  the  calculations,  the  fibers  are  assumed  to  be  linear  elastic 
and  the  matnx  behavior  is  modelled  by  a  small  strain  Jn  plasnc 
theory.  The  interface  of  the  FP/A1  is  sufficiently  strong  to 
assume  displacement  continuity  across  the  interface,  whereas 
the  interface  of  SCS6/Ti  matnx  is  weak  and  interface 
displacement  continuity  can  not  be  assumed.  The  interface 
was  modelled  by  assuming  that  it  is  fnctionless  and  can  just 
transfer  normal  compressive  tractions. 

The  elastic  properties  of  the  FP  fiber  and  aluminum  matnx 
are  readily  available  from  the  literature  However,  the  Pow 
properties  of  the  Al-Li  matnx  alloy  are  strongly  dependent  on 
histones  of  heat  treatment  and  cold-working  (Stark  ei  al . 
1981.  and  Sakui  and  Tamura,  1969]  Details  of  the 
processing  of  the  composite  and  of  any  post  heat  treatments 
are  not  available  and  the  Pow  properties  of  the  Al  matnx  could 
not  be  determined  from  the  literature  Those  were  determined 
by  fitting  the  calculated  response  to  the  inplane  shear  stress- 
strain  curvefiansson  and  Leckie.  1991b]  The  matnx 
propemes  obtained  could  be  used  to  predict  accurate  stress- 
strain  relationships  for  the  other  loading  states  The  matnx 
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F:g  •* Transverse  stress-stum  curve  tor  SCS6.T1  15? 
computed  vs  Experimental  resuits 


properties  of  the  SCS6/Ti  composite  were  determined  by 
performing  tests  on  a  foil  extracted  from  the  composite. 

The  residual  stresses  induced  during  processing  strongly 
affect  the  stress  strain  characteristics  of  the  SCSft/Ti  composite 
and  have  to  be  included  in  the  analysis.  The  stress  field  has  a 
compressive  component  across  the  fiber  matrix  interface 
which  inhibits  the  onset  of  debond  when  the  composite  is 
subjected  to  transverse  tensile  loading.  The  residual  stresses 
induced  during  the  fabrication  was  modelled  by  letting  the 
composite  be  stress  free  at  the  consolidation  temperature.  The 
residual  stresses  build  up  during  subsequent  cooldown  and  are 
dominated  by  the  thermal  mismatch  and  the  temperature 
dependent  yield  stress.  Although  the  consolidation  was  done 
at  approximately  900°C  the  strength  of  the  Ti  alloy  is 
considerably  smaller  at  temperatures  higher  than  600°C  and 
the  major  portion  of  the  residual  stress  is  built  up  below 
600°C.  For  the  purpose  of  computation,  it  was  found  to  be 
sufficient  to  use  the  temperature  dependence  of  the  matrix  as 
shown  in  Fig.  5  and  the  properties  of  the  SCS6  fiber  and  Ti 
matrix  are  given  earlier. 

The  calculated  transverse  stress  strain  relationship  ,  using 
the  interface  conditions  and  the  residual  stress  state  given 
above  ,  is  shown  in  Fig.  4.  The  calculations  predict  that 
debonding  occurs  when  the  stress  is  about  160  MPa.  The 
maximum  attainable  transverse  stress  is  about  410  MPa  and 
this  is  43%  of  the  matrix  strength.  This  reduction  is  a 
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consequence  of  debonding  that  reduces  the  effective  load 
carrying  area  of  the  composite.  The  stress  strain  predictions 
using  the  fiber  and  matrix  properties  described  above  agree 
well  with  the  experimental  observations  which  gives 
confidence  in  the  use  of  the  calculation  results  for  the 
interpretation  of  micro-mechanical  phenomena. 


4.  FAILURE  DUCTILITY 

Micrographic  observations  [Jansson  et  al.  1991a. 
Jansson  and  Leckie,  1991b]  suggests  that  failure  is  due  to 
ductile  fracture  accompanied  by  void  growth  in  both  the 
aluminum  and  titanium  matrices.  It  is  known  for  Al-Li  [Pilling 
and  Ridley.  1986]  that  the  ductile  failure  is  the  result  of  void 
nucleation  and  growth  from  small  particles. 


The  computations  show  that  the  stiff  fibers  cause 
constrained  multiaxial  stress  fields  to  build  up  in  the  matrix.  In 
the  studies  of  Hancock  and  Mackenzie  [1976]  it  is  suggested 
that  when  the  failure  is  the  result  of  void  nucleation  and 
growth  the  effective  plastic  strain  at  failure  for  multiaxial 
stress  states  has  the  form 


ef  =  I.65e0exp 


1  <7kk 

2  5 


(1) 


where  e0  is  the  plastic  component  of  uniaxial  failure  strain  of 
the  matnx.  is  the  sum  of  the  principal  stresses  and  a  is 
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the  effective  stress.  The  result  is  based  on  the  void  growth 
mechanism  suggested  by  Rice  and  Tracey  [1969],  The  plastic 
component  of  uniaxial  failure  strain  for  Al-Li  was  reported  to 
be  approximately  0.3  (Sakui  and  Tamura,  1969)  and  that  for 
a  foil  of  Ti  alloy  was  found  from  Fig. 2  to  be  0.02  . 

For  a  time  dependent  stress  state  the  void  growth  rate  has 
to  be  integrated  over  the  history  and  the  failure  strain  is  then 
given  by  the  condition 


where  D=1  at  e=  .  The  variable  D  here  will  be  used  as 
a  damage  variable  since  it  is  equal  to  zero  for  a  virgin  material 
and  approaches  unity  when  the  material  has  lost  its  load 
carrying  capacity. 

The  spatial  stress  and  strain  distributions  in  the  matrix  for 
the  FP/A1  system  are  shown  in  Figures  6a-c  for  a  global 
transverse  strain  of  1%  .  The  plastic  zones  are  fully  developed 
at  this  strain.  High  hydrostatic  stresses.  Fig.  6a,  develop  near 
the  fiber  matrix  interface  at  approximately  30°  to  the  direction 
of  tensile  stressfy^  direction  in  Fig.3).  A  relatively  high 
hydrostatic  stress  is  also  present  between  the  fibers,  away 
from  the  interface  and  close  to  the  axis  of  stress.  The 
distribution  of  the  effective  stress.  Fig.  6b,  is  more  uniform 
and  has  a  high  value  at  the  location  of  the  high  hydrostatic 
stress  component.  The  effective  plastic  strain,  Fig.  6c,  attains 
its  highest  value  at  the  interface  approximately  50°  to  the  y  j 
axis.  It  is  relatively  low  at  the  location  of  the  highest 
hydrostatic  stress. 

The  stress  and  strain  distributions  for  SCS6/Ti  system  are 
shown  in  Figs.  7a-c  for  a  global  strain  of  1  %  .  In  contrast  to 
the  FP/A1  system  the  highest  hydrostatic  stress  here  is  in  the 
matrix  ligament  between  the  fibers  at  90°  to  the  axis. 
During  the  loading,  the  interface  debonds  and  opens  up  at  the 
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Fig  6  Stress  and  Strain  distributions  m  the  matrix  for  FP/Ai 
at  -  l* 
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SCS6/T1  at  e  u  -  1% 


Vj  axis  and  the  ligaments  between  the  fibers  carry  the  load 
The  fibers  remain  in  contact  with  the  matrix  ligament  since  the 
transverse  contraction  of  the  matrix  is  higher  than  that  ot  the 
fibers,  and  this  reduces  the  hydrostatic  stresses  close  to  tne 
interface.  The  effective  siress.  Fig.  7b.  vanes  more  ihan  for 
the  FP/Al  system  and  has  the  highest  value  in  the  ligamem 
close  to  the  slipping  interface.  However,  the  high 
concentration  is  confined  to  a  very  small  region,  it  has  been 
observed  that  shp-bands  are  initiated  at  this  location [jansson  et 
aJ .  1991a). 

The  dismbution  of  the  damage  parameter  D.  defined  by 
equation  (2),  is  shown  in  Fig.  8a  for  the  FP/Al  system  and  in 
Fig. 8b  for  the  SCS6/Ti  system  fora  global  strain  of  1  fr.  This 
strain  is  close  to  the  observed  failure  strains  of  0.89i-  and 
1.2T  for  the  two  systems  respectively  The  region  with  a 
high  damage  is  relatively  small  for  the  FP/Al  system  and  is 
confined  to  a  band  in  the  middle  between  the  fibers  away 
from  the  interface.  This  explains  why  the  fracture  surface 
observed  is  covered  with  the  matrix  and  no  bare  fibers  arc 
visible.  During  the  loading,  the  load  canying  capacity  of  the 
matrix  is  first  lost  at  the  small  region  with  the  high  damage. 
This  local  loss  of  load  canying  capacity  is  sufficient  to  trigger 
a  global  instability  with  a  shear  fracture  in  the  orientation 
indicated  by  the  damage  zone. 


Fig  8  as  Distribution  of  Damage  variable  D  in  the  maim  for 
FP/Al  at  eh  -  I* 
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■  1  0  <D 

B  0  9  <D<  l.o 

□  C  8  <  D  <  0  9 

□  05  <  D  <  08 

□  00  <D<  0.5 

Magnification  factor  for  displacement  is  6  5 

Fig  8  b>  Distnbunon  of  Damage  variable  D  in  the  matr.x.  for 
SCS&Ti  a tcn*rt. 

For  the  SCS6/Ti  system  the  region  with  a  high  damage  is 
localized  to  the  matrix  ligament  between  the  fibers.  Fracto- 
graphical  observations  [Jansson  et  al.  1991a)  also  supports 
the  result  that  the  ductile  fracture  is  localized  to  planes  in  the 
ligaments  within  the  portion  that  has  a  sliding  contact  with  the 
fiber. 

CONCLUSIONS 

Ttie  strength  of  the  matrix-fiber  interface  has  a  pronounced 
effect  on  the  transverse  properties  of  metal-matrix  composites. 

In  the  case  of  a  strong  bond  with  FP  aluminum  as  an  example, 
the  transverse  strength  is  30 %  greater  than  the  matrix  strength. 
This  increase  of  stress  is  the  consequence  of  the  hydrostatic 
stresses  developed  in  the  matrix.  However,  the  beneficial 
influence  of  the  hydrostatic  stress  in  increasing  the  strength  of 
the  matrix  also  has  the  dramatic  effect  in  reducing  the  30% 
ductility  of  the  matrix  by  a  factor  of  40  to  the  0.8%  failure 
strain  observed  in  the  composite. 

The  weak  interface  of  the  SCS6/Ti-15-3  composite  results 
in  a  transverse  composite  strength  which  is  less  than  half  of 
the  matrix  strength.  However,  the  effect  of  the  smaller 
hydrostatic  stress  in  the  matrix  means  that  the  2.8%  failure 


strain  of  the  matrix  is  reduced  only  to  i  2%  failure  strain  •>> 
the  composite. 

The  proposed  failure  criterion  of  equation  dim  conjunction 
with  finite  element  calculations  performed  gives  an  estimate  or 
transverse  strain  to  failure  of  ihe  composite  m  terms  01  me 
matrix  failure  strain  and  the  fiber, 'matrix  interface  condition 
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Abstract:  Fiber  pull-out  is  one  of  the  fracture  features  of  fiber  reinforced  ceramic  matrix 
composites.  The  onset  of  this  mechanism  is  predicted  by  using  Continuum  Damage 
Mechanics,  and  corresponds  to  a  localization  of  the  deformations.  After  deriving  two 
damage  models  from  a  uniaxial  bundle  approach,  different  configurations  are  analyzed 
through  numerical  methods.  For  one  model  some  very  simple  criteria  can  be  derived, 
whereas  for  the  second  one  none  of  these  criteria  can  be  derived  and  the  general  criterion 
of  localization  must  be  used 
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1.  Introduction 


Ceramic  Matrix  Composites  (CMC’s)  can  either  be  reinforced  by  fibers  in  one  direction  or 
by  fibers  in  two  directions.  The  aim  of  this  paper  is  to  study  composites  reinforced  with  fibers  in 
two  perpendicular  directions  by  extending  a  previous  study  on  CMC’s  with  fibers  in  one  direction 
(Hild  et  al.,  1992). 

The  rupture  of  most  of  the  CMC's  involves  two  separate  failure  mechanisms.  The  first 
mechanism  is  matrix  cracking.  The  matrix  cracks  develop  and  their  density  saturates  as  the  load 
level  increases.  The  second  mechanism  is  fiber  breakage  accompanied  with  fiber  pull-out. 
Enventually,  the  final  rupture  will  take  place  around  one  of  the  matrix  cracks:  it  correponds  to 
localized  fiber  pull-out  due  to  fiber  breakage.  The  occurrence  of  this  mechanism  corresponds  to 
the  appearance  of  a  macro-crack  and  will  be  described  by  a  localization  of  the  deformations.  The 
initiadon  of  macro-cracks  in  a  structure  during  service  often  consdtutes  the  early  stage  of  the  final 
failure  of  the  structure.  Starring  from  a  material  that  is  assumed  free  from  any  initial  defect,  the 
initiation  of  macro-cracks  can  be  predicted  using  Continuum  Damage  Mechanics.  The  driving 
force  is  fiber  breakage,  which  is  accompanied  by  distributed  pull-out.  The  approach  using 
localization  has  successfully  been  used  for  ductile  materials  (Billardon  and  Doghri,  1989a,b; 
Doghri,  1989).  The  initiation  stage  is  considered  as  the  onset  of  a  surface  across  which  thr  velocity 
gradient  is  discontinuous.  Under  small  deformation  assumptions,  this  phenomenon  is  mainly 
driven  by  the  damage  mechanism  that  causes  strain-softening.  For  CMC's,  the  damage  mechanism 
is  related  to  fiber  breakage,  and  the  damage  variable  describes  the  percentage  of  broken  fibers  (Hild 
et  al.,  1992). 

Although  localization  can  be  studied  at  the  scale  of  fibers  bonded  to  a  matrix  through  an 
interface  (Benailal  et  al.,  1991a),  i.e.  at  a  micro-level,  localization  also  can  be  analyzed  at  a  meso- 
level,  when  the  material  is  assumed  to  be  homogeneous.  Continuum  Damage  Mechanics,  which 
represents  a  local  approach  to  fracture  (Benailal  et  al.,  1991b),  constitutes  an  efficient  tool  for  this 
purpose.  The  progressive  deterioration  of  the  material  is  modeled  by  internal  variables  defined  at 
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the  meso-level.  These  variables  are  called  damage  variables.  The  damage  state  and  the  evolution  of 
these  variables  is  obtained  through  a  uniaxial  study  based  on  fiber  breakage  (Coleman,  1958;  Curtin 
1991).  A  2-D  plane  stress  analysis  is  performed  based  on  an  extended  model.  The  loss  of 
uniqueness  and  the  localization  are  studied  for  shear  free  states.  A  criterion  referring  to  a  critical 
value  of  the  damage  or  to  a  maximum  normal  stress  can  describe  the  localization,  which  constitutes 
an  objective  criterion,  from  a  design  point  of  view. 

2.  Localization  and  Loss  of  Uniqueness 

The  failure  at  a  meso-level,  with  the  initiation  of  a  macro-crack,  is  defined  as  the  bifurcation 
of  the  rate  problem  in  certain  modes,  viz.  the  appearance  of  a  surface  across  which  the  velocity 
gradient  is  discontinuous  (Billardon  and  Dogh;.,  1989a).  This  phenomenon  is  referred  to  as 
localization,  and  corresponds  to  the  failure  of  the  ellipticity  condition.  The  condition  of  localization 
can  also  be  compared  to  the  loss  of  uniqueness  of  the  rate  problem. 

Stationary  waves  were  studied  by  Hadamard  (1903)  in  elasticity,  by  Hill  (1962)  and  Mandel 
(1962)  in  elasto-plasticity.  Rice  (1976)  related  the  localization  of  plastic  shear  bands  to  jumps  of 
the  velocity  gradient.  Borre  and  Maier  (1989)  have  given  necessary  and  sufficient  conditions  for 
the  onset  of  modes  inside  the  body,  who  extended  the  results  given  by  Rice  (1976)  and  Rice  and 
Rudnicki  (1975,  1980). 

Under  small  strain  assumption  and  in  elasticity  coupled  with  damage,  the  behavior  of  a 
material  is  assumed  to  be  described  by  the  following  piece-wise  linear  rate  constitutive  law 


<  E  :  £  if  D  =  0 
.  K  :  £  if  D  *0 


(1) 
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where  C  and  S  respectively  denote  the  stress  and  strain  rates,  3  and  M  are  fourth  rank  tensors,  -  is 
assumed  to  be  positive  definite,  and  D  is  either  a  single  damage  variable  or  a  set  of  damage 
variables. 

Localization  occurs  inside  the  body,  if  and  only  if  (Rudnicki  and  Rice,  1975:  Borre  and  Nlaier, 
1989;  Benallal  et  al„  1991a) 

Det  (n.K.n)  =  0  for  a  vector  n*0  and  at  a  point  inside  a  structure  Q  (2) 

This  criterion  corresponds  to  the  failure  of  the  ellipticiry  condition  of  the  rate  equilibrium  equation; 
it  also  can  be  used  as  an  indicator  of  the  local  failure  of  the  material,  at  a  meso- scale  (Billardon  and 
Doghri,  1989a). 

Furthermore,  any  loss  of  uniqueness,  considered  as  bifurcation  of  the  rate  boundary  value 
problem,  is  excluded  provided 


6:  E>0 


(3) 


In  this  study,  the  quantity  that  defines  loss  of  uniqueness  and  localization  is  the  linear  tangent 
modulus  H.  In  the  following,  we  analyze  loss  of  uniqueness  and  loss  of  ellipticity  (i.e.  localization) 
for  states  when 


|en  =  a£22 
1  £12  =  0 


(4) 


The  parameter  a  is  referred  to  as  the  strain  ratio  and  its  inverse  is  denoted  by  j3.  These  particular 
states  only  are  considered.  When  the  hypothesis  of  Eqn.  (4)  is  satisfied,  the  non-vanishing 
components  of  the  vector  n  are  nj  and  n2,  and  the  matrix  A  =  n.?I.n  reduces  to  (Ortiz  et  al.,  1987) 
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A  = 


(5) 


niHim+nffll2I2  nin2(Hi212+Hn22) 


'y  2  T 

nin2(Hi2i2+H221l)  n5'Hi2i2+n2^2222 


If  we  rewrite  (ni,n2)  =  (cos0,sin0),  X  =  tan20,  then  the  localization  condition  is  equivalent  to  finding 
real  positive  roots  of  the  following  equation 

aX2  +  bX  +  c  =  1  (6) 


with 


a  =  H1212H2222 

b  =  H1111H2222-H1122H22II  -Hii22Hi212“H221lHi2l2  0) 

c  =  H1212H1111 

If  real  positive  roots  are  found,  then  the  localization  direction  is  perpendicular  to  the  ve  tor 
(nj,n2,0)  =  (cor0,sm0,O),  characterized  by  the  angle  0  (Fig.  1).  The  values  of  Him,  H2222.  H1122. 
H2211  and  H1212  are  model  dependent  anl  specific  models  arc  now  developed. 

3.  Constitutive  Law*: 

This  section  is  concerned  with  the  development  of  two  constitutive  laws  in  the  case  of 
CMC’s  reinforced  in  two  perpendicular  directions.  At  constant  temperature,  the  behavior  of  a 
CMC  reinforced  by  unidirectional  fibers  in  the  X2-direction  (see  Fig.  1".  can  be  characterized  by  the 
Helmholtz  free  energy  density  ^2.  which  is  a  function  of  the  state  variables  £]  1,  £22,  £12*  and  the 
damage  variable  D2  in  the  x^-dirc-tion 
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PV2  =  pV|/(£ii,£22.£l2.D2«f2.k2) 


(8i 


where  D2  represents  the  fibeT  degradation  in  the  x2-direcnon,  E2  the  Young’s  modulus  in  the 
X2-direction,  Vj2  the  Poisson’s  ratio,  k2  the  ratio  of  the  Young's  modulus  in  the  fiber  direction  ( E2 ) 
to  the  Young’s  modulus  in  the  transverse  direction  (Et),  and  G12  the  shear  modulus.  It  is  worth 
noting  that  the  elastic  quantities  depend  on  the  volume  fraction  of  fibers.  The  expression  for  the 
general  Helmholtz  free  energy  density  y  is  given  by 


p\y(x,y?z,d,fk) 


E2(f) 

2 


x-  +  2vt2ki  l-d)xy  +  kv2 
k  {  l-Vj22k(l-d)} 


+  2Gi2z2 


(9) 


where  p  is  the  material  density,  x,y,z  are  dummy  variables  representing  strains,  d  damage,  f  volume 
fraction,  and  k  Young's  moduli  ratio.  The  stresses  and  the  thermodynamic  force  Y2  associated  to  the 
damage  variable  D2  are  derived  from  the  Helmholtz  free  energy  density  X4/2  as  follows 


On  =p 


d¥2 

3£j1 


chl/2 

022  ~  P  9£22 
v .  n  ^2 
Y2-P9D2 


2Gl2  =  p 


9vj/2 

9£i2 


GO) 


The  explicit  expressions  for  the  stresses  related  to  the  strains  and  the  damage  variable  modeling  the 
fiber  degradation  in  the  X2-direction  are  given  by 


On 


E2 

k2[l-V122(l-D2)k2J 


(El  l+Vi2(l-D2)k2£22] 


G22  = 


E2(I-D2) 

1-V122(l-D2)k2 


(e22+Vi2£n) 


O12  =  2G]2£i2 


(11) 
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The  damage  state  of  fibers  in  the  xo-direction,  D2  can  be  related  to  the  stress  (and  is  denoted 
bv  D(->1))  or  strain  state  (and  is  denoted  by  D^).  The  relationship  is  either  implicit  in  terms  of  the 

normal  stress  in  the  X2*direction  (model  #1) 


D  ^  =  1-  exp 


’ 

G22 

m+1 

—  - 

(l-D(21))f2Gc 

if  £22  >  0  and  £ 22  >  0 


(12) 


where  m  is  the  shape  parameter  of  a  Weibull  law  (Weibull,  1939),  Gc  the  characteristic  strength 
(Henstenburg  and  Phoenix,  1989),  and  f2  is  the  volume  fraction  of  fibers  in  the  x2-direcuon;  or 
explicit  in  terms  of  the  normal  strain  in  the  X2-direcdon  (model  #2) 


1-exri 


f£22l 

m+1 

.  UJ 

if  £22  >  0  and  £22  >  0 


(13) 


where  £c  is  related  to  the  characteristic  strength  Oc  by  Gc  =  Ep  £c  (Ef  is  the  Young’s  modulus  of 
the  fibers).  Both  models  describe  the  same  material  behavior  when  subjected  to  uniaxial  tension. 
However  the  models  give  different  predictions  for  multiaxial  loading  states  (Hild  et  al.,  1992).  It  is 
worth  noting  that  the  damage  evolution  laws  are  a  priori  independent  of  the  volume,  since  we 
assume  that  the  local  behavior  of  the  fiber  degradation  is  not  dependent  on  the  total  length  of  the 
fiber  (Curtin,  1991).  This  type  of  behavior  is  observed  when  distributed  pull-out  happens  in 
conjunction  with  fiber  breakage,  and  it  can  be  shown  that  in  most  practical  cases,  the  statisocs 
driving  the  fiber  breakage  is  independent  of  the  total  length  of  the  composite.  On  the  other  hand,  if 
the  composite  length  becomes  very  small,  a  length  dependence  is  found  again,  and  in  this  case  the 
evolution  of  the  damage  variable  is  mainly  given  by  a  fiber-bundle-type  of  behavior,  whicn  leads  to 
replacing  m+1  by  m,  the  characteristic  strength  Gc  by  Oo  (I7Lo)1/m,  where  Go  is  the  scale  parameter 
of  a  Weibull  law,  and  the  scale  strair  by  £0  (IVLo)1/m  1  where  Lp  is  the  gauge  length  at  which  the 
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scale  parameter  has  been  identified,  and  Gq  =  Ep  £<3.  Since  the  results  are  the  same  for  both  damage 
evolution  laws  when  the  previous  permutation  is  used,  we  wall  just  express  them  in  the  case  when 
the  model  is  length  independent,  which  is  the  most  relevant  in  practice. 

If  the  fibers  are  in  the  xj-direction  then  the  breakage  can  be  modeled  by  a  damage  variable 
denoted  by  Dj.  Using  Eqn.  (9),  the  Helmholtz  free  energy  density  p\yj  is  given  by 

p\j/j  =p\|/(£22,eii,£i2X>i,fiJci)  (14) 


If  the  fibers  are  in  both  xj-  and  X2-direcdons,  then  we  assume  as  a  first  approximation  that 
the  total  specific  Helmholtz  free  energy  pyj2  is  given  by  a  law  of  mixture  of  the  Helmholtz  free 
energy  densities  in  the  xi-  and  in  the  X2-directions 

PV12  =  (l-f)PVi  +  fpV2  (15) 


where  f  is  the  fraction  of  fibers  in  the  x2*direction  (f=f2/(fi+f2).  and  where  fi  and  f2  are  the  volume 
fraction  of  fibers  in  the  xj-  and  x2-direction,  respectively).  This  assumption  also  corresponds  to  a 
Lin-Taylor  Hypothesis.  The  evolution  of  the  stresses  is  given  by 


an  =  p 
022  =  P 
012  =  p 


chgi2 

9£ii 

dVl2 

^£22 

d¥l2 

0£l2 


=  c  1 — OS  1 1  +  fS  12 
=  (I-OS21  +  fi>22 
=  2Gi2El2 


(16) 


where  the  explicit  expression  for  Sjj  is  given  in  appendix  1 ,  and  the  corresponding  thermodynamic 
forces  associated  to  the  two  independent  damage  variables  Dj  and  D2  are 
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1 17) 


Yl  =p'5Df  =  (1_f)p3Dl 
v  dVj 2  _  <^V2 

Y  2  ~  p  "507  " f p  55^ 


Again,  the  evolution  of  the  damage  variables  can  either  be  implicit  in  terms  of  the  respective  normal 
stresses  (model  #1) 


D(jr)  =  1-  exp 


D(2}=  1-exp 


an 

m+l 

““  4 

(1-dVViOc 

» 

” 

022 

m+l 

—  1 

(i-D(21))f2ac 

► 

if  En  >  0  and  £u  >  0 


if  £22  >  0  and  £22  >  0 


(18) 


or  explicit  in  terms  of  the  respective  normal  strains  (model  #2) 


D(,2)  *  1-  exp 


=  I-  exp| 


fei  0m+1 

l*cj  . 

1 - 

+ 

E 

<N 

wl 

1*1  J 

if  £11  >0  and  En  >0 
if  £22  >  0  and  £22  >  0 


(19) 


It  is  worth  noting  that  we  assume  that  the  statistical  properties  of  the  fibers  are  supposed  to  be 
identical  in  both  directions.  This  hypothesis  will  be  maintained  throughout  the  paper  since 
generalization  would  be  straightforward.  Both  models  are  studied  for  shear  free  states  when  the 
strain  ratio  a  (see  Eqn.  (4)),  and  thus  its  inverse  (3  are  given. 

3.1.  Failure  Criteria  for  Model  #1 

For  model  #1,  the  evolution  of  the  damage  variables  is  implicit  in  the  sense  that 
(respectively  D^)  is  a  function  of  the  normal  stress  On  (respectively  O22)  and  the  damage  variable 
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D',1 1  (respectively  D1^)  itself.  The  evolution  is  therefore  computed  by  a  numerical  scheme  based 

upon  a  Newton  method.  To  study  localization  and  loss  of  uniqueness,  we  need  to  compute  the 
tangent  operator,  which  takes  the  following  form 


H  -  td-OFn  +  fF  12]  (1  +  IT52F72)  -  fF2;F72  [(1— QFai  +  fFaq] 

1111  "  [1  +fF2iF72](l  +fF52F72)-f(l-OF22F72F5lF71 

,  _  [d-nF6l  +  fF62]  [1  ±  (l-nF2iF7i]  ~  ( 1— OF51F71  [(1-QF41  +  fF42] 

[I  +  fF2lF?2  J(  1  +  FF52F72)  ~  f(l~OF22F72F5lF7i 

TI  [(I-OF41  +  fF42]  (1  +  fTs2F72)  -  fF22F72  [(1— OF^l  +  fF62) 

Hi  122  — - - - 

[1  +  fF2iF72  ](1  +  fF52F72)  ~  f(l-f)F22F72F5iF7] 

KI-OF41  +  FF42)  {1  +  O-OF21F71]  -  (I-OF51F71  [(1-OFn  +  fF12] 

H2211  =  - - 

[1  +  fF2iF72  J(1  +  fF52F72)  -  f(l~OF22F72F5lF7l 

H1212  =  2Gi2 


where  the  explicit  expressions  for  F,j  are  given  in  appendix  2. 

The  loss  of  uniqueness  and  localization  are  investigated  when  the  fiber  fraction  f  and  the 
strain  ratio  a  vary.  Although  analytical  results  cannot  be  derived  from  criterion  (2)  in  the  general 
case,  some  simple  results  can  be  found  when  f  is  equal  to  0  or  1.  In  these  cases,  the  criteria  derived 
by  Hild  et  al.  (1992)  apply.  If  f  is  equal  to  0  (fibers  only  in  the  xi -direction),  then  localization  and 
loss  of  uniqueness  occur  at  the  same  load  level  when 

=  Dc=  1-exp 

/  .  ^l/(m+l) 

cn-Om-fiOc^ijj)  01) 

y’-y'-S^57 


where  the  stress  <7ui  corresponds  to  the  ultimate  tensile  strength  in  the  X]-direcuon.  It  is  worth 
noting  that  the  three  previous  criteria  are  easier  to  compute  than  the  general  criterion  (2).  The 
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direction  of  localization  is  0  =  0°,  i.e.,  a  localization  surface  perpendicular  to  the  fiber  direction  .  If  f 
is  equal  to  1,  the  same  kind  of  result  apply  and  the  direction  of  localization  is  0  =  90°,  i.e.,  a 
localization  surface  again  perpendicular  to  the  fiber  direction  .  When  f*0  and  f*l,  these  results 
cannot  be  proved.  However  the  computations  show  that  loss  of  uniqueness  and  localization  can  be 
described  very  accurately  by  the  two  following  criteria 


MaxfD^D^)  =  Dc  = 


1-  exp 


f- 1 

jn+1 


\ 

/ 


Gu=Oui  or  022  =  002 


(22) 

(23) 


when  the  fiber  properties  arc  the  same  in  the  two  directions.  The  maximum  error  is  .5%  in  terms  of 
criteria  (22),  and  (23). 

Criterion  (22)  shows  that  for  model  #1,  maximum  damage  at  localization  depends  only  on 
the  Weibull  exponent  of  the  fibers.  Furthermore,  criterion  (23)  shows  that  the  maximum  normal 
stress  0ii  (respectively  022)  depends  only  on  the  volume  fraction  of  fibers  in  the  xi-  (respectively 
X2-)  direction  and  on  the  fiber  characteristics.  This  result  is  consistent  with  some  experimental 
observations  on  woven  carbon  matrix  composites  reinforced  with  SiC  (Nicalon)  fibers  (Heredia  et 
al.,  1992).  On  the  other  hand,  the  localization  angle  is  dependent  on  the  fiber  percentage  f  (see  Fig. 
2).  When  the  fiber  percentage  f  and  the  sign  of  the  strains  £11  and  £22  are  constant,  the  variation  cf 
the  localization  angle  is  due  to  the  fact  that  the  maximum  tensile  stress  is  either  reached  in  the  xj-  or 
in  the  X2-direction. 

Moreover,  if  the  strain  ratio  a  is  different  from  0  and  1  then  there  is  a  complete  symmetry 
of  the  results.  If  the  strain  ratio  a,  the  strains  £n  and  £22  are  positive,  changing  a  into  p,  f2  into  fj, 
changes  f  into  1— f,  and  alters  the  absolute  value  of  the  localization  angle  101  into  n/2  -  101  and  keeps 
the  maximum  stresses  and  damage  levels  constant.  These  two  properties  are  referred  to  as 
symmetry  properties,  and  are  mainly  due  to  the  features  of  Eqns.  (4),  (8),  (14)  and  (15). 

When  the  strain  ratio  a  is  equal  to  1  and  the  fiber  percentage  f  is  equal  to  .5,  the  localization 
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angle  is  undetermined.  This  is  due  to  the  vanishing  of  the  three  constants  a,  b,  and  c  in  Eqn.  (6),  for 

Him  =  Hi 1 22  =  H2211  =  H2222  =  0-  Any  value  of  the  angle  0  satisfies  Eqn  (6).  This 

phenomenon  can  be  observed  when  the  fiber  percentage  f  is  different  from  1 :  if  Oj  1  =  Cuj  and  O22 
=  Gu2  simultaneously,  then  =  D ^  =  Dc,  and  Hun  =  Hu22  =  H22 1 1  =  H2222  =  0-  This 

particular  result  shows  that  in  terms  of  this  model,  for  a  given  strain  ratio  a,  it  is  possible  to 
optimize  locally  a  CMC  reinforced  by  fibers  in  two  perpendicular  directions.  Indeed,  in  terms  of 
fiber  breakage,  a  condition  On  =  Oui  and  O22  =  (Ju2  leads  to  an  optimum  of  the  fiber  behavior  in 
both  directions. 

Model  #1  constitutes  a  straightforward  generalization  of  the  fiber  bundle  models  studied  by 
Krajcinovic  and  Silva  (1982),  and  Hult  and  Travnicek  (1983).  Finally,  a  shear  stress  has  no 
influence  on  all  the  previous  results  since  we  assumed  no  coupling  between  the  damage  variables 
and  the  shear  strain  or  stress  for  both  model  #1  and  #2. 

3.2.  Study  of  Localization  with  Model  #2 

For  model  #2,  the  evolution  of  the  damage  variables  is  explicit  and  therefore  is  easier  to 
compute.  The  tangent  operator  takes  the  form 

Hull  =  (1— 0(Fi  1—  F21  F31)  +  fF  1 2 

H2222  =  (1-QF62  +  f(F42~  F52  F32) 

Hi  122  =  (I-OF41  +  f(F42~  F22  F32)  (24) 

H2211  =  (l-f)(F4i-  F21  F31)  +  fF42 
H1212  =  2Gi2 

where  the  explicit  expressions  for  F;  are  given  in  appendix  2.  As  shown  in  the  case  of  fibers  in 
only  one  direction  (Hild  et  al.,  1992),  the  localization  criterion  cannot  be  described  by  some  simple 
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criteria  as  those  given  by  model  #1.  When  fibers  are  in  both  directions  the  iatter  results  are 
confirmed.  A  first  consequence  is  that  an  optimization  procedure  can  be  performed  since  the 
maximum  stress  at  localization,  and  the  maximum  damage  at  localization  are  dependent  on  both  the 
strain  ratio  a  and  on  the  fiber  percentage  f. 

Since  the  elastic  law  given  in  Eqns.  (16)  is  identical  for  both  models,  the  symmetry 
properties  apply  also  for  model  #2  (see  Figs.  3, 4,  and  5).  It  can  also  be  noticed  that  the  maximum 
stress  at  localization  varies  with  the  fiber  fraction  f  and  with  the  strain  ratio  oc. 

In  the  experiments  reported  by  Heredia  et  al.  (1992)  the  stress  at  localization  was  given  by 
the  ultimate  tensile  strength  corresponding  to  the  volume  fraction  of  fibers  in  the  same  direction. 
This  is  not  found  by  using  model  #2.  Indeed,  in  a  tensile  test,  when  fi  =  ii  =.5  the  maximum  stress 
022  normalized  by  the  ultimate  tensile  strength  Gu2  is  given  by  .63,  whereas  the  same  tensile  test 
when  fi  =  0  and  f2  =.5  would  give  a  normalized  tensile  strength  022/^2  equal  to  1.  On  the  other 
hand,  the  damage  at  localization  D2  normalized  by  the  critical  damage  Dc  is  equal  to  1.04  when  fi 
=.5  and  f2  =.5  and  is  equal  to  1.  when  fi  =  0  and  f2  =.5. 

It  is  too  early  to  draw  a  final  conclusion,  but  it  seems  that  the  predictions  of  model  #1 
correspond  more  to  reality  than  those  of  model  #2.  On  the  other  hand,  model  #2  turned  out  to  give 
results  very  close  to  model  #1  when  applied  to  structures  with  fibers  in  one  direction  (Hild  et  al., 
1992).  This  will  be  addressed  in  the  case  of  structures  with  fibers  in  two  perpendicular  directions 
such  as  spinning  discs. 

4.  Conclusions 

Using  a  one-dimensional  study  of  fiber  breakage  modeled  by  a  single  damage  variable,  two 
models  arc  derived.  Both  of  them  are  then  generalized  to  a  2-D  plane  stress  analysis,  with  fibers  in 
two  perpendicular  directions.  Whereas  model  #1  constitutes  a  straightforward  generalization  of  the 
elementary  study,  model  #2  exhibits  different  features.  Indeed,  loss  of  uniqueness  and  localization 
can  be  described  by  some  very  simple  criteria  referring  to  Continuum  Damage  Mechanics  for 

6/02/93  Localization  due  to  damage  in  two  direction  fiber  reinforced  composites  (revised  version)  14 


model  #1.  Conversely,  these  simple  criteria  do  not  apply  for  model  #2.  Physically,  model  #1  gives 
a  better  description  of  some  experimental  trends  observed  in  the  case  of  a  carbon  matrix  reinforced 
with  silicon  carbide  (Nicalon)  fibers  in  two  perpendicular  directions.  On  the  other  hand,  model  #2 
is  easier  to  compute,  and  when  applied  to  the  study  of  spinning  disc  with  fibers  in  one  direction,  it 
leads  to  load  levels  at  localization  of  the  same  order  of  magnitude  as  model  #1  (Hild  et  al,  1992). 

Lastly,  this  study  shows  that  the  localization  for  model  #1  can  be  described  by  using 
criterion  (23)  derived  from  the  general  criterion  of  localization  (2).  This  criterion  can  also  be  used 
for  a  computation  in  elasticity  and  may  turn  out  to  be  sufficient  in  first  approximation  to  predict 
load  levels  at  which  at  macro-crack  initiates,  instead  of  using  a  computation  in  elasticity  coupled 
with  damage.  This  work  is  still  in  progress  and  will  be  presented  in  a  subsequent  publication. 
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Appendix  2 
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Figure  Capfion 


Figure  1 :  Localization  mode. 

Figure  2:  Absolute  value  of  the  localization  angle  in  degrees  at  localization  for  model  #1 ,  the  main 
caption  of  the  axes  corresponds  to  the  case  where  f2  =  .5,  fj  =  .0,. 125, .333, .5,  and  the 
captions  in  brackets  correspond  to  the  cases  where  fj  =  .5,  (2  =  -0,.  125,.333,.5. 

Figure  3:  Normalized  maximum  stress  at  localization  for  model  #2,  the  main  caption  of  the  axes 
corresponds  to  the  case  where  f2  =  .5,  fi  =  .0,-125, .333, .5,  and  the  captions  in  brackets 
correspond  to  the  cases  when.  =  .5,  f2  =  .0,.  125, .333, .5. 

Figure  4:  Absolute  value  of  the  localization  angle  in  degrees  for  model  #2,  the  main  caption  of  the 
axes  corresponds  to  the  case  where  f2  =  .5,  fi  =  .0,.125,.333,.5,  and  the  captions  in  brackets 
correspond  to  the  cases  where  fj  =  .5, 12  =  0..125..333..5. 

Figure  5:  Maximum  normalized  damage  value  at  localization  (m=4.)  for  model  #2,  the  main  caption 
of  the  axes  corresponds  to  the  case  where  f2  =  .5,  fi  =  .0,.125,.333,.5,  and  the  captions  in 
brackets  correspond  to  the  cases  where  fi  =  .5,  f2  =  .0,.125,.333,.5. 
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ABSTRACT 

A  Nlcalon  TM/SiC  fabric  (8-harness  satin)  reinforced  alumina 
matrix  (CMC)  was  loaded  in  tension  to  fracture.  A  coating  on 
the  surface  of  the  fibre  reduced  the  strength  of  the  fibre- 
matrix  bond,  increased  the  fibre  pull-out  length  and  toughness 
of  the  CMC  by  more  than  3  times,  and  raised  the  unnotched 
strength. by  more  than  2  times. 

1.  INTRODUCTION 

The  development  of  ceramic-matrix  composites  (CMC)  for  general  engineering 
usage  must  address  the  Inherent  notch-sensitive  characteristics  for  which  most 
unreinforced  ceramic  materials  are  notorious.  For  most  polymeric  matrix 
composites  (PMC)  the  subject  of  notch  sensitivity  is  quite  well  understood  and 
characterized  (1).  With  the  more  rigid  matrix  of  CMC's  the  general  design 
approaches  must  not  be  too  strongly  influenced  by  PMC  experience  and  the 
possibility  of  closer  attention  to  the  microstructural  characteristics,  and 
particularly  the  fibre/matrix  interface,  is  required.  One  example  of  a 
potential  CMC-specific  design  criterion  is  the  importance  placed  on  limiting  the 
tensile  stress  or  strain  to  a  level  below  which  matrix  cracking  will  be 
precluded,  particularly  when  the  ambient  service  environment  degrades  the 
reinforcing  fibres. 

2.  MATERIALS 

For  a  preliminary  experimental  evaluation  specimens  of  a  Nlcalon  TM/SiC 
fabric  (8-harness  satin)  reinforced  alumina  matrix  CMC  was  obtained.  The  CMC 
was  produced  by  an  aluminium  oxide-based  slurry  process  wherein  the  ceramic 
fibre  fabric  is  drawn  through  a  matrix  bath  to  form  preimpregnated  layers. 
These  layers  are  stacked  and  heated  under  pressure  to  establish  a  well-bonded 
laminate  before  firing  to  the  finished  CMC  condition.  The  final  CMC  comprises 
typically  45%  fibre  volume  fraction  with  15-20%  void  fraction  (porosity).  In 
some  samples,  the  Nlcalon  fibres  were  coated  with  boron  nitride  (BN).  Specimens 
were  cut  from  four  plates  of  1.5  ns  nominal  thickness  using  a  conventional 
water-jet  system. 


Specimen  configurations  of  unnotched  and  notched  type 
illustrated  in  fig.  1  included  a  standard  "dogbone"  and  two  double  edge  notched 
(DEN)  geometries.  For  comparative  purposes,  a  tensile  specimen  containing  a 
central  hole  was  tested. 


25rrvn«*  K*»jSmrri  m  I  h— iSmm  »t 


(A)  Unnotch«3  (B)  Blunt  (C)  Sharp 

(Sianoaia  OogeoMi  Notcftad  Notepad 

Fi^.i  Specimen  Configurations 


In  the  experiments  nsile  loading  was  introduced  using  adhesively  bonded 
aluminium  end  tabs  ana  MTS  servohydraulic  universal  testing  machine  or  an 
Instron  servomechanical  machine.  Displacement  control  was  adopted  in  both  cases 
using  an  undamped  gauge  length  of  150  cm  and  an  actuator  velocity  of  0.05 
im/rnin.  Strain/displacement  measurement  was  recorded  by  centrally  mounted  10  mm 
clip  gauges.  Three  replicates  were  used  for  both  the  notched  and  unnotched 
specimen  configurations. 

3.  RESULTS 

Results  of  the  CMC  testing  are  presented  in  Table  1  and  Figure  2  and, 
despite  the  limited  data,  clearly  Indicate  the  superior  performance  of  the 
coated  fibre  system  relative  to  the  uncoated  system.  The  coating  essentially 
provides  a  reduced  fibre/matrix  bond  strength  shown  by  longer  fibre  pull-out 
lengths  (fig.  3).  A  similar  ratio  of  unnotched  to  notched  strength  for  the 
semicircular  notch  configuration  of  both  strengths  are  much  higher  for  the 

coated  fibre  condition.  Furthermore,  the  sharp  slit  notched  DEN  specimen 
results  indicate  no  significant  effect  of  notch  acuity  for  the  coated  fibre 
condition  (see  Table  1).  The  data  point  on  the  fig.  2  representing  a  ratio  of 
flaw  size-to-specimen  width  of  0.2  was  for  the  configuration  of  a  centrally 
located  open  hole.  Of  interest  here  is  the  location  of  the  data  points  relative 
to  the  notch-insensitive  and  ideally  notch- sensitive  curves.  Observe  that  the 
uncoated  CMC  specimens  with  the  slit  DEN  configuration  exhibit  classical  notch- 
sens!  tlvity. 
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Ail  specimens  tested  displayed  substantial  nonlinearity  in  stress/strain  (for  the  unnouhed 
condition)  and  stress/displacement  (tor  the  notched  condition)  but  post-failure 
examination  by  scanning  electron  microscopy  revealed  surface  roughness  with  extensive 
libre  pullout  for  the  coated  specimens  (fig.  3).  Failure  surfaces  for  the  uncoated  samples 
were  considerably  smoother  (fig.  3). 


I 


4.  DAMAGE  MECHANICS  AND  FRACTURE  TOUGHNESS 


A  further  point  of  interest  concerns  the  notch  tensile  strength  which,  for 
the  DF*  configuration  with  a  slit  (sharp)  notch  of  length  a.  Is  given  by  the 
equation  (assuming  isotropy): 


a  - -  (l) 

n 

2  a 

where  tbs  rtnite  specimen  width  correction  factor  Y^^  =  1.98  ♦  0.36  (-g— ) 

n  _  2  h  .  3 

-  2.12  (=^=-)  +  3.42  {—•)  and  Kc  =  Fracture  Toughness. 

f  2  a  2  a  2  1 

For  the  center  cracked  plate  (OCP) ,  Y^^p  =  1.77  I  1-0.1  ♦  (“jj— )  J 

2  a 

By  substituting  the  nominal  dimensions  of  the  D£3i  specimens,  l.e.  — j—  -  0.5,  we 
obtain; 

YDEN  =  2.06  and  Y^  =  2.12 

Finally,  by  adopting  the  simple  notch  tip  damage  zone  concept  of  macroscopic 
fracture  mechanics  Introduced  by  Waddoups,  Eisenmann,  and  Kaminski  (2)  and 
utilizing  the  preliminary  notched,  o  ,  and  unnotched  strength.  oq,  data  from 

Table  1: 


ffo*7=  •  °n =  - — 7=  w 

YDEN 

where  aQ  represents  the  dimension  related  to  the  size  of  the  notch  tip  damage 

zone  which  for  an  unnotched  sample  can  be  thought  of  as  equivalent  to  the 
"inherent"  flaw  size.  Next,  we  obtain 


(3) 

°  Yden  V*+“o  V  ° 

Hence,  a  value  of  *  1.17  n  is  implied. 

Using  equation  (2)  a  fracture  toughness  for  the  coated  CMC  material  is 
estimated  as: 

Kc  =  8.66  MPa  Vm  °^JED 


Following  a  similar  procedure  the  fracture  toughness  for  the  uncoated  CMC 
material  is  estimated  as: 


UNCOATED 


=  2.50  MPa  Vm 


with  a  value  of  a  *  0.54  mm. 
o 


Clearly,  further  research  is  required  to  substantiate  the  above  and  extend  the 
correlations  for  a  range  of  notch  sizes  and  configurations.  More  extensive 
microscopy  is  required  to  establish  reasons  for  the  shortfall  in  strength  of  the 
"uncoated"  fibre  laminate  which  is  suspected  to  be  due  to  fibre  damage  Incurred 
during  processing.  Thus,  an  opportunity  exits  here  for  material  enhancements 
through  improved  processing  techniques  and  to  further  investigate  fibre/matrix 
interface  phenomena. 

Some  of  our  exploratory  fatigue  testing  on  notched  specimens  with  coated 
fibres  at  cyclic  loads  corresponding  to  50%  and  80%  of  static  notched  strength 
suggested  that  residual  strengths  after  106  cycles  were  negligibly  different 
from  the  initial  static  strength.  More  extensive  research  is  lequired  before 
any  general  and  definitive  conclusions  can  be  drawn  on  this  subject  however. 
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1 .  INTRODUCTION 

The  high  strength/weight  ratio  and  thermal  conductivities  of  metal  matrix  composites 
are  properties  which  make  them  attractive  for  application  in  modem  components  for  which 
low  weight  and  good  thermal  efficiency  are  essential.  An  intrinsic  difficulty  in  establishing 
the  mechanics  of  these  materials  is  that  they  are  at  a  very  early  stage  of  their  development 
when  changes  in  their  manufacture  are  frequent  and  many.  As  a  consequence  the  amount 
of  material  available  for  comprehensive  testing  is  limited.  Furthermore,  the  test  specimens 
tend  to  be  small  and  have  high  strength  so  that  problems  associated  with  gripping  arc 
considerable.  Consequently,  the  mechanics  describing  the  behavior  of  metal  matrix 
composites  must  be  achieved  with  only  very  little  information.  However,  the  recent 
advances  in  computational  techniques  combined  with  established  mechanics  principles  are 
helpful  in  establishing  the  material  properties  and  their  effect  on  component  performance. 

This  paper  shall  describe  some  of  the  advances  with  special  reference  to  the  properties 
of  a  composite  consisting  of  an  aluminum-lithium  matrix  reinforced  with  continuous 
alumina  fibers.  This  material  combination  is  distinguished  by  the  strong  bond  which  exists 
between  matrix  and  fiber  so  that  stress  and  displacement  continuity  conditions  may  be 
assumed.  Attempts  shall  be  made  to  describe  the  general  approach  which  is  being 
developed.  It  should  be  emphasized  that  the  procedures  are  not  fully  developed  but 
sufficient  progress  b9s  been  made  to  believe  that  the  prospects  of  success  are  high. 
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diminished  or  even  lost  if  multi-laminate  systems  arc  adopted.  Consequently,  if  lull 
advantage  is  to  be  taken  of  the  dominant  strength  characteristics  then  the  fibers  should  be 
aligned  in  the  direction  of  maximum  stress  transmission.  In  this  circumstance  the 
transverse  properties  of  the  material  are  also  important  since  there  must  be  sufficient 
strength  in  the  matrix  to  support  the  secondary  stresses  applied  in  the  transverse  direction. 
In  addition  to  the  strong  bond  existing  between  the  fiber  and  the  m  ox  another  important 
feature  of  the  composite  is  the  large  mismatch  in  the  coefficients  of  thermal  expansion  so 
that  fluctuations  in  operating  temperature  induce  substantial  thermal  stresses.  It  is  the  goal 
of  this  study  to  establish  the  behavior  of  the  composite  when  subjected  to  transverse  stress 
and  cycles  of  temperature.  This  study  shall  be  used  to  illustrate  how  the  shakedown 
concept  can  be  used  to  describe  the  material  behavior  when  subjected  to  the  described 
loading  conditions  and  when  creep  effects  are  also  important. 

2.  EXPERIMENTAL  PROGRAM 

The  composite  studies  is  Du  Pom’s  FP/AL  with  continuous  fibers  in  a  unidirectional 
lay-up.  The  fiber  volume  fraction  was  determined  tto  be  55%.  The  FP  fiber  consists  of 
99%  pure  crystalline  a-alumina  (AI2O3)  coated  with  silica  that  improves  the  strength  of  the 
fiber  and  aids  the  wearing  by  the  molten  metal.  The  fibers  have  a  diameter  of 
approximately  12  pm,  a  modulus  of  345  to  380  GPa,  a  tensile  stremh  of  1.9  to  2. 3  GPa  for 
6.4  mm  gauge  length,  and  a  fracture  sttrain  of  0.3-0.4%.  The  matrix  material  is  a  2  wt% 
Li-Al  binary  alloy.  The  modulus  is  68.9  GPa  and  Poisson's  ratio  is  0.32  The  lithium 
promotes  the  wetting  of  the  alumina  fibers  that  forms  a  strong  matrix-fiber  interface.  The 
composite  is  fabricated  by  preparing  the  FP  fibers  into  tapes  by  using  a  fugitive  binder  and 
the  tapes  subseqnelty  laid  up  in  a  metal  mold  in  the  desired  orientation.  The  binder  is 
burned  away  and  the  mold  is  vacuum-infiltrated  with  the  molten  matrix.  The  composite 
was  available  in  the  form  of  a  plate  150  x  1 50  x  12.5  mm  thick. 

The  specimen  used  for  transverse  tests  is  shown  in  Fig.  1.  It  has  a  relatively  large 
radius  at  the  transition  from  the  gripping  section  to  the  reduced  gauge  section  to  provide  a 
lov.  ,tress  concentration  and  a  short  specimen  to  prevent  specimen  buckling  during 


compressive  loading.  The  gauge  section  is  10  mm  long  and  6  mm  w  ide  and  2.4  mm  thick. 
The  strains  were  measured  with  3.2  mm  strain  gauges.  Specimen  was  loaded  by  an  M  T. 
S.  hydraulic  machine  and  it  was  heated  by  means  of  induction  coils.  The  control  of  the 
temperature  was  achieved  by  using  thermocouple  measurements.. 

The  tests  reported  in  this  study  involved  a  constant  transverse  stress  in  combination 
with  cycles  of  temperature  with  cycle  time  150  s.  The  temperature  and  strain  variations 
were  continuosly  recorded.and  a  typical  example  of  the  accumulation  of  scram  is  illustrated 
in  Fig.  2. 

The  transverse  stress  strain  curve  at  room  temperature  is  shown  in  Fig.  3,  from 
which  a  deviation  from  linearity  is  observed  to  occur  at  75  MPa.  The  tultimate  strength  is 
200  MPa  and  the  strain  to  fracture  is  0.8%.  The  ultimate  strength  is  about  507c  higher  than 
the  ultimate  matrix  strength  while  the  failure  strain  of  0.8%  is  only  4%  of  the  failure  strain 
of  the  matrix  [Sakui  and  Tamura,  1969]  A  representative  test  for  the  constant  transverse 
stress  and  cyclic  temperature  is  given  in  Fig.  2  which  indicates  that  transient  behavior  is 
followed  by  a  cyclic  response  for  which  there  is  an  increment  of  strain  after  each  cycle, 
i.e.,  ratcheting  occurs  in  both  examples.  Similar  tests  were  performed  at  different  values  of 
constant  transverse  stress  and  temperature  cycle.  In  Fig.  4  contours  of  constant  values  of 
d£p/dN  are  plotted,  where  £p  is  the  plastic  ratchet  strain  and  N  is  the  cycle  number. 

There  are  combinations  of  Op  and  AT  for  which  no  ratcheting  occurs  when  the  initial 
transient  reponse  is  followed  by  elastic  cycle  reponse.  This  condition  is  indicated  in  Fig.  4 
as  the  shakedown  condition.  When  the  operating  conditions  exceed  the  shakedown 
condition  ratcheting  occurs  at  rates  indicated  in  Fig.  4.  The  failure  strain  was  observed  to 
vary  according  to  the  operating  condition  as  indicated  in  Fig.  5.  The  failure  strain  is  0.08% 
for  high  stress  and  low  thermal  load  whereas  for  low  transverse  stress  of  30  MPa  the 
failure  strain  reaches  12%.  Microscopic  examination  of  the  failure  surface  indicates  the 
presence  of  voids  in  the  matrix,  with  no  evidence  of  damage  in  either  the  fiber  or  fiber- 
matrix  interface.  This  observation  suggests  that  the  failure  mechanism  in  the  matrix  is 
associated  with  void  growth. 
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The  contours  of  constant  ratchet  strain  rate  plotted  in  Fig.  4  are  genera!!}  parallel  to 
the  shakedown  surface.  This  observation  suggests  that  the  driving  force  which  drives  the 
ratchet  strain  rate  is  given  by 


a  = 


T  Ox 
— 1-  — - 

Js  °S 


where  Ts  and  os  are  the  ordinates  defining  the  shakedown  condition.  The  relationship  of 
d£p/dN  has  the  form 


de 


dN 


£  =  f(a) 


where  f(a)  is  linear  for  small  values  of  a  and  increases  exponentially  as  a  approaches  the 
value  1  -  Fig. 6. 

3 .  COMPUTATIONAL  STUDIES  AND  THEIR  IMPLICATIONS 

The  homogenization  technique  has  been  widely  developed  and  can  be  used  to  predict 
the  composite  stress-strain  response.  The  procedure  can  then  be  used  to  determine  the 
response  to  the  different  loading  which  form  the  basis  of  developing  constitutive  equations 
Jansson  [1990a].  A  difficulty  with  the  approach  is  the  lack  of  properties  of  the 
constitutents  of  the  composite  when  they  are  subject  to  a  complex  history  of  time  *.nd 
temperature  during  the  manufacturing  process. 

The  elastic  properties  of  fiber  and  matrix  are  not  greatly  affected  by  the  history  of 
processing  and  heat  treatment  of  the  composite  and  this  makes  it  possible  to  use  data  from 
the  literature.  However,  the  flow  properties  of  the  Al-Li  matrix  alloy  are  strongly 
dependent  on  heat  treatment  and  cold-working  [Stark  et  al„  1981  and  Sikui  and  Tamura, 
1969].  Details  of  the  processing  and  post  heat  treatments  of  the  composite  are  not  availble. 
Hence,  the  exact  state  of  the  matrix  is  not  known  and  the  information  is  insufficient  to 
extract  the  flow  properties  of  the  matrix  from  the  literature.  This  leaves  as  the  only  option 
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to  determine  the  flow  properties  of  the  matrix  in  the  composite  is  to  fit  a  calculated 
response,  by  varying  the  flow  propoerties  of  the  matrix,  to  an  experimentally  determined 
matrix  dominated  stress  strain  curve  for  the  composite.  This  procedure  has  been  performed 
by  Jansson  [1990b]  who  determined  that  the  initial  yield  stress  of  the  matrix  is  94  MPa 
with  a  hardening  exponent  n  =  5  fFig.  3).  The  matrix  properties  were  then  used  to  predict 
the  performance  of  the  compsite  w  hen  subjected  to  shear  and  mulnaxi!  stress  loadings.  The 
predictions  of  the  computations  agreed  well  with  the  experimental  observations  and 
provided  confidence  that  predictions  of  the  computations  using  the  material  data  from  one 
experiment  could  be  applied  to  different  loadings.  In  practice  this  could  lead  to  significant 
savings  since  complex  testing  programs  may  be  avoided. 

The  present  composite  consists  of  long  fibers  in  a  unidirectional  lay  up  that  are 
randomly  distributed  in  the  transverse  plane.  In  the  model  to  be  analyzed  the  fibers  are 
assumed  to  be  long  parallel  cylinders  arranged  in  a  hexagonal  array.  Fig.  7.  This  periodical 
array  has  the  mechanical  properties  with  the  closest  symmetries  to  randomly  distributed 
fibers  that  are  transversely  isotropic.  Both  systems  are  transversely  isotropic  when  the 
constituents  are  linear  elastic  but  the  hexagonal  array  has  a  weak  deviation  from  transverse 
isotropy  when  the  matrix  exhibits  a  nonlinear  stress  strain  relation  Jansson  [1990b].  The 
deviation  is  most  pronounced  for  a  perfectly  plastic  matrix.  However,  reasonable  results 
can  be  expected  if  effective  properties  are  calculated  for  loadings  that  do  not  permit  slip 
planes  unconstrained  by  the  fibers.  This  resembles  the  closest  condition  to  a  composite 
with  randomly  distributed  fibers. 

In  the  present  calculations  the  fibers  are  assumed  to  be  linear  elastic  and  the  matrix 
behavior  is  modelled  with  a  small  strain  perfectly  plastic  theory  using  the  properties 
given  in  Fig.  7. 

The  governing  boundary  value  problem  for  the  effective  properties  of  the  unit  cell  is 
two  dimensional  and  has  been  solved  with  the  Finite  Element  method.  The  displacement 
field  is  interpolated  with  nine  nodes  isoparametric  elements  and  reduced  integration  is  used 
to  avoid  locking,  2  x  2  for  the  hydrostatic  component  and  3  x  3  for  the  deviatoric 
component  of  the  stress  tensor.  The  nonlinear  system  of  equations  is  solved  with  a 
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FIBROUS  COMPOSITE 


HEXAGONAL  ARRAY 


PROPERTIES  OF  MATRIX  (aluminum-lithium) 


E  =  69.0  GPa 
Oy  =  95  MPa 
v  =  0.32 

a  =  23.6  x  10-6/*C 


PROPERTIES  OF  FIBER  (alumina) 


E  »  345  MPa 
v  =  0.26 

a  =  8.6  x  10'6/*C 
Vf=55% 


Fig.  7 
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Newton-Raphson  scheme.  The  loading  of  the  unit  cell.  Fig.  7,  is  symmetric  with  respect 
to  the  >’}  and  y->  axis.  This  implies  that  only  an  eighth  of  the  indicated  unit  cell  need  be 
analyzed.  A  detailed  description  of  the  Finite  element  mesh  of  the  implementation  of  the 
method  and  deviations  of  the  boundary  conditions  for  different  loadings  are  given  in 
Ja:  son  [1990a]. 

In  performing  the  elastic-plastic  calculation  it  was  possible  to  determine  the 
shakedown  boundary  defined  in  Fig.  4.  This  has  been  expressed  in  terms  of  the 
dimensionless  loadings  EAaAT/Cy  and  c-p/Oy.  In  terms  of  the  material  parameters  for  the 
present  system  the  experimental  determination  of  the  shakedown  surface  is  also  shown  in 
Fig.  4.  The  agreement  is  reasonably  good  but  it  is  noted  that  the  experimental  results 
indicate  a  straight  line  relationship  exists  between  AT  and  a-p  whereas  the  computed 
boundary  is  somewhat  convex.  The  differences  in  the  experimental  and  computational 
predictions  is  likely  to  be  related  to  deficiencies  in  the  constitutive  model  for  the  matrix. 
The  computational  procedures  involved  very  heavy  computation  since  more  than  100  cycles 
are  often  required  before  a  steady  state  condition  was  reached.  For  this  reason  no  attempt 
was  made  to  determine  the  behavior  for  operating  points  outside  the  shakedown  conditon, 
and  this  is  left  to  a  bound  method  developed  by  Ponter  and  Cox  [  1983]. 

The  upper  bound  applies  for  loading  conditions  which  exceed  the  shakedown 
condition  by  a  modest  amount.  The  upper  bound  is  given  by 


Ae 

AN 


>  4Ae 


where  Ae  is  the  increment  of  elastic  strain  given  by 


Aaj  being  the  stress  increment  in  excess  of  the  shakedown  condition  and  Ej  is  the  elastic 
modulus  in  the  transverse  direction. 
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For  the  optional  point  shown  in  Fig.  4  Act  =  35  MPa  and  with  E-p  =  150  GPa 
[Jansson.  1990]  the  upper  bound  as  ratchet  strain  is 

4x35  i 

Ae  =  =  0.93xl0“3  /  cvcle 

150 

which  compares  with  the  experimental  value  of  0.5  x  lO--1/  cycle. 

The  failure  strain  can  differ  by  over  an  order  of  magnitude  depending  on  the  operating 
condition.  It  is  known  for  Al-Li  [Pilling  and  Rindly,  1986]  that  ductile  failure  is  the  result 
of  void  nucleation  and  growth  from  small  particles.  In  the  studies  of  Hancock  and 
Mackenzie  [1976]  it  is  suggested  that  when  failure  is  the  result  of  void  nucleation  and 
growth  the  failure  strain  e^for  multiaxial  states  of  stress  has  the  form 

ef  =  1.65e0expj-|^j  (3) 

where  Eg  is  the  uniaxial  failure  strain,  Cfyj  is  the  mean  stress  and  a  the  effective  stress. 
The  failure  strain  for  the  present  matrix  in  uniaxial  tension  is  reported  to  be  approximately 
0.2  [Sakui  and  Tamura,  1969],  Jansson  [1990b]  has  reported  in  tests  on  the  composite 
under  consideration  that  the  strain  for  in-plane  shear  parallel  to  the  fibers  is  also  0.2.  From 
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the  computer  studies  it  has  been  determined  that  transverse  loading  alone  introduces  a 

multiaxial  stress  state  for  which  =  2.5  over  a  large  region  of  the  matrix. 

o 

Applying  the  formula  for  the  failure  strain  gives  the  failure  strain  for  transverse 
loading 


efj  =  0.008 

which  compares  well  with  the  observed  failure.  As  the  transverse  stress  decreases  the 
degree  of  triaxiality  decreases  and  the  failure  strain  is  expected  to  incease. 


4.  EXTENSION  TO  CREEP  CONDITIONS 

Creep  experiments  have  not  yet  been  performed  on  the  composite  but  these  are  now 
in  hand.  However,  it  is  possible  to  gain  some  insight  into  the  creep  behavior  using 
bounding 

theorems  for  components  subjected  to  cyclic  loading  conditions.  Based  on  the  Bailey 
Orowan  theory,  constitutive  equations  which  describe  the  creep  strains  for  variable  stress 
histories  can  be  expressed  by  the  potential  developed  by  Ponter  and  Leckie  [1976],  The 
potential  form  is  given  by 

£2  =  F(<J)  -  s)  +  G(s) 


from  which  the  strain  and  internal  variable  rates  can  be  determined  to  be. 


y 


s  =  h(s)f(0-p)-r(p) 


[F  =  f] 


r(p) 

h(p) 
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f(4>  *  p)  >  0  when  <J>  =  p 
=  0  when  <p  <  p 

Following  the  expression  for  f(0  -  p)  strains  only  occur  when  6  =  p. 

For  fast  loading  =  p  and 

gP__P _ 

'j  h(p)  dCjj 

so  that  h(p)  can  be  determined  from  the  short  time  stress-strain  curve. 

At  steady  state  conditions  p  =  0  and 

^  _  r(p)  30  _  ^  f  cr  V*  d<}> 

,J  h(p)  dOy  °[a0J  dcj,j 

where  Og  is  the  reference  stress  and  eq  is  the  corresponding  strain  rate.  The  above  relation 
can  then  be  used  to  establish  the  function  r(p).  Following  the  procedure  developed  by 
Ponter  [1976],  Cocks  and  Leckie  [1988]  found  an  optimized  bound  for  the  creep 
deformations  when  the  component  is  subjected  to  cyclic  loading.  The  bound  applied  to  the 
current  problem  when  the  composite  is  subjected  to  transverse  stress  0\  and  cyclic  thermal 
loading  gives  the  result 

Oy  . 

el-~~£0 

where  ou  is  the  maximum  transverse  stress  corresponding  to  a  matrix  yield  stress  oy 
matrix.  Reference  to  Fig.  3  shows  the  value 
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O 

)' 

Consequently 


The  result  only  applies  when  the  loading  condition  does  not  exceed  the  shakedown 
condition  for  a  yield  stress  corresponding  to  the  reference  stress  o q.  However  the 
shakedown  condition  is  known  for  oy  and  a  simple  scaling  produces  the  shakedown  for  the 
reference  stress  Oq-  A  proviso  for  the  application  of  the  result  is  that  the  continuity 
conditions  between  fiber  and  matrix  be  maintained.  Diffusion  mechanisms  have  been 
reported  which  reduce  the  shear  stress  which  can  be  supported  at  the  interface.  In  these 
circumstances  the  result  developed  above  could  be  seriously  non-conservative. 

CONCLUSIONS 

It  has  been  demonstrated  that  the  shakedown  concept  provides  useful  insight  into  the 
behavior  of  a  metal  matrix  composite  when  loaded  with  transverse  stress  and  cyclic  thermal 
loading.  It  is  also  shown  that  a  slight  modification  in  which  the  reference  stress  is  used  in 
conjunction  with  the  shakedown  condition  is  sufficient  to  give  estimates  on  the  creep 
behavior. 
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The  treatment  of  fatigue  and  damage 
accumulation  in  composite  design 


K.T.  Kedward  and  P.'X'.R.  Beaumont 

Differences  between  the  treatment  of  damage,  damage  accumulation  and  fatigue  for 
various  types  of  advanced  composite  systems,  for  example,  polymer  matrix 
composites  (PMCs),  ceramic  matrix  composites  (CMCs)  and  metal  matrix  composites 
(MMCs)  are  discussed  in  general.  The  approach  for  PMCs  from  the  aspect  of  damage 
mechanics  is  reviewed  next  and  extended  to  a  discussion  of  various  aerospace 
certification  approaches  adopted  for  PMC  structures.  Following  this  is  an  explanation 
of  the  the'  etical  foundations  for  the  'wearout  philosophy'  in  conjunction  with  related 
damar  j  fracture  mechanics  relationships  is  provided.  This  concludes  with  a 
survey  ot  flaw,  or  more  precisely,  damage  growth  rate  exponents  for  various  matrix 
and/or  interface-dominated  failure  mechanisms  for  PMCs  and  adhesively  bonded 
joints. 


Key  words:  composites;  damage  mechanics;  wearout 

The  process  of  design  has  traditionally  involved  a  specialized 
treatment  of  damage  accumulation  and  the  associated  fatigue 
phenomena,  for  example,  Miner’s  rule.  The  treatment  of  such 
phenomena  for  the  case  of  advanced  composites  tends  to  be 
complicated  by  the  existence  of  a  multiplicity  of  competing 
failure  modes.  The  subiect  assumes  an  even  greater  importance 
when  more  types  of  composite  systems  arc  considered,  for 
example,  polymer  matrix  composites  (PMCs),  ceramic  matrix 
composites  (CMCs)  and  metal  matrix  composites  (MMCs) 
to  name  the  broader  categories.  All  composite  systems  are 
considered  herein  to  comprise  continuous  fibre  reinforce¬ 
ments. 

Despite  wide  recognition  of  the  vital  importance  of 
fatigue  degradation  and  the  variety  of  potential  damage 
accumulation  mechanisms  existing  in  complex  composite 
designs,  so-called  experienced  composite  technologists  fre¬ 
quently  state  that  fatigue  is  not  a  problem  in  PMCs.  Such 
statements  may  arise  from  the  general  observation  that  the 
reinforcing  filaments  are  not,  in  themselves,  susceptible  to 
fatigue  damage  and  consequently  fatigue-dominated  laminate 
designs  subiected  to  pure  tensile  membrane  loadings  may 
similarly  be  relatively  insensitive  to  high-cycle  fatigue  environ¬ 
ments.  However,  the  industry  is  frequently  experiencing 
composite  hardware  development  problems  owing  to  design 
oversights  that  result  in  matrix-dominated  load  paths;  a 
number  of  these  problems  will  be  cited  below  to  illustrate 
the  subtle  manner  in  which  fatigue  damage  mav  accumulate. 

We  shall  consider  PMCs,  since  these  are  the  most  'mature' 
composite  systems,  and  an  extensive  literature  base  and 
background  experience  exists  for  them.  Currently,  it  may 
confidently  be  stated  that  the  composites  industry  is  able  to 
design  PMC  laminates  of  uniform  thickness  in  a  reliable 
manner.  Extensive  experience  with  PMCs  has  taught  us  to 
use  fibre-dominated  laminate  designs,  which  are  most  often 
specified  in  the  [ C"/ ~ 4 5" '9C° or  pscudo-isotropic  form  with 
respect  to  the  ir.-planc  directions,  ln-plane  compression  lailure 
is  somewhat  of  an  exception  since  the  matrix  and  the 


degradation  thereof  can  influence  premature  failure.  However, 
bv  far  the  largest  number  of  development  and  in-service 
problems  with  composite  hardware  is  associated  with  matrix- 
dominated  phenomena;  that  is  interlaminar  shear  and  out-of¬ 
plane  tension.  This  is  a  maior  concern  in  that  tanure 
contributed  by  either  one  or  a  combination  ot  these  matrix- 
dominated  phenomena  are  susceptible  to  the  following- 

(i)  high  variability  contributed  by  sensitivity  to  processing 
and  environmental  conditions,  see  Fig  t; 

(ii)  'brittle'  behaviour,  particularly  for  early  epoxy  matrix 
systems; 

(iii)  inspcctabiiitv  of  local  details  where  Paws  or  detects 
may  exist; 

(iv)  low  reliability  associated  with  the  lack  o!  acceptable 
or  representative  test  methods  and  complex,  highiv 
localized  stress  states  (The  use  ot  the  transverse  tens.ie 
strength  of  a  unidirectional  laminate  tor  out-of-piane 
or  through-thickness  tensile  strength  is  genera/', 
uneonservative. ); 

(v)  potential  degradation  of  residual  static  strength  atrer 
fatigue  cyclic  load  exposure. 

The  development  of  stress  components  that  induce  interlamm ar 
shcar/oui-ot-pianc  tension  failures  is  illustrated  in  Fig  2 
wherein  commonplace  generic  features  ot  composite  hardware- 
designs  that  trequemlv  experience  dclammations  are  shown 
It  is  at  such  details  that  PMC  structures  are  particulars 
vulnerable  both  under  static  and  fatigue  loading.  It  is  of 
interest  to  observe,  here,  that  it  is  the  propensity  tor 
delamination  and  localized  matrix-dominated  failures  that 
provides  the  character  ot  manv  PMCs  in  that  the  ns't.h 
sensitivity  mas-  be  reduced  after  fatigue  load  cycling  lor  lo«.ai 
through-thickness  penetrations.  On  the  other  hand,  ttns 
demands  that  a  fatigue  life  methodology  should  be  as  aiiabic 
to  deal  with  composite  structures  that  arc  subiected  to  out  - 
ot-planc  load  components.  Naturally,  the  caoabiiit-.  ot 
predicting  the  tatigue  life  is  an  essential  element  ot  the  process 
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Fig.  1  Effect  of  moisture  and  temperature  on  the_transverse 
tensile  strength  of  unidirectional  graphite/epoxy  1300/520  f 


ot  certifying  aerospace  composite  hardware  We  shall  return 
u>  this  subject  tn  the  next  section 

Review  of  damage  mechanics 

\Xhereas  the  inherent  anisotropv  o!  comoOMtcs  remiorccO  pt 
continuous  fibres  can  provide  an  exceptional  pcrtonr.ance  ir. 
the  directions  ot  the  fibres  in  the  wav  ot  unsurpassed  specific 
strength  and  stiffness,  they  also  pose  a  chaiier.ee  tor  the 
structural  designer  who  has  to  allow  tor  deficiencies  ,r.  the 
transverse  and  matrix-dominated  directions.  The  situation  ;s 
most  acute  for  PMCs  where  the  ratios  or  elastic  strength  and 
fracture  toughness,  thermal  and  electrical  properties  are  most 
extreme.  Consequently,  the  damage  accumulation  character¬ 
istics  arc  very  different  from  the  near-isotropic  metallic 
materials  because  of  the  multiplicity  of  potential  failure  modes. 
Deiamination,  for  example,  is  one  failure  mechanism  that  is 
of  particular  concern  in  laminated  PMCs  and  the  high  rates 
of  propagation  characteristic  ot  this  failure  mode  can  otter, 
have  catastrophic  consequences.  In  a  typical  graphite  or 
carbon  epoxy  composite  even  the  transverse  (in-plane  tensile 
strength  amounts  to  no  more  than  a  tew  percent  ot  me 
longitudinal  (fibre  direction)  tensile  strength;  the  out-ot-piane 
tensile  strength  across  a  typical  multidirectional  laminate  is 
generally  significantly  lower.  ‘  In  most  advanced  composites 
the  early  damage  process  comprises  of  an  increase  in  the  crack 
density  rather  than  the  crack  growth,  for  example,  transverse 
cricking  of  individual  plies  within  a  multidirectional  laminate, 
often  referred  to  as  first-plv  failure.  Following  initial  transverse 
ply  cracking,  delaminations  may  eventually  develop  and  can 
be  precipitated  by  the  transverse  ply  cracks.  Actually, 
transverse  cracking  may  exist  in  the  initial  state,  the  cracks 
being  caused  during  processing  due  to  the  mismatch  in 
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:u  thermomechanical  properties  between  adjacent  plies.  It  is 
n*  fortunate  that  although  composites  can  be  considered  to  orten 
»  be  a  highly  flawed  structure,  they  are  aiso  a  highly  redundant 
,r  structure  when  in  the  form  of  fibre-dominated  laminates  of 

n»  tne  [C®.'=45°'9C®]  family  with  at  least  1C:0  of  the  tibres  in 

i~  each  of  the  referenced  directions. 

,«  Verv  few  systematic  attempts  have  been  made  to  apply 

in  damage  mechanics  to  advanced  composites,  for  example, 

n:  Poursartip,  Ashbv  and  Beaumont.4  In  Ref,  a  a  fatigue  damage 

id  mechanics  approach  is  developed  for  composites  based  on  the 

in  assumption  of  a  relationship  between  fatigue  damage  and 

ns  changes  tn  moduli  ot  the  composite  laminate.  The  damage 

grow-th  rate  is  assumed  to  depend  on  the  cyclic  stress  amplitude 
to  'Act’  and  on  the  current  damage  state  'D',  hence: 

.*  dZ?/dA'  =  /(Act,  D)  (1) 

*  19  In  more  recent  work,  the  same  authors  include  the  load  ratio 
no  'R':i  Then 

ist  dD/diV  =  /(Act,  R,  D)  (2) 

is:  For  both  situations  the  relationship  between  the  fatigue 

in  damage  stare  'D'  and  the  change  of  stiffness  is  utilised  in  the 

i  si  form: 


155 

lie 

157 

IM 

!S« 

INI 

161 

161 

163 

!M 

!«5 

!M 

14? 

(IS* 

NW 

iTn 

m 

it: 

m 

171 

IT? 

r* 

IT* 


1*3 

l«J 

1*5 

iw> 

M? 

iV 


E=E0g(D)  (3) 

which  permits 

D  =  g-'(E/E0)  (4) 

Integration  of  Equations  (1)  and  (2)  provides  an  estimate  of 
life  '/Vf  once  the  damage  accumulation  function  /(Act,  R,  D) 
has  been  determined.  This  function  can  be  most  directly 
obtained  experimentally  using 


/(Act,  R,  D ) 


1  1  d£ 

g'[g-'(E/E0)}EcdN 


(5) 


By  varying  each  of  Act,  R  and  D  in  turn  and  holding  the 
ocher  two  variables  constant,  the  results  may  be  plotted  and 
the  function  /(Act,  R ,  D)  determined.  Both  Refs  a  and  5 
include  examples  demonstrating  the  application  to  glass/epoxv 
and  carbon/epoxv  composite  laminates  and  showing  an 
acceptable  correlation  with  experiments. 

Poursartip  and  Beaumont*  extend  the  damage  mechanics 
approach  developed  in  Ref.  5  to  predict  the  fatigue  life  for 
variable-load  cycling.  Although  these  predictions  are  less 
satisfactory  than  for  the  constant-amplitude  cases,  they  are 
shown  to  be  far  superior  to  Miner's  rule  predictions.  It  is 
noteworthy  that  in  all  the  work  reported  in  Refs  5  and  6 
delaminations  originating  at  the  specimen  edges,  induced  by 
in-plane  tension  loading,  is  the  principle  damage  mechanism, 
and  the  translaminar  crackmg/debonding  ere  that  occurs 
behind  the  deiamination  from  becomes  more  extensive  after 
delamination.  This  observation  raises  the  question  of  the 
effects  of  finite  specimen  width,  which  is  briefly  anticipated 
in  Ref.  5  as  a  simple  size  effect: 


(6) 


where  and  ».  represent  different  widths  of  a  given  laminate 
configuration. 

This  feature  is  vitally  important  to  the  composite  hardware 
designer  and  deserves  closer  attention  in  future  studies 

Turning  now  to  a  related  and  also  a  kev  aspect  of  design, 
that  is  the  manner  in  which  a  material  reacts  to  the  presence 
of  stress  concentrators  such  as  holes  or  notches,  we  cite  the 


origins  o:  a  research  ettort  alerting  the  industry  to  ttt.s 
interesting  phenomenon.  A;  General  Dynamics.  during  i-v'C, 
the  etiect  ot  stress  concentration  in  boron  epov.  ana 
graphite  epoxy  laminates  was  evaluated  tor  botn  static  ana 
cvciic  load  conditions  MlaJaoups  «  j /’  subsequent!)  pub¬ 
lished  this  work  proposing  the  application  ot  macroscopic 
fracture  mechamcs  to  advanced  composite  laminates  containing 
small  hoies  or  through-thickness  narrow  sins.  Numerous 
adaptations  and  variations  embracing  similar  concepts  have 
appeared  since  that  time,  one  notable  example  being  the  worn 
of  Whitney  and  Nuismer.’  Whilst  these  approaches  have 
served  the  industry  wcli  they  do  not  provide  a  great  insight 
into  the  mechanisms  of  damage;  such  approaches  also  impose 
a  heavy  burden  on  testing  and  data  collection. 

A  quantitative  methodology  addressing  the  effect  ot 
notches  on  composite  laminate  performance  in  tension  was 
developed  by  Kortschot  and  Beaumont’  tor  the  [9C°  Zc\ 
laminate  family.  Selecting  a  double-edge-notched  sDEN 
specimen,  a  rsvo  dimensional  finite  element  idealisation  ot  a 
quarter-symmetric  region  of  the  specimen  (with  two  coupled 
layers  of  elements  representing  the  C°  and  9C°  layers  was 
used  to  demonstrate  the  significance  of  the  longitudinal 
splitting  failure  mechanism  within  the  C°  layers.  Tne  split 
length  and  delamination  zone  were  hence  predicted  and 
compared  with  the  experimental  results  from  the  x-rav 
examination  of  the  damaged  region.  Later,  Spearing,  et  j/i: 
extended  this  work,  using  a  similar  approach,  to  a  centre- 
notched  specimen  initially  confining  their  attention  to  the 
[90.C]S  laminate  type.  They  similarly  found  a  reasonable 
correlation  between  theory  and  experiment,  and  further 
extended  the  work  to  a  limited  evaluation  of  [C°,  r45°,9C':s 
laminates  and  to  the  tensile  fatigue  loading  case.  Predictions 
ot  the  extent  ot  cyclic-load-induced  damage  and  ot  the 
resulting  residual  strength  were  also  achieved  and  correlated 
with  experimental  observations  reasonably  well. 

It  is  of  particular  interest  co  recognise  that,  since  all  the 
work  reported  in  Refs  9  and  10  was  confined  to  monotonic 
static  tension  and  fatigue  loading,  the  C°  layers  will  consistently 
experience  transverse  tensile  stresses  because  of  a  mismatch 
in  the  Poisson  ratio  between  the  0°  and  90°  layers  as  well  as 
the  residual  time-dependent  tensile  stresses  caused  by  the 
reduction  in  temperature  from  the  cure  state  in  coniunction 
with  the  large  mismatch  in  coefficient  of  thermal  expansion 
(CTE)  between  the  C°  and  9C°  orientation.  Consequent'll-, 
locally  elevated  axial  stresses  in  the  vicinity  of  notches  ana 
holes  will  promote  a  splitting  of  the  0°  lavers  and  this  will 
be  exacerbated  bv  the  transverse  tension  and  in-o!ane  shear 
created  by  the  discontinuity.  Also  noteworthy  is  the  fact  that 
such  a  reasonable  agreement  with  the  experimental  data  was 
attained  with  a  two-dimensional  finite-element  modelling 
technique.  One  presumes  that  the  three-dimensional  stress 
state  existing  in  the  viemitv  of  notches  and  specimen 
edges  results  in  a  condition  wherein  the  out-ot-piane  stress 
components  have  a  small  effect  relative  to  the  in-plane  splitting 
mechanism,  at  least  for  the  laminate  configurations  studied 
In  other  research  conducted  at  CambriOge.  Soutis  and 
Fleck"  studied  compression  failure  and  damage  mechanisms 
in  PMC  laminates  with  and  without  holes  Thev  demonstrated 
that  microbuckling  of  fibres  in  the  0’  lavers  was  the  dominant 
failure  mechanism  based  on  both  theory-  and  experimental 
observations  including  x-rav  evaluations.  Using  a  Iracture 
toughness  modelling  technique,  a  quantitative  and  qualitative 
correlation  was  successfully  obtained.  Some  compression 
fatigue  testing  was  also  conducted  and  for  laminates  with 
holes  and  notches  indicated  the  development  of  a  similar  rvpe 
ot  splitting  and  deiamination  damage  mechanism  to  that  founo 


•vi  with  the  static  tension  and  fatigue  testing  of  notched 

3-  laminates.*- 11  A  threshold  value  of  S5°o  ot  the  notched  static 

compression  failure  load  was  found  for  compression  tatigue. 
3»  For  load  levels  below  this  threshold,  there  appeared  to  be  no 
strong  fatigue  effects.  Here  again  though,  only  a  limited 
>i  laminate  configuration  was  studied,  that  is  [e:45’,C°js,  and  it 
is  of  interest  to  compare  the  similaritv  ot  the  initial  loaded 

:*j  stress  state  tor  compression  on  this  laminate  with  that 

experienced  by  the  [9C°,C°]4  laminate  under  tensile  load.  Note 
m  that  both  the  residual-stress  state  and  the  compression  load 
tao  will  develop  transverse  tensile  stresses  in  the  £"  layers  because 
of  CTE  and  Poisson  ratio  mismatches,  respectively,  between 
'm  the  r 45°  and  C°  layers. 


»  Review  of  certification  methodologies 

:*i  Certification  procedures  for  composite  structures  generally 
rt  include  static  strength,  fatigue'durabihtv  and  damage  roler- 

rr.  ance,  all  of  which  rely  on  a  comprehensive  appreciation  of 

m  failure  modes,  the  effect  of  variability,  environment  and 

ru  discontinuities  caused  by  notches,  holes  with  or  without 

,-j  fasteners,  and  damage  induced  by  impact,  machining  or 

:-t  assembly  phenomena.  The  current  state  of  the  art  lacks  a 

rr  definitive  approach  for  certifying  or  qualifying  composite 

rv  structures  and  an  absence  of  a  consensus  by  the  various 

ns  agencies,  civilian  or  military. 

s»  A  basic  element  of  any  certification  or  qualification 

at  procedure  is  design  development/ verification  testing  which 

a:  assesses  and  validates  the  design  of  critical  hardware  features, 

ai  For  composite  structures  this  development  testing  effort  is  a 
a*  particularly  crucial  part  of  the  certification  because  of  the 
w  sensitivity  of  laminated  composites  to  out-of-plane  loading 
and  the  consequent  multiplicity  of  potential  failure  modes, 
an  Recently,  the  process  has  been  termed  the  'building  block 

a*  approach'  (Ref.  12)  and  is  initiated  during  the  design  and 

w  analysis  phase  wherein  critical  areas  of  the  structure  are 

.-»i  selected  for  test  verification.  The  critical  features  of  the 

.Ni  strength  are  therefore  isolated  in  the  form  of  small  test 

articles  of  progressively  increasing  complexity.  The  effect  of 
environment  on  these  localized  regions  or  ‘hot  spots’  are  also 
assessed  using  these  economical  subscale  test  articles.  The 
w  narure  of  design  development/ verification  testing  is  illustrated 
v*.  in  Fig.  3  for  typical  aircraft  structural  hardware.  Obviously,  the 
.v?  process  of  certification  poses  especially  challenging  problems  in 
the  case  of  structural  hardware  that  contain  design  details  that 
are  susceptible  to  significant  interlaminar  or  out-of-plane 
mi  stresses  such  as  the  details  illustrated  in  Fig.  2.  All  too 

mi  frequently,  the  effect  of  such  local  details  are  identified  very 

nc  late  in  the  design  cycle  and  this  experience  contributes  in 

vii  large  pan  to  the  fading  of  early  optimism  for  new  materials. 

«.  Furthermore,  the  structural  analysis  performed  has  rarely 

w  been  made  in  sufficient  detail  to  evaluate  adequately  the  effect 

v*  of  these  interlaminar  stresses  on  potential  failure  modes  and 

vi-  margins  of  safety.  Being  influenced  by  matrix  propenies  with 

v»  a  strong  dependence  on  processing  conditions  and  the 

v»  environment,  they  are  also  susceptible  to  a  large  statistical 

i to  scatter  and  to  cyclic  loading  effects.  Non-destructive  evaluation 

in  of  these  regions  can  also  prove  difficult  with  respect  to  the 

detection  and  evaluation  ot  detects. 

Three  candidate  certification  approaches  are  now  con- 
iii  sidered  with  a  view  to  defining  technological  gaps: 

ns  1)  damage  tolerance, 

in  2)  safe  life 'reliability, 

n*  3)  wearout  model. 


Damage  tolerance  methodology 

The  damage  tolerance  philosophy  assumes  that  the  larcest 
undetectable  tlaw  exists  at  the  most  cntica!  location  in  the 
structure  and  that  the  structural  integrity  is  maintained 
throughout  the  {"law  growth  until  detected  b\  periodic 
inspection. 

In  this  approach  the  damage  tolerance  caoabiiirv  covering 
both  the  flaw  growth  potential  and  the  residual  strength  is 
verified  bv  both  analysis  and  test.  Analyses  would  assume 
the  presence  of  flaw  damage  placed  at  the  most  unfavouracie 
location  and  orientation  with  respect  to  applied  loads  and 
material  propenies.  The  assessment  ot  each  component  should 
include  areas  of  high  strain,  strain  concentrations,  a  minimum 
margin  of  safety  details,  a  maior  load  path,  damage-prone 
areas,  and  special  inspection  areas.  The  structure  selected  as 
critical  by  this  review  should  be  considered  for  inclusion  in 
the  expenmental  and  test  validation  ot  the  damage  toieran.ee 
substantiation  procedures.  Those  structural  areas  ider.uncd  as 
critical  after  the  analytical  and  experimental  screening  should 
form  the  basis  for  the  subcomponent  and  full-scale  component 
validation  test  program.  Test  data  on  the  coupon,  element, 
detail  subcomponent,  and  full-scale  component  level,  which¬ 
ever  is  applicable,  should  be  developed  or  be  available  to. 

1)  verify  the  capability  of  the  analysis  procedure  to  predict 
damage  growth/no  growth,  and  residual  strength, 

2)  determine  the  effects  of  environmental  factors; 

3)  determine  the  effects  of  repeated  loads. 

Flaws  and  damage  will  be  assumed  to  exist  initially  in  the 
structure  as  a  result  of  the  manufacturing  process  or  to  occur 
at  the  most  adverse  time  after  entry  into  service. 

A  decision  to  employ  proof  testing  must  take  the 
following  factors  into  consideration. 

(A)  The  loading  that  is  applied  must  accurately  simulate 
the  peak  stresses  and  stress  distributions  in  the  area 
being  evaluated. 

(B)  The  effect  of  the  proof  loading  on  other  areas  of  the 
structure  must  be  thoroughly  evaluated. 

(C)  Local  effects  must  be  taken  into  account  in  determining 
the  maximum  possible  initial  flaw/damage  size  after 
testing  and  in  determining  the  subsequent  flaw/damaee 
growth. 

The  most  probable  life-limiting  failure  experienced  in  com¬ 
posite  structure,  and  particularly  in  non-planar  structures 
where  interlaminar  stresses  are  present,  is  delammation 
growth.  Potential  initiation  sites  are  free  edges,  bolt  holes,  and 
plv  terminations  (Fig.  2)  in  addition  to  existing  manufacturing 
defects  and  subsequent  impact  damage.  Hence,  an  analysis 
technique  for  the  evaluation  of  growth/no  growth  of  delami- 
nations  is  an  essential  tool  for  the  evaluation  of  the  damage 
tolerance  of  composite  structures.  A  numerical  method  is 
available  through  the  use  of  finite-element  analysis  and  the 
crack  closure  integral  technique  from  fracture  mechanics.'4 
Prerequisites  for  an  evaluation  are: 

1  j  a  structural  analysis  made  in  sufficient  detail  to  indicate 
the  locations  where  the  critical  interlaminar  stresses 
exist, 

2)  experimentally  based  critical  interlaminar  strain  energy 
release  rates  G|k,  Gh,  and  a  suberitical  growth  law. 
that  is  da/d.Y  against  AG  tor  each  mode,  and 

3)  a  mixed  mode  l/mode  II  fracture  criteria. 

The  application  of  the  damage  tolerance  methodology  to 
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i«  Fig.  3  Building  block  approach 


wi  the  F-16  production  Teer  management  program  is  described 

m  in  Ref.  15.  The  test  specimens  used  to  generate  the  required 

m  mode- 1  and  modc-II  fracture  toughness  parameters  are  also 

m  described.  The  application  of  this  approach  requires  a 

m  significant  analysis  and  test  effort  to  evaluate  ‘hot  spots’ 

w«  within  the  structure  and  to  generate  the  necessary  fracture 
tn  toughness  data.  The  delamination  growth  assessment  also 
m  requires  a  considerable  3D  finite-element  modelling  and 

m  analysis  effort.  In  addition,  no  reliable  mixed-mode  fracture 

-mi  criteria  has  been  reported.  Hence,  this  approach  is  not 

an  considered  sufficiently  mature  to  warrant  a  recommendation 

an  for  a  general  application  to  the  certification  of  developmental 

an  composite  hardware. 

»»  Safe  life/reliability  methodology 

an  Statistically  based  certification  methodologies,  as  exemplified 

a»  by  Ref.  17,  provide  a  means  for  determining  the  strength, 

an  life,  and  reliability  of  composite  structures.  Such  methods 

a«  rely  on  the  correct  choice  of  population  models  and  the 

»»  generation  of  a  sufficient  behavioural  database.  Of  the  available 

no  models,  the  most  commonly  accepted  for  both  static  and 

in  fatigue  testing  is  the  two-parameter  Weibul!  distribution.  It 

ai:  is  attractive  for  a  number  of  reasons: 

<u  1)  its  simple  functional  form  is  easily  manipulated; 

*i»  2)  censoring  and  pooling  techniques  are  available; 

us  3)  statistical  significance  tests  have  been  verified. 

no  The  cumulative  probability  of  the  survival  function  is  given 
•si  by 

«>  FsCx)  =  exp[(-x/p)“s]  (7) 

<::  where  a5  is  the  shape  parameter  and  3  is  the  scale  parameter. 

cj  For  composite  materials  a  and  P  are  typically  determined 

<u  using  the  maximum-likelihood  method.  In  addition,  the 

<i!  availability  of  pooling  techniques  is  especially  useful  in 


composite  structure  test  programs  where  tests  conducted  in 
different  environments  may  be  combined.  Statistical  signifi¬ 
cance  tests  are  used  in  these  cases  to  check  data  sets  for 
similarity. 

The  following  paragraphs  present  a  review  of  the  statistical 
certification  method  of  Ref.  17.  The  development  tests 
required  to  generate  the  behavioural  database  are  outlined, 
followed  by  a  discussion  of  the  specific  requirements  for  static 
strength  and  fatigue  life  testing.  Special  attention  is  given  to 
the  effect  that  matrix  and  fibre-dominated  failure  modes  have 
on  test  requirements. 

A  key  to  the  successful  application  of  a  statistical 
certification  methodology  is  the  generation  of  a  sufficientlv 
complete  database.  The  tests  must  range  from  the  level  of 
coupons  and  elements  to  full-scale  test  articles  in  a  building 
block'  approach.  Additionally,  the  test  program  must  examine 
the  effects  of  the  operating  environment  (temperature,  moist¬ 
ure,  etc)  on  static  and  fatigue  behaviour.  The  coupon  and 
subelement  tests  are  used  to  establish  the  variability  of  the 
material  properties.  Although  they  typically  focus  on  the  in- 
piane  behaviour  it  is  also  important  to  include  the  transverse 
properties.  This  is  especially  important  in  the  case  of  research 
and  development  programs.  The  resulting  data  can  be  pooled 
as  required  and  estimates  of  the  Weibull  parameters  made. 

Thus,  the  level  and  scatter  of  the  possible  failure  modes 
can  be  established.  The  transverse  data  are  characterized  bv 
the  highest  degree  of  scatter.  Element  and  subcomponent  tests 
can  be  used  to  identify  the  structural  failure  modes.  Thev 
may  also  be  used  to  detect  the  presence  of  competing  failure 
modes.  Higher  level  tests,  such  as  tests  of  components,  can 
be  used  to  investigate  the  s-ariability  of  the  structural  response 
resulting  from  fabrication  techniques.  The  resulting  database 
should  describe,  to  the  desired  level  of  confidence,  the  failure 
mode,  the  data  scatter,  and  the  response  variability  or  a 
composite  structure.  This  data  along  with  full-scale  test  articles 
can  be  used  in  the  argument  to  lustify  certification. 
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Out-of-plane  failure  modes  can  complicate  generation  of 
the  database.  Well  proven  and  reliable  transverse  test  methods 
are  few.  The  typically  high  data  scatter  makes  higher  numbers 
of  tests  desirable.  Also,  the  increased  environmental  sensitivity 
in  the  thickness  direction  can  cause  failure  mode  changes, 
negating  the  ability  to  pool  data  and  possibly  resulting  in 
competing  failure  modes.  Thus,  a  design  whose  structural 
capability  is  limittd  by  transverse  strength  can  lead  to  increased 
testing  requirements  and  certification  difficulties. 

The  static,  strength  of  a  composite  structure  is  typically 
demonstrated  by  a  test  to  design  the  ultimate  load  (DLL;, 
which  is  1.5  times  the  maximum  operating  load;  that  is  the 
design  limit  load  (DLL).  Figure  4  shows  the  reliability 
achieved  for  a  single  static  ultimate  test  to  150%  of  the  DLL 
for  values  of  the  static  strength  shape  parameter  from  C  to 
25.  For  fibre-dominated  failure  with  as  values  near  2G,  such 
a  test  would  demonstrate  an  A-basis.  However,  for  matrix- 
dominated  failure  modes,  with  ranging  from  five  to  ten,  a 
test  to  150%  of  the  DLL  would  not  demonstrate  the  A-basis. 
In  fact,  for  values  of  as  below  seven,  reliability  in  the  B-basis 
could  not  be  demonstrated.  Two  options  are  available  to 
increase  the  demonstrated  reliability;  (1)  increase  the  number 
of  test  specimens,  or  (2)  increase  the  load  level.  The  most 
effective  choice  is  to  increase  the  load  level  beyond  15C%  of 
the  DLL,  whereas  increasing  the  number  of  test  specimens 
yields  little  benefit  and  is  expensive. 

The  two  most  applicable  methods  of  statistical  certification 
approaches  for  fatigue  are  the  life  factor  (also  known  as  the 
scatter  factor)  and  the  load  enhancement  factor.  The  life  factor 
approach  relies  on  knowledge  of  the  fatigue  life  scatter  factor 
from  the  development  test  program  and  a  full-scale  test  or 
tests.  The  factor  gives  the  number  of  lives  that  must  be 
demonstrated  in  tests  to  yield  a  given  level  of  reliability  at 
the  end  of  one  life. 

A  plot  of  life  factor  NT  against  the  fttigue  life  shape 
parameter  au  is  given  in  Fig.  5  for  a  typical  scenario.  A  single 
full-scale  test  to  demonstrate  the  reliability  of  the  B  basis 
(p  =  0.90,  y  =  0.95)  at  the  end  of  one  life  is  to  be  conducted. 
The  curve  shows  that  as  the  shape  parameter  approaches  1.0, 
the  number  of  lives  rapidly  becomes  excessive.  Such  is  the 


x  rig.  4  Plot  of  the  95%  confidence  reliability  against  the  static 
ii  irength  shape  parameter  for  a  single  full-scale  static  test  to 

s  150%  of  the  design  limit  load 


Fatigue  life  shape  parameter,  a ^ 

Fig.  5  Plot  of  the  life  factor  required  to  demonstrate  the 
reliability  of  the  B-basis  results  at  the  end  of  one  life  against 
the  fatigue  life  shape  parameter  using  a  single  full-scale  test 
article 


case  of  in-plane  fatigue  failure  (aL  *  1.25).  Although  few 
data  for  transverse  fatigue  are  available,  other  than  perhaps 
for  bonded  pans,  it  is  reasonable  to  assume  that  the  value  of 
the  shape  parameter  will  be  the  same  or  less.  Hence,  n  is 
apparent  that  the  life  factor  approach  is  not  acceptable  (or 
the  cenification  of  composites,  especially  where  out-of-plane 
failure  modes  are  dominant 

An  alternate  appro:,  '  to  life  cenification  is  the  load 
enhancement  factor,  wherein  the  loads  are  increased  during 
the  fatigue  test  to  demonstrate  the  desired  level  of  reliability. 
Figure  6  illustrates  the  effect  of  the  fatigue  life  shape  parameter 
ai_  and  the  residual-strength  shape  parameter  a*  on  the 
load  enhancement  factor  F  required  to  demonstrate  B-basis 
reliability  for  one  life  using  a  single  full-scale  fatigue  test  to 
one  lifetime.  It  obvious  that  the  required  factor  does  not 
change  signifies  .ly  for  fatigue  life  shape  parameters  in  the 
range  of  five  to  ten.  However,  as  the  shape  parameter 
approaches  l.C,  as  is  the  case  for  composites,  the  required 
load  enhancement  factor  increases  noticeably,  especiaiiv  for 
small  values  of  the  residual-strength  shape  parameter.  Tms 
curve  illustrates  well  the  potential  problems  that  may  arise 
from  dominant  out-of-plane  failure  modes.  Such  failure  modes 
tend  to  have  low  values  of  aL  (near  1.0)  and  also  low  values 
of  aR  (in  the  range  from  5.0  to  10. 0).  These  values  would 
make  the  required  load  enhancement  factors  prohibitively 
large.  It  is  evident  that  for  failure  modes  that  exhibit  a  high 
degree  of  static  and  fatigue  scatter,  the  life  factor  and  load 
enhancement  factor  approaches  can  result  in  impossible  test 
requirements.  A  combined  approach  can  be  achieved  through 
the  manipulation  of  the  functional  expressions.  The  resulting 
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Residual  strength  shape  parameter,  a 


j: 

jj  Fig.  6  Plot  of  the  load  enhancement  factor  required  to  demon- 

54  strate  the  reliability  of  the  B-basis  results  at  the  end  of  one  life 

js  against  the  residual  strength  shape  parameter  for  three  values 

y>  of  fatigue  life  shape  parameter  aL  using  a  single  fatigue  test 

y>  to  one  lifetime 

in  method  allows  some  latitude  in  balancing  the  test  duration 
su  and  the  load  enhancement  factor  to  demonstrate  a  desired 
)x  level  of  reliability. 

in  Figure  7  gives  the  curves  of  load  enhancement  factor 

against  life  factor  for  the  cases  of  fibre-  and  matrix-dominated 
337  failure.  Typical  values  for  the  fatigue  life  and  residua!  strength 

ij*  shape  parameter  were  employed.  The  curves  show  the  possible 

>n  combinations  of  life  factor  (or  test  duration)  and  load 

enhancement  factor  to  demonstrate  the  B-basis  reliability  at 
su  the  end  of  one  lifetime  using  a  single  full-scale  fatigue  test 
article.  The  curve  for  fibre-dominated  failure  modes  exhibits 
us  quite  reasonable  values  of  life  factor  and  load  enhancement 
vu  factor.  For  test  durations  ranging  from  one  to  five  lifetimes, 
Mi  the  load  enhancement  factor  ranges  from  1.18  down  to  1.06. 


Life  factor 

I) 

i  Fig.  7  Plot  of  possible  combinations  of  load  enhancement 
:  factor  and  life  factor  necessary  to  demonstrate  the  reliability 

i  of  the  B-basis  results  at  the  end  of  one  lifetime  using  a  single 

4  full-scale  test  article  for  matrix-  and  fibre-dominated  failure 

i  modes 


However,  the  test  requirements  tor  matrix-dominated  failure 
are  more  severe.  Over  the  range  of  life  factor  from  one  to 
five  the  load  enhancement  factor  ranges  from  1.4  down  to 
1.19.  An  environmental  knockdown  factor  would  funner 
complicate  the  test  of  a  matrix-dominated  failure.  Such  a 
factor  must  be  combined  with  the  load  enhancement  (actor 
to  yield  the  required  test  load  level.  As  is  well  known  m 
composites,  the  adverse  effects  of  environment  on  matrix 
properties  is  much  more  severe  than  on  fibre-dominated 
properties  and  the  resulting  factor  may  be  significant. 

Further  illustration  of  the  problems  induced  by  matrix- 
dominated  failure  is  possible  by  assuming  a  limit  exists  on 
the  load  enhancement  factor.  Such  limits  mav  exist  because 
of  failure  mode  transitions  at  higher  load  levels.  For  instance, 
assuming  a  load  enhancement  factor  of  1.2  is  the  maximum 
allowable  value,  it  is  obvious  that  a  successful  one- lifetime 
test  for  a  fibre-dominated  failure  will  demonstrate  the 
reliability  better  than  a  B-basis  test.  For  matnx-domir.ated 
failure,  the  same  reliability  would  require  a  test  duration  of 
about  4.5  lives. 

Two  key  aspects  to  the  statistical  certification  method¬ 
ology  are  the  generation  of  an  adequate  database  and  the 
proper  execution  of  a  full-scale  demonstration  test.  Tne 
development  test  program  must  be  conducted  in  a  'building 
block'  approach  that  produces  confident  knowledge  of  the 
material  shape  parameters,  environmental  effects,  failure 
modes  and  response  variability-.  Perhaps  the  most  important 
result  should  be  the  ability  to  predict  the  failure  mode  and 
know  the  scatter  associated  with  it.  Structures  that  exhibit 
transverse  failures,  which  can  result  in  competing  modes  and 
a  high  degree  of  scatter,  may  render  the  application  of 
this  fatigue  methodology  impractical.  This  result  has  been 
illustrated  by  the  effect  of  shape  parameters  on  both  the  static 
and  fatigue  test  requirements.  The  requirements  clearly  show 
that  a  well  designed  structure  that  exhibits  fibre-dominated 
failure  modes  will  be  more  easily  certified  than  one  constrained 
by  matrix-dominated  effects. 

Wearout  methodology 

The  wearout  methodology  was  developed  in  the  early  197Cs 
and  is  comprehensively  summarized  in  Ref.  19  by  Halpin, 
Jerina  and  Johnson.  This  methodology  was  previously  used 
in  the  certification  of  the  following  composite  aircraft 
components: 

1)  the  A-7  outer  wing, 

2)  the  F-16  empennage, 

i)  the  B-1A  horizontal  tail. 

In  essence,  the  wearout  approach  recognizes  the  prob¬ 

ability  of  progressive  structural  deterioration  of  a  composite 
structure.  The  approach  utilizes  the  development  test  data  on 
the  static  strength  and  the  residual  strength,  after  a  specified 
period  of  use,  in  conjunction  with  proof  testing  of  all  flight 
hardware  items  to  characterize  this  deterioration  and  protect 
the  structure  against  premature  failures.  It  has  become  evident 
that  the  residual  stiffness  is  an  indicator  of  the  extent  of  the 
structural  deterioration  and  can  be  an  important  performance 
parameter  with  regard  to  the  natural  frequences  of  oscillation 
of  the  aerodynamic  surfaces.  Thus,  in  some  instances,  it  mav 
be  prudent  to  incorporate  a  residual-stiffness  requirement  in 
an  adopted  methodology  to  evaluate  the  tolerance  ot  the 
structure  to  component  stiffness  degradation. 

The  difficulties  in  the  implementation  of  the  methodology 
include  the  determination  of  the  critical  load  conditions  to  be 
applied  for  static  and  residual  strength  and  stiffness  testing 
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and  for  the  proof  load  specification.  Similar  difficulties  would 
arise  in  the  case  of  all  candidate  methodologies  considered 
here  and  indeed  emphasize  the  importance  of  a  representative 
structural  analysts.  However,  the  advantage  of  the  wearout 
approach  for  advanced  composite  hardware  development 
protects  resides  in  the  abiiirv  to  assign  'gates'  for  sate  iiignt 
testing  as  the  flight  envelope  is  progressively  expanded. 

Proof  test  philosophy 

The  truncation  in  static  and  residual  strength,  and  life  capacity, 
resulting  from  proof  testing  is  intended  to  develop  confidence 
that  the  structure  is  uniikelv  to  tail  within  a  specified  time 
under  a  specified  usage.  Most  ot  the  essential  features  of  the 
wearout  process  are  illustrated  in  Fig.  S.  Mathematically,  the 
structural  deterioration  can  be  represented  by  the  equation 
from  Ref.  19: 

1  =  fCC)--"  -  (r  -  lM4;Fm„)-v[r  -  r(C)j 

(S) 

where  F(t)  is  the  residual  strength  after  time  ‘r\  F( 0)  is  ihe 
initial  static  strength,  F„„  is  the  maximum  fatigue  spectrum 
stress  (failure  occurs  when  F{t)  =  F„,x)  and  A  is  a  constant. 

The  key  wearout  parameter  V  is  defined  as  the  slope  of 
the  daJdN .  curve  or  may  be  derived  from  the  S-.Y  fatigue 
curve  for  the  failure  mode  in  question.  Based  on  this  model, 
the  proof  load  level  required  to  protect  the  structure  for  the 
desired  operating  period  r„p  can  be  deduced  as  follows: 

Setting  F(Q )  -  /> L,  and  using  F(t)  =  F(xx),  we  obtain; 


u> 


F&~'>  =  F(xx)*<'-'>+Rtop 

where 


(9) 


-  (1C) 

«ai  and  is  termed  the  ‘damage  accumulation  rate'  or  ‘wearout 
rate’. 

mi  A  minimum  of  two  tests  is  required  to  determine  the 

m  wearout  rate  R: 

Mt  1)  a  static  test  to  failure, 

2)  a  fatigue  test  followed  by  a  residual  strength  test  to 
m»  failure. 


n 


v 


F'g.  8  Essential  features  of  the  'wearout  model'  relating  static 
failure,  load  history  and  fatigue  failure 


A  residua!  stiffness  test  should  also  be  incorporated  in 
(21  lor  the  reasons  noted  earlier. 

It  is  apparent  from  the  above  discussion  that  a  reliable 
estimation  of  the  damage  accumulation  rate  R  is  the  kev  to 
the  appropriate  application  of  the  wearout  methodology  Since 
R  depends  on  the  parameter  r.  data  pertaining  to  the  detailed 
configurations  and  (allure  modes  of  the  hardware  components 
in  Question  must  be  obrimeu.  Now.  it  has  been  mentioned 
previously  that  a  distinct  likelihood  of  matrix-controlled 
laiiure  modes  exists  in  complex  developmental  composite 
hardware  and  we  therefore  consider  that  the  taiiure  modes 
encountered  in  bonded  joints  under  fatigue  loading  shouic 
exhibit  similar  characteristics  to  that  of  the  delamir.ation  ol 
advanced  composite  structures.  Understandable,  rhen.  a 
wearout  model  database  exists  and  other  data  are  avaiiapie 
that  mav  be  recast  into  wearout  model  parameters.  H'c  shall 
return  to  this  subiect  in  the  experimental  survey  analysis 
section. 

Implementation  of  the  wearout  methodology 

The  application  ol  the  'wear Out’  philosophy  to  developmental 
composite  hardware  projects  seems  to  be  feasible.  Tne  kcy 
tasks  necessary  to  implement  the  methodology  are  depicted 
in  Fig.  8  and  can  be  summarized  as  follows. 

1)  Prescribe  a  best  estimate  of  the  usage  spectrum,  <> 

including  the  duration  ‘rpp’,  or  various  multiples 
thereof,  to  represent  phases  of  the  flight  test  program. 

2)  Based  on  an  adequate  structural  analysis  o!  the  critical  * 
loading  conditions  specify  a  static  strength  requirement 
and  conduct  a  static  strength  test  to  failure  for  the 
condition  deemed  to  be  most  critical. 

3)  Incorporating  damage  tolerance  criteria  supported  by  m 
non-destructive  inspection  (NDJ),  conduct  a  fatigue 
test  based  on  the  usage  spectrum. 

9)  Conduct  a  residual  strength,  and  stillness  ten  rn  v 

failure  of  the  fatigued  component,  drawing  again  on 
the  static  strength  requirement  defined  above.  - 

5)  Estimate  an  'damage  accumulation’  rate  through  a  *■ 
scries  of  tests  of  critical  subelcments  (identified  bv  the 
structural  evaluation)  and/or  coupons.  These  tests  *■ 
should  provide  estimates  of  the  wearout  parameter  V. 
b)  Conduct  a  proof  test  of  each  flight  hardware  component 
to  a  level  deduced  from  items  1  to  5, 


Experimental  survey/analysis 

In  our  previous  discussion  on  wearout  methodology,  we 
referred  to  the  existence  of  a  wearout  model  database  that 
can  be  extracted  from  the  large  bodv  of  literature  on  PMCs. 
These  data  appear  in  a  directly  relatable  format1’  or  can  be 
recast  in  a  common  form  from  recent  sources  such  as 
Poursarttn  et  ali~,‘  or  from  contemporary  composite  fracture 
mechanic1,  parameters  used  to  define  damage  or  damaec 
growt  ach  as  delammation. l!-"’  By  observing  that  she 
matrix-dominated  failure  mechanisms  of  dclaminauon  and 
compression  represent  phenomena  that  closely  resemble  the 
failure  mechanisms  exhibited  by  adhesively  bonded  joints-” 
:l  we  may  draw  on  an  even  larger  database. 

Review  of  theoretical  foundations  of  wearout 
concepts 

Betorc  studying  the  overall  database  it  is  first  appropriate  to 
review  the  phvsica!  and  theoretical  basis  for  the  wearout 
concepts.  As  previously  stated  the  probability  of  progressive 
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structural  deterioration  of  a  composite  structure  is  recognized 
and  forms  the  essential  ingredient  of  the  wearout  philosophy. 

By  combining  several  basic  assumptions  regarding  the 
behaviour  of  a  composite  structure  under  load  with  basic 
Weibull  statistics  the  'kinetic  fracture  model'  can  be  derived. 
This  model  serves  to  assist  us  in  predicting  the  ‘fatigue 
wearout  behaviour’  of  composite  structures. 

The  first  assumption  concerns  the  growth  of  an  inherent 
or  real  material  flaw,  da/dr,  which  is  deemed  to  be 
proportional  to  the  strain  energy  release  rate  C  of  the  materia! 
system  raised  to  some  power  r,  where  r  is  to  be  determined 
experimentally;  thus 

da/dr  *  Gr  (11) 

where  a  is  the  flaw  length. 

As  the  cyclic  load,  F(t),  is  applied  to  the  flawed  body, 
the  internally  stored  strain  energy  will  occasionally  exceed 
the  cntical  level  required  to  overcome  the  local  resistance  of 
the  material  to  flaw  growth,  or  damage  accumulation,  and 
flaw  growth  will  occur.  Then,  according  to  the  basic  theory 
of  Griffith  the  strain  energy  release  rate  for  the  material  is 
proportional  to  the  stored  strain  energy  U  and  the  flaw  length 
a. 

Then,  since  G  *  all  we  obtain 

daldt  *  U'ar  (12) 

We  note  that  the  foregoing  applies  to  the  ideal  situation  of  a 
cracked  solid  containing  a  crack  that  extends  in  a  self-similar 
manner,  typically  a  mode-I  condition.  Clearly,  the  more 
complex  conditions  existing  in  a  highly  orthotropic,  hetero¬ 
geneous  body  may  give  rise  to  different  forms  of  the 
relationship. 

However,  for  our  present  purpose  we  shall  retain  the 
above  and  also  assume  that  the  spectrum  load  levels  and 
frequencies  are  selected  based  on  a  given  aircraft  spectrum 
loading.  The  same  random  sequence  is  taken  to  be  applicable 
to  each  specimen. 

The  only  variable  regarding  the  applied  load  history  then, 
is  the  spectrum  intensity  parameter.  A,,  which  relates  to  the 
reference  aircraft  spectrum,  F„i(t),  and  the  experimentally 
applied  load  history,  F{t).  Hence 

(13) 

where  A ,  is  a  constant.  By  substituting  Equation  (13)  into 
Equation  (12); 

da/dt*  A\F;'{{t)ar  (14) 

or 

da/dt^AtAlF^tWa'  (15) 

where  A}  represents  a  constant  that  accounts  for  the  constants 
of  proportionality  and  the  prior  history. 

By  integrating  Equation  (15)  from  some  initial  time  t- 
to  some  later  time  t,  we  can  keep  track  of  the  flaw  length 
<j(t),  where  a{t0)  =  aa.  Thus: 

I  a~r  da  —  j  A2Ar,  fr't,(t)dt  =  A}Ar,  I  dt 

since  F„t(t )  is  assumed  to  be  a  stationary  random  process. 
For  a  stationary  random  process  the  amount  of  crack  growth 
or  damage  accumulation  is  not  a  function  of  the  details  of 
the  load  history.  Damage  accumulation  is  merely  proportional 
to  the  exposure  time  Af.  Thus,  F„i(f)  can  be  treated  as  a 
constant  for  the  purposes  of  integration  and  can  be  absorbed 


into  A,.  The  spectrum  intensity  parameter.  A,,  must  and  does 
appear  explicitly,  however,  to  account  for  variations  ir. 
spectrum  intensity. 

Completing  the  integration: 

I-- 

- -  =A,.-l(r 

1  "  r'-a 

Therefore 

-  a(tej-  '_i:  «  -  tr-lM)  Ay(c-c3r  (lb, 

Finallv,  assuming  that  linear  fracture  mechanics  tneorv  applies 
to  composite  structures  we  write 

K  =  tr,  \  ~a 
and 

a  —  (AT’/tr)  <j~2  ( 1 7) 

Substituting  Equation  (17)  into  Equation  (16): 

C7 '  ’  ~  ' 1  =  -  ( ’ r  ~  1 )  A\A.(  c  -  tc )  (18) 

Note  here  that  the  constants  K  and  ir  have  been  absorbed 
into  the  constant  A4 ■  Equation  (18)  desenbes  mathematically 
the  strength  of  the  ith  specimen,  t r,(t),  is  a  function  of  rime 
and  its  initial  strength  at  time  r0,  a-,.  The  right-hand  side  of 
Equation  (18)  represents  the  wearout  or  strength  degradation 
that  occurs  during  the  time  interval  ea  — ►  r.  The  flaw  growth 
exponent  r  and  the  history  constant  A4  must  all  be  determined 
from  the  experimental  data. 

To  describe  how  the  distribution  of  strengths  for  a 
number  of  tests  changes  with  time  we  consider  a  series  of 
specimens  that  has  the  distribution  of  static  strengths  <r(0)  at 
time  t  =  0,  see  Fig.  9(a).  Assuming  that  each  specimen  is 
subjected  to  a  fatigue  loading  described  as  A,F„,(t)  over  a 
time  duration  i  the  change  in  the  above  distribution  may  be 
obtained  as  a  function  of  time.  The  resulting  ti.— c-deper,dent 
strength  trajectory  of  specimen  i  is  also  illustrated  in  Fig. 
9(a).  The  equation  of  the  residua) -strength  wearout  trajectory 
ct0,  — »  v,„  is  given  by  the  equation: 

I 

crI(f)  =  [tr-^-,)-(r- l)A)A4(r-ra)]-^-'>  (19)  . 

Note  that  whilst  the  strength  trajectories  of  each  of  the  V 
specimens  (l  «  i  «  n)  arc  not  necessarily  parallel,  the  relative 
position  of  their  static  strengths  does  not  change.  As  a  result, 
the  percentage  of  specimens  with  static  strengths  greater  than 
that  of  the  tth  specimen  at  t  =  0,  <r-,,  is  the  same  as  che 
percentage  of  specimens  with  static  strengths  greater  than  that 
of  the  ith  specimen  at  time  a„,  that  is  the  shaded  regions 
shown  in  Fig.  9(a)  both  have  the  same  area. 

If  we  now  consider  the  prediction  of  the  percentage  of 
specimens,  at  time  t,  which  have  a  static  ifength  greater  than 
some  arbitrary  value  o',  given  the  distribution  of  static 
strengths  at  time  t  =  0  in  terms  of  the  Weibull  parameters. 

Pa.  refer  to  Fig.  9(b). 

Recall  that  the  percentage  of  specimens  having  static 
strengths  greater  than  o'  at  time  r0  is  given  by 

F[ff(0)  >tr‘]  =  exp(- a'/p0)“=  (2Cj 

Since  the  relative  position  of  the  specimens  in  the  two 
distributions  does  not  change  in  going  from  a(C)  to  ait),  it 
follows  that 

/>[a(r)>o,]  =  /,[<r(C)>oJ  (21) 

by  tracing  the  path  of  a  backwards  in  time.  Then,  by 
combining  Equations  (2C)  and  (21): 
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Fig.  9  Features  of  residual  strength  and  life  comprising  the 
wearout  model;  (a),  residual  strength  as  a  function  of  fatigue 
exposure;  lb),  trace  of  residual  strength  of  specimen  o'  back 
to  time  /  =  0;  Ic).  overall  wearout  model 


/’[cr(r)  >  crl]  =  exp(- <t/(30)“°  (22) 

The  trajectorv  of  the  specimen  having  a  static  strength 
equal  to  tr  at  time  t  -  0  and  strength  cr1  at  time  r  can  be 
expressed  as 

(ff')J(r",)-cri"-,>=  -  (r-l)/l;/l4(r-r0)  (23) 

from  Equation  (18).  Rearranging  this  we  obtain  that 

«r  =  f(cr*  1  ^  +  (r  —  l)Ar,A4t]UI,r-'’  (24) 

Therefore,  by  combining  Equations  (22)  and  (24)  the 
percentage  of  specimens  that  have  a  static  strength  <r(r)  >  o' 
can  be  expressed  as 

P[<T(t)  >  <7*J  = 

[(cr1  )«-■>  +  (r— 

Sc 

or 


To  determine  the  time  required  at  a  given  spectrum 
intensity  A,,  before  the  probability  of  survival  is  reduced  to 
some  value  P  we  can  assume  a  value  lor  the  latter  and  soive 
for  rR  from  Equation  (26).  Hence, 


[-In  P)-'  —  3;  ' 


=  (r-  I ),-}(. 4, rH 


and 


‘ ' t  —  \nPr  ~U  a- 

lR  ~  ~  1  "  i  —  S 

A\A,(r-  I) 

Now  the  distribution  of  fatigue  failures  can  be  represented 
on  the  same  graph  as  the  static  residual  strengths,  along  a 
horizontal  line  drawn  at  the  maximum  load  level  produced 
during  the  fatigue  spectrum  fm„  (see  Fig.  9(c)).  As  the 
residual  strength  of  a  specimen  falls  below  the  Fm„  level, 
failure  is  likely  to  occur  at  any  time,  so  that  all  trajectories 
end  at  this  point. 

Application  of  the  wearout  model  requires  a  minimum 
of  four  sets  of  statistical  data; 

(i)  data  describing  the  static  strength  distributions  at  both 
time  t  =  0  and  at  some  later  time  t, 

(ii)  two  secs  of  fatigue  failure  data,  > 


which  would  be  sufficient  to  define  the  constants  Oo,  3-.  r 
and  A,  that  appear  in  Equations  (26)  and  (28).  The  spectrum 
intensity  parameter,  A ,,  would  be  held  constant  for  the  two 
residual-strength  tests  and  one  of  the  fatigue  tests.  The  other 
fatigue  test  would  be  run  at  two  other  intensity  levels, 
resulting  in  a  a  against  S  plot,  from  which  the  exponent 
could  be  calculated.  The  method  of  solution  for  calculating 
these  various  constants  is  an  iterative  procedure  for  which 
many  standard  routines  are  available  to  facilitate  rapid 
data  reduction.  Such  routines  are  capable  of  automatically 
generating  diagrams  similar  to  that  illustrated  in  Fig.  9(c). 

Other  relationships  have  been  proposed”  relating  the 
initial  static  strength  shape  parameter  oo,  and  the  fatigue  life 
shape  parameter  O).  It  is  of  particular  interest  to  observe  that 
these  shape  parameters,  which  can  also  be  applied  to  the 
study  of  creep  phenomena,  are  shown  to  be  a  function  of  the 
flaw  size  exponent  alone. 

ot0  =  2r+l  (29a )  ■ 

af  =  a0/2(r-l)  (2"V 

However,  the  relationship  that  will  be  of  specific  interest 
to  this  subject  is  the  experimental  survev  result  from  the 
posrulace”  that  a  materia!  may  lose  strength  at  a  uniform  rate 
with  respect  to  a  logarithmic  (or  number  of  cycles)  scale. 

Thus,  from 


/,[cr(f)>(T’]  = 


t  Fg  =  B  or  N  Fz  -  B , 


cxpl 

P{<t(c)  >  a'j  represents  the  probability  of  survival  for  Various  expressions  have  been  proposed  for  the  application  - 

an  applied  load  of  magnitude  tr'  at  time  t.  Based  on  Equarion  to  fatigue  degradation  and  damage  accumulation  predictions  •• 

(26)  a  complete  family  of  trajectories  and  residual-strength  of  composites.  In  the  previous  section  we  reviewed  the 
distributions  can  be  generated  for  any  time  c.  A  senes  of  such  wearout  approach  that  is  based  on  the  relationship; 
distributions  for  times  t  =  0,  t,,  i2  and  f>  are  illustrated  in 

Fig.  9(c).  da/dt-A„Gr  (31) 


-  ,  -  -  —  — i —  —  — » — 
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Subsequently,  assumptions  were  introduced  regarding  the 
relationship  between  the  strain  energy  release  rate  C  and  the 
flaw  size  u  in  order  to  derive  the  basic  wearout  equation. 

The  fracture  mechanics  approaches  that  appear  to  have 
been  introduced  initially  to  address  the  structural  integrity 
and  reliability  of  adhesivciv  bonded  |oints  are  rounded  on  a 
similar  relationship: 

dj/d.Y  =  5(AA'):'  =  i4f(AGT  (32) 

where  IK  and  AG  are  the  cyclic  range  ot  stress  intensity  and 
strain  energy  release  rate,  respectively. 

More  recently  the  damage-based  fatigue  mode!  devised 
bv  Poursartip  et  al*~1'  has  been  applied  to  composite  laminates 
resulting  in  the  expression: 


dD/d.Y  =  Ad(A<t)j'  =  riDF(AG)’  (33) 


where  D  the  extent  of  the  accumulated  damage  is  clearly 
related  to  the  flaw  size  (length)  represented  bv  Equations 
(31)  and  (32).  Acr  is  the  stress  range  that  can  be  related  to 
stress  intensity  and  hence  strain  energy  release  rate  via  the 
familar  equation  for  brittle  fracture: 


/£GC 

\  ^4 


K±_ 

\  Tta 


(34) 


To  assist  our  efforts  to  draw  on  the  data  from  each  of  the 
above  approaches  we  have  used  a  common  symbol  r  for  the 
flaw  (or  damage)  growth  rate  exponent.  Consequently,  in 
view  of  the  relationship  of  Equation  (34)  the  expression  for 
the  damage  growth  rate  dD/d,V  has  been  modified  in  Equation 
(33). 

The  comparisons  drawn  from  a  very  broad  range  of 
literature  are  provided  in  Table  1. 


Final  remarks 

The  subject  of  damage  sources  and  damage  accumulation  in 
composite  systems  has  been  discussed  herein  and  various 
approaches  to  the  certification  of  composite  structures  and 


the  associated  iatigue  life  prediction  techniques  have  been 
reviewed 

Although  fundamental  differences  between  the  structural 
behaviour  ot  PMCs  ana  CMCs  exist  the  prospects  o*  somr 
similar  approaches  to  damage  state  prediction  are  considered 
to  be  worthy  ot  future  evaluation.  To  this  end,  the  damage 
mechanics  approaches  developed  at  Cambridge  bv  Beaumont. 
Ashby,  and  co-workers,  appear  to  be  potential!-.-  attractive 
approaches  for  CMC  damage  accumulation  and  fatigue  lire- 
prediction. 

Returning  to  the  subiect  of  PMCs,  the  genera!  overlap 
between  damage  mechanics  and  fracture  mechanics  suggests 
that  interrelationships  exist  wherein  the  microdamage  assess¬ 
ment  of  discrete  interlaminar  defects  might  be  penormed. 
Indeed  such  strategies  may  also  be  appropriate  for  CMCs. 
One  specific  area  that  is  of  considerable  interest  to  the  design 
commumrv  is  associated  with  the  finite-w-idth  effect  that  was 
very  briefly  addressed  by  Poursartip  et  alA  A  systematic 
scientific  evaluation  of  this  effect  is  strongly  recommended  in 
future  considerations. 

A  striking  similarity-  berween  the  flaw  or,  more  preciselv, 
damage  growth  rate  exponents  for  matrix-dominated  mechan¬ 
isms  is  evident  from  the  review  of  experimental  survevs  and 
analyses;  see  Table  1.  In  most  of  the  widely  ranging  damage 
phenomena  interlaminar  separation  represented  the  genencallv 
similar  feature  for  composite  delaminations  and  adhesively 
bonded  attachments  berween  composite  and/or  metallic 
adherends.  Since,  future  reductions  in  composite  manufactur¬ 
ing  costs  will  depend  on  the  reliability  of  cocured  subassembl¬ 
ies,  the  structural  integrity  of  this  category  of  interfacial 
damage  mechanism  will  become  a  critical  issue  that  is  well 
worthy  of  further  research.  This  research  area  should  be 
extended  to  the  design  features  that  are  commonplace  in 
composite  hardware  such  as  tapers  and  transitions'15  and 
local  curvatures  as  well  as  through-thickness  penetrations, 
discontinuities  and  bolted  connections. 

Finally,  there  is  also  merit  in  re-evaluating  the  utility  of 
the  wearout  model  in  light  of  recent  developments  and  where 
the  likelihood  of  a  change  of  failure  mode  exists  owing  to 


Table  1.  Comparison  between  damage  growth  rate  exponents  from  various  sources  and  configurations 


Author,  reference 

Configuration 

Damage  growth  rate 
exponent  r 

Halpin  et  a/13 

Matrix-dominated  failure,  ±450  boron/epoxy 

5.05 

Waddoups25 

Graphite/epoxy-to-titanium  double-lap  bonded 
joint 

4.70 

Poursartip  et  al*~6 

Carbon/epoxy  [±45V90°/0°1S  laminates,  cyclic 
tension 

6. 3-6. 6* 

Johnson  and  Mall22 

Graphite/epoxy  bonded  lap  joints 

4.34-4.55 

Murri  et  a! 23  24 

Glass/epoxy  and  graphite  epoxy  tapered 
laminates,  cyclic  tension 

5.0-5. 6* 

Brussat  ef  a/26 

Adhesively  bonded  joints  with  metallic 
adherends 

5.03-5.57 

Knauss27 

Adhesively  bonded  joints  with 
metallic/composite  adherends 

5.75 

O'Brien'6 

Glass/epoxy  edge  deiamination  specimen, 
[±45o/0°/90°js 

6.24* 

•Value  determined  from  S-N  curve,  based  on  Equation  (301 
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r-  load  cycling  and/or  environmental  etfects.  The  damage 
n  mechanics  concepts  introduced  bv  the  recent  Cambridge 

'  m  research  ettorts  mav  serve  to  supplement  the  u-earout  philos- 

r*  ophv  bv  contributing  a  quantitative  prediction  capability  tor 

degradation  tor  changes  o!  residuai  strength  owing  to  cvchc 

w  loading 
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This  paper  presents  a  straightforward  method  for  the  direct  determination  of  the 
steady  solutions  in  shakedown  analysts.  The  direct  method  xei  first  proposed  fn 
Zarka  et  at.  This  paper  simplifies  this  method  by  sho  wing  that  the  modified  hardening 
parameter  field  can  be  directly  found  from  the  yield  condition  and  the  incremental 
residual  stress.  Thus,  only  two  elastic  analyses  are  required  to  obtain  the  shakedown 
solutions  without  the  need  of  performing  a  full-scale  analysts.  The  two-bar  structure 
and  the  tube  problem  are  sott  ed  as  examples  to  show  the  feasibility  and  efficient  i 
o  f  this  approach 


1  Introduction 

The  response  of  structures  subjected  to  cyclic  loads  and 
temperatures  is  often  very  complicated.  The  struciure  may 
elastically  shake  down,  or  it  may  incur  reversed  plasticity  or 
ratchetting.  Several  fundamental  questions  can  be  raised:  the 
existence  of  a  steady  state  is  usually  of  first  concern.  We  then 
need  to  know  when  the  shakedown  will  occur  and  what  the 
final  steady  stress-strain  state  will  be.  The  theoretical  inves¬ 
tigation  of  all  the  possible  responses  and  the  evaluation  of  the 
life  of  a  comparatively  complex  structure  can  be  very  difficult, 
even  if  the  C'eep  effect  is  neglected  in  a  first  step  analysis.  The 
computer,  based  on  the  finite  element  can  help,  but  the  nu¬ 
merical  approach  often  turns  out  to  be  very  expensive  and 
cannot  yield  a  definite  and  accurate  answer  except  for  a  small 
number  of  cycles  because  of  accumulated  computational  error. 
On  the  other  hand,  in  practice  the  design  is  primarily  based 
on  the  maximum  possible  stress  and  strain  attainable  under 
sustained  and  periodic  loads,  and  thus  a  large  amount  of  in¬ 
cremental  inelastic  calculations  approaching  the  steady  state 
is  often  inevitable.  Note  that  Ainsworth  (1977)  has  proposed 
a  method  to  determine  an  upper  bound  on  creep  deformation 
based  on  the  complete  steady  state,  cyclic  stress  distributions 
of  a  similar  structure  that  does  not  creep.  Therefore,  for  prac¬ 
tical  purposes  and  as  a  way  of  getting  out  of  the  difficulty 
involved  in  detailed  shakedown  analysis  for  answering  all 
shakedown  quv:.*;orj.  the  transient  state  of  the  structure  can 
be  regarded  as  of  less  importance,  and  attention  can  be  focused 
on  the  final  steads  solutions. 

In  I97S,  Zarka  ei  al.  first  proposed  a  direct  method  which 
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permits  a  straightforward  evaluation  oi  the  limn  state  of  the 
structure  on  the  basts  of  the  elastic  solution  and  the  first  ode 
of  the  elastic-plastic  calculation.  Zarka's  method  takes  ad¬ 
vantage  of  the  fact  that,  in  the  case  of  elastic  shakedown,  the 
plastic  strain  is  constant.  Whenever  reversed  plasticity  occurs, 
however,  the  plastic  strain  varies  with  time  and  Zarka’s  method 
becomes  complex.  This  paper  presents  a  simple  method  fot 
the  direct  evaluation  of  the  steady  solutions  for  all  shakedown 
cases.  The  two-bar  assembly  and  the  tube  problem  are  solved 
as  examples.  The  feasibility  and  the  efficiency  of  the  approach 
are  obvious  as  compared  to  the  conventional  incremental 
method. 

This  paper  concerns  only  kinematic  hardening  materials, 
since  lor  such  materials,  a  steady  state  can  always  be  reached 

2  Problem  Formulation 

The  total  strain  i  is  considered  to  be  composed  of  three 
parts,  the  elastic  strain  <’ .  the  thermal  strain  < '  and  the  plastic 
strain  <r: 

t  =  «r »  » r  -  111 

The  clastic  strain  «'  relates  to  the  current  stress  a  through  an 
elastic  matrix  D: 

*  =  Do  Ci 

while  the  plastic  strain  t'  is  assumed  to  obey  the  associated 
plastic  flow  law : 


where/  is  the  yield  function,  and  \  is  an  infinitesimal  scalar 
factor.  The  creep  strain  is  not  considered  here.  An  uppet  bound 
of  the  creep  deformation  can  be  estimated  after  the  shakedown 
solutions  are  obtained  using  Ainsworth  s  method,  lor  example 
Suppose  that  the  material  considered  follows  the  kinematic 
hardening  rule  The  yield  condition  is  then  given  by  a  function 
in  the  form  ol 
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Ho  n)  -  0  i4) 

where  a  is  ihe  hack  stress,  also  called  the  hardening  parameter, 
which  indicate'  the  current  center  of  the  yield  surtacc.  Some 
differential  relation'  have  beer,  proposed  tor  the  determination 
Ol  the  rate  a  ol  the  back  stress  In  this  paper,  we  will  use  the 
simplest,  bu;  ra  her  extensively  used  variant 

<.  B<*  i '  i 

where  8  is  a  .on-tant  symmetric  pvisittxe  matrix.  We  car.  thu' 
w  rite 

<  =  B  a  thi 

To  formulate  a  direct  approach.,  Zarka  ei  al.  ( 19~S) separated 
the  sires'  ami  drain  into  two  parts: 


where  t<r'  .  «'  I  represents  the  purely  elastic  soluiion  to  the 
current  boundary  value  problem,  and  (/>.  ei  represents  the 
residual  stress  and  strain.  The  residual  stress  should  be  stati- 
callv  admissible  with  zero  applied  torees.  and  ihe  residual  strain 
should  be  kinematically  admissible  with  zero  applied  displace¬ 
ments.  Generally.  they  all  van  with  time. 

Zarka  et  al.  next  introduced  a  modified  hardening  parameter 
a 

6  —  a  -  p.  (8) 

This  new  tensor  has  no  physical  meaning,  but  with  it  we  can 
rewrite  the  yield  condition.  Eq.  (4).  as 

ftf -it)  =  0  (9) 

and  obtain  a  residual  stress-strain  relationship 

e  =  (B~'+D)p  +  B  a.  (101 

Zarka 's  method  is  that,  instead  of  solving  a  difficult  pla 
licit x  problem,  he  tried  to  find  an  6  field  such  that  at  any  time 
the  yield  condition  is  satisfied.  Then  the  residual  solution  (p, 
e)  can  be  obtained  by  solving  an  elastic  problem  with  homo¬ 
geneous  equilibrium  equations  and  boundary  conditions  but 
with  non  horn  "■eeneous  stress-strain  relationships.  After  that, 
the  actual  solution  can  be  found,  according  to  Eq.  (7),  by 
superpositions.  Thus,  the  key  point  of  Zarka's  method  is  how 
to  find  the  or  field. 

In  the  case  of  elas:ic  shakedown,  the  a  field  is  constant, 
that  is,  it  is  independent  of  time.  This  fact  makes  Zarka’s 
meihod  rather  simple.  However,  whenever  reversed  plasticity 
occurs,  the  a  field  varies  with  time  and  Zarka's  meihod  loses 
its  simplicity.  Another  difficulty  is  that  many  a  fields  can  be 
chosen  that  meet  the  requirement  and  there  will  be  considerable 
difle'cnces  in  the  final  shakedown  solution,  depending  on  the 
choice  of  a  fields.  To  single  out  the  correct  solution.  Zarlr, 
et  al  calculated  the  first  cycle  and  deduced,  through  a  compi. 
procedure,  the  right  a  field. 

We  now  present  a  simple  and  straightforward  meihod  to 
directly  derive  the  a  field  and  then  the  shakedown  solution. 

It  is  known  that  under  periodic  loading,  the  stress  state  will 
always  shakedown  due  to  the  kinemaic  hardening.  As  a  result, 
when  shakedown  is  reached,  the  structure  considered  can  be 
composed  of  three  kinds  of  regions:  S,.  S:,  and  S>.  where  5: 
is  the  reversed  plasticity  zone.  S:  yields  only  in  the  heating  half 
cycles,  and  Si  yields  only  in  the  cooling  half  cycles  (Fig.  1). 
In  the  stress  space,  it  means  that  stresses  in  region  S,  hit  the 
yield  surface  twice  in  a  complete  cycle,  whereas  stresses  in 
regions  S-  and  Si  hit  the  yield  surface  only  once  and  remain 
somewhere  n.sidc  the  yield  surface  during  the  other  half  cycles 
(f  ig.  2).  In  other  words,  the  above  division  says  that  during 
a  complete  cycle  when  the  shakedown  is  reached,  the  yield 
condition  will  be  met  twice  in  region  St: 


Fig  1  Possible  division  of  Ihe  region  Region  S-  incurs  alternating 
piasttciiy:  region  S;  yields  only  durmg  the  heaiing;  and  region  S.  yseics 
only  during  the  cooling. 


Fig  2  Yield  surface.  Stresses  in  region  5.  bil  ihe  yield  surface  twice 
in  a  complete  cycle.  Stresses  »n  regions  S;  and  St  hit  the  yield  surface 
only  once  and  remain  somewhere  inside  the  yield  surface  during  the 
other  half  cycles. 


f(o'<  -oHl  =  0 
/(oc  ~  Of  )  =  0 


and  will  be  met  only  once  in  region  5;: 


ill) 


/(»«  ~  a„)  -0 
fia'1  -  ctcXO 


and  once  in  region  Sc. 


(12) 


A«h-  aH)<0 
fipc  ~  6c~) =  0 


(13) 


In  Eqs.  (UM13),  the  subscripts  H  and  C  a-e  used  to  refer  to 
the  values  for  the  heating  and  cooling  half  cycles,  respectively. 

Now  suppose  that  the  yield  condition,  Eq  (9).  permits  the 
solution  of  a  in  terms  of  the  stress  o'1.  Then  from  Eqs.  (11)- 
(13).  6„and  o<-can  both  be  found  in  S aHcan  be  found  w  hile 
6<-is  unknown  in  S: ;  and  arcan  be  found  while  a,/ is  unknown 
in  5>.  Since  one  of  the  modified  hardening  parameters  is  alwavx 
known,  the  problem  thus  becomes  that  of  finding  the  increment 


i6r  =  6t(--o«.  (14) 

Once  the  increment  .46  is  found,  the  6t  in  5;  and  aH  in  $«, 
and  consequently  the  entire  a  field  in  the  whoie  region,  arc 
fully  determined. 

From  Eq  (8).  we  have  an  incremental  relation 

.46  —  4a  -  (15) 


Since  from  Eq.  (5)  the  back  stress  a  depends  uniquely  on 
the  plastic  strain,  whereas  the  regions  S;  and  S>  yield  only  once 
in  a  complete  cycle,  the  plastic  strain  and  consequently  the 
back  stress  should  be  constant  there.  In  other  words,  in  these 
two  regions,  the  incremental  back  stress  4a  is  zero,  and  the 
incremental  modified  hardening  parameter  .46  equals  the  neg¬ 
ative  incremental  residual  stress  .4p: 


=  0 

/  A6  =  ~  .4p 


in  S;  and  S>. 


(16) 
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Fig.  3  Two-bar  assembly.  Two  bars  are  made  ol  the  same  kinematic 
hardening  material,  but  ol  different  lengths  <>  and  a-,  respectively!  and 
different  cross-section  areas  (>A  and  A.  respectively).  In  addition  to  a 
constant  axial  force  P,  bar  2  is  subjected  to  a  temperature  change  of 
amplitude  7.  while  the  temperature  of  bar  2  always  stays  at  aero. 


Hence,  we  only  need  to  calculate  the  increment  .1 p  to  find  the 
increment  Six  and  then  the  it  field. 

it  should  be  noted  that  for  the  reversed  plasticity  region,  5,. 
the  plastic  strain,  and  hence  the  back  stress,  vary  with  time  so 
that  the  incremental  back  stress  \a  does  exist.  However,  fo' 
this  region.  owand  ore  are  both  known  and  therefore  the  in¬ 
crement  Six  can  be  found  directly. 

From  Eq.  (7) 

Sp  =  So  -  So'1.  (17) 

Elastic  shakedown  is  characterized  by  the  fact  that  the  incre¬ 
mental  stress  is  elastic.  Hence,  in  such  a  case,  the  residual  stress 
p  and,  as  a  result,  the  modified  hardening  parameter  it  are 
independent  of  time  and  thus  can  directly  be  found  from  the 
yield  condition.  On  the  other  hand,  whenever  reversed  plas¬ 
ticity  occurs  in  any  part  of  the  structure,  an  evaluation  of  the 
incremental  residual  stress  is  necessary  for  the  determination 
of  the  modified  hardening  parameter  field. 

In  using  this  approach,  the  key  point  is  that  the  yield  con¬ 
dition  should  permit  the  solution  of  it  in  terms  of  elastic  stress 
ow.  Also,  we  should  know  the  shakedown  mode,  and  this  can 
be  done  by  performing  some  pre-analysis.  The  solution  pro¬ 
cedure  can  best  be  shown  by  some  examples. 

3  Examples 

Two-Bar  Structure.  Two-bar  and  three-bar  structures  have 
been  studied  by  several  authors  (Zarka.  et  al..  1978;  Meeahed, 
1978;  Leckie  and  Ranaweera,  1980;  etc.)  to  illustrate  the  var¬ 
ious  shakedown  analysis.  To  begin,  we  will  also  use  a  two-bar 
structure  to  exemplify  the  direct  method. 

The  structure  considered  (Fig.  3)  consists  of  two  bars  made 
of  the  same  kinematic  hardening  material,  but  of  different 
lengths  ( f  and  i}(.  respectively)  and  different  cross-section  areas 
(yrf  and  A.  respectively).  The  upper  end  of  this  system  is  fixed, 
and  the  lower  end,  where  a  constant  axial  force  P  is  applied, 
can  move  only  in  one  direction.  In  addition  to  the  mechanical 
load,  bar  2  is  subjected  to  a  temperature  change  of  amplitude 
T,  while  the  temperature  of  bar  1  always  slays  at  zero. 

It  can  be  found  that  eight  different  modes  of  behavior  are 
possible  for  such  a  two-bar  assembly  when  shakedown  is 
reached.  They  arc  the  purely  elastic  behavior — mode  £,  the 
elastic  shakedown— modes  £,  and  the  reversed  plasticity- 
modes  P i.  Pi.  Pi.  and  Pj,  and  the  ratchetting— mode  R.  The 
characteristics  of  these  modes  are  shown  in  the  follow  ing  table 
and  Fig.  4  gives  the  interaction  diagram  for  a  particular  set  of 


i  e 


Fig.  4  Interaction  diagram,  two-bar  assembly  (*  a  10,  y  e  0.9.  t,  - 
1.1).  Eight  dilterent  kinds  of  behavior  art  possible  tor  a  two  bar  as 
sambly:  the  purely  elastic  behavior  E.  the  elastic  shakedowns  E.  and 
fj.  the  reversed  plasticity  responses  P„  P,.  A,,  and  P„  and  the  ratchetting 


Table  1  The  possible  responses  ol  the  two-bar  assembly 


parameters.  Note  t hat  if  the  transient  states  are  considered, 
the  reversed  plasticity  regions  P  and  P4  and  the  ratchetting 
region  R  can  be  further  divided  into  several  subregions  a*- 
shown  bv  the  doited  lines  in  Fig.  4  Since  this  paper  concerns 
only  the  final  shakedown  solutions,  we  will  not  examine  the 
transient  behavior 
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Now  we  will  use  the  direct  method  to  derive  shakeJoun 
solutions.  Kir  convenience.  the  loilovv me  normalized  stress, 
strain,  force,  and  temperature  will  be  used  m  the  forthcoming: 


Nirev» 

o, 

L  strain 
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;>■- 


.')  17, 
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H  —  - 


EJT 


(19) 


->0;  -rO:~p. 

Compatibility  condition: 

»!=>»':■ 

Stress-strain  relationship: 


Plastic  strain-bach  stress  relationship: 

(fr,  =  ka, 

)<?  =  *«: 

vs  here  A  is  a  material  constant. 

Yield  condition: 


(23) 


(24) 


Now  ii  the  stresses  and  strains  are  expressed  as  the  sum  of 
two  terms  as  shown  in  Eq.  (7).  the  residual  stresses  and  strains 
should  satisfy  the  following  equations. 

Equilibrium  equation 

■VPi -■<>;  =  0.  (25) 

Compatibility  condition: 

f.  =  nC-  (26) 

Stress-strain  relationship: 


(27) 


Yield  condition: 


(28) 


Based  on  the  above  governing  equations,  the  purely  elastic- 
solution  can  be  found  lor  the  heating  half  evdes  as 


where  t.  is  Young's  modulus.  >3  is  the  coefficient  of  thermal 
expansion,  and  c.  is  the  initial  yield  stress.  They  are  all  con¬ 
sidered  as  temperature-independent  material  properties. 

The  basic  relationships  for  the  two-bar  assembly  are  as  fol¬ 
lows. 

Equilibrium  equation: 


(20) 


(21) 


Fig.  5  Ratchettmg  mode  A.  iwo  ber  assembly.  Ber  1  and  ber  2  yield  in 
tension  alternatively  end  plastic  stiains  build  up  The  kinematic  hard 
(22)  cning  finally  stops  the  ratchetlmg  and  the  shakedown  occurs. 
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and  for  the  cooling  half  cycles  as 
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and  the  residual  stresses  can  be  expressed  in  terms  of  the  mod¬ 
ified  hardening  parameters  as 

f  A-(f|d;-a,) 

I  0i=' 


<*+  0(1  + 
A-)(1)Q;  - 
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Therefore,  once  the  modified  hardening  parameters  are  found, 
the  residual  stresses  can  be  determined  directly  and  the  shake- 
down  solution  can  be  obtained  by  a  superposition  based  on 
Eq  (7). 

As  an  example,  let  us  first  consider  the  ratchcmng  mode  K. 
In  this  case,  bar  1  yields  in  tension  during  the  heating  and 
remains  elastic  during  the  cooling,  while  bar  2  behaves  elast¬ 
ically  during  the  heating,  but  yields,  also  in  tension,  during 
the  cooling  (Fig.  5).  Since  both  bars  yield  in  tension  alterna¬ 
tively.  the  plastic  strain  will  build  up  and  ratchemng  occurs 
However,  the  kinematic  hardening  will  finally  stop  the  ratch- 
etung  so  that  the  structure  will  incut  large  but  still  finite  de¬ 
formations  when  the  steady  state  is  reached 

According  to  our  general  description.  Fig,  I.  there  wtl!  be 


4 


Transactions  of  the  ASME 


only  two  regions  V  and  S  in  this  ratchetting  mode  Since  it 
is  the  case  o!'  elastic  shakedown,  the  modified  hardening  pa¬ 
rameter  a  fields  are  constant  and  can  be  determined  trom  the 
\ield  conditions.  Eq.  (281.  directly 


1  *  yn 
P 


-  I 


<?:> 


- 1. 


I  -  -,7J 

Now  trom  Eq.  (31)  the  residual  stresses,  which  are  also 
constant  during  the  cycles,  can  be  determined 


f  -7)1(1 -->»))) 

P  !  = 


(A+1)()--)t,): 
Ay[7)P-(l  -7)>(1  ~71>) 


(33) 


(A*  0(1  -7 7 7)) 


and  finally  a  superposition  gives  the  shakedown  solutions.  For 
the  heating,  we  have 


1 


(A  *  1)0  -77)) 


7  |  ( A  +  00  +  yv)vp 


(A  4  1)(1  4-777) 


[(A 4  D777*  1  ]r)8  +  A(  1  —  tj)(  1  *777)! 

(34) 

;I(A+  0(1+7’ l)P 


-  t  (  A  4  1  >777  4  1 17779  -  A‘7(  1  -  7j)(l  4  777)  1 

and  for  the  cooling, 

r  \ 

o,  =  77 — r-r- — 7  [ (A  4  1)0  4  777)77*7 
( A  4  0(1  +  7*1) 


(A  4  00  +7’))' 


-  Atj9  4  A(  1  tj)(  1  <-777)) 
(35) 

1(A+  1)0  4777 )p 


+  k-ynd  ~  ky(\  -77)0  4  717)1, 


Fig.  6  Reversed  plasticity  mode  P„  two-bar  assembly.  Bar  1  incurs 
reversed  plasticity  during  the  cycles,  while  bar  2  yields  in  tension  during 
the  eootlng  and  remains  elastic  during  the  heating. 


It  is  seen  from  the  development  that,  in  the  case  of  elastic 
shakedown,  the  steady  solution  can  be  found  using  a  very- 
simple,  straightforward  approach.  The  derivation  of  this  steady 
solution  based  on  the  conventional  incremental  calculation  is 
considerably  more  complex. 

We  next  consider  the  reversed  plasticity  mode  P2.  In  this 
case,  bar  1  incurs  reversed  plasticity  during  the  cycles,  while 
bar  2  yields  in  tension  during  the  cooling  and  remains  elastic 
during  the  heating  (Fig.  6).  Referring  to  Fig.  1,  we  now  have 
two  regions  5,  and  S2,  and  therefore,  an  incremental  solution 
is  necessary  in  the  present  situation. 

Using  the  yield  condition,  we  can  only  find  the  modified 
hardening  parameter  for  bar  1  during  the  heating: 


“1  = 


v(p  +  &) 

l  4777 


(36) 


while  during  the  cooling,  the  modified  hardening  parameters 
for  both  bars  are  known: 


fc- 


VP 

1  477 ; 


4  1 


r- 


p 

1 4717 


- 1. 


Thus,  we  need  to  find  the  increment 


(37) 


Aar;  =  -  A*>;  (38) 

for  bar  2. 

The  incremental  residual  stresses  should  satisfy  the  equilib¬ 
rium  equation 

7ApiJ-Ap;  =  0  (39) 

and  the  compatibility  condition 

Ac,  =  jjAe:  (40) 

where,  by  Eqs.  (27)  and  (36)-(38), 

Ac,  =  <k+l)Ap,~k(~ - 2) 

,  \i+yv  /  (4i) 

AC;  —  Api . 

\ 

The  solution  to  Eqs.  (39)  and  (40)  is 

AM  -  2()  4  777)] 

(A  4  I  4  717)0  4  717) 

(42) 

A7I1719-2O  <-717)1 
(A  4  1  4777X1  4  717) 

Then,  the  modified  hardening  parameter  for  bar  2  during  the 
heating  can  be  found: 
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lA-  1  -  -,i?) 


!  (A  -  1  ->i))/i-  *-,i)(i 

-U  -yi|>|A(l  ->,)-(! --)>))!  1.  >4?) 


anJ  the  residual  stresses  can  be  determined  from  Eq.  (31). 
Finalis.  a  superposition  yields  the  shakedown  solution: 

For  the  heating  hall  cycles. 


_ 1 _ 

(A  -  1)( A  -  1  - ■>!))(  1  -  yt) ) 


(A  -  l)i)I (A  -  1  -  -,t))/i 


( 1  -  -,i))0)  f  A[A{1  -  i)  +  >,i))  -  (1  -  i))(l  *  ->i))J  I 

(44) 

I  (A  +  1)1  (A  t-  1  -(i))/) 


( A  -  1)(  A  +  1  -*•  -yi?)(  1  +  yo) 

~(1  -  -,’))')i)0J  -  Ay(A(  1  —  tj  2->t))  1 1  -i))(l  i--|i)HI 
and  for  the  cooling  half  cycles. 
f  1 

l (A  i-  l)i)p-  A(1  +  17)1 


( A  +  1 )( 1  +  yn) 


(45) 


^  ‘  <A  +  Dd-1-71,) 


1(A+  1  )/>  -t-  Ar-y(  1  1,)|. 


The  shakedown  solutions  for  all  possible  modes  can  be  de¬ 
rived  using  the  direct  method.  We  will  not  give  these  solutions 
in  this  paper  due  to  the  space  limitation. 


Tube  Problem.  The  tube  problem  has  received  great  at¬ 
tention  in  the  literature.  The  ratchetiing  behavior  was  first 
analyzed  for  nuclear  reactor  pressure  vessels  by  Miller  (1959) 
and  later  by  Edmunds  and  Beer  (1961),  Burgreen  (1968),  and 
Bree  (1967,  1968). 

Bree  studied  the  response  of  a  cylindrical  tube  subjected  to 
a  sustained  internal  pressure  and  a  cyclic  temperature  drop 
across  its  wall.  Using  a  very  simple  one-dimensional  model, 
assuming  a  linear  temperature  distribution  across  the  lube  wall 
and  considering  primarily  an  elastic-perfectly  plastic  material 
behavior,  he  studied  various  responses  of  the  tube.  Later, 
Mulcahy  (1976)  analyzed  the  same  problem  using  a  linear  kin¬ 
ematic  hardening  model.  Megahed  (1978)  adopted  a  bilinear 
temperature  distribution  and  considered  the  effects  due  to  cyclic 
hardening  and  creep.  Leckie  and  Ranaweera  (1980)  reanalyzed 
this  problem  using  a  more  realistic  parabolic  temperature  dis¬ 
tribution.  and  a  bound  on  the  creep  deformation  was  found. 
A  of  these  researches,  how-ever,  were  based  on  Bree’s  sim¬ 
plified  n.  (el.  As  this  model  is  very  simple,  it  is  natural  to 
doubt  wr  her  it  can  model  the  actual  situation  and  yield 
acceptable  results. 

Our  previous  research  (Jiang,  1985)  discarded  all  the  as¬ 
sumptions  and  simplifications  made  by  Bree  and  achieved 
closed-form  shakedown  solutions  for  all  possible  responses 
using  the  conventional  incremental  method.  While  the  incre¬ 
mental  method  worked,  the  derivation  turned  out  to  be  com¬ 
plex  and  time  consuming.  Now  we  will  use  the  direct  method 
to  reanalyze  this  problem  to  illustrate  the  simplicity  and  ef¬ 
ficiency  of  the  approach  suggested. 

For  convenience,  some  of  the  basic  relationships  are  cited 
in  the  following.  The  details  can  be  found  from  the  previous 
research. 

Consider  a  long  cylindrical  tube  that  is  subjected  to  an  in¬ 
ternal  pressure  p,  an  external  pressure  q,  a  centrifugal  force 
caused  by  the  rotation  of  an  angular  velocity  u,  and  an  ar¬ 
bitrarily  distributed  temperature  field  T  across  the  tube  wall 
(Fig,  7,.  All  the  loads  and  temperature  can  be  either  sustained 
or  cyclic  in  the  analysis. 

Due  to  the  symmetry,  a,  and  o„are  the  only  stresses,  and  i. 


Fig.  T  Loading  situation,  tube  problem  The  tube  is  subjected  to  an 
internal  pressure  p.  an  external  pressure  q.  a  centrltugal  lorce  caused 
by  the  rotation  at  an  angular  velocity  and  a  distributed  temperature 
field  T  across  the  tube  wall 


and  r.are  the  only  strains  we  must  deal  with.  For  simplification, 
the  loads,  stresses,  and  strains  are  normalized  as  lollows: 


Q=- 


,  E.i  7 

6  =  — ~  =  tj(r) 
2r, 


j- gu> 
V-  T, 


(46) 


Off  —  Or 

2r, 

Gu 

Ty 

Gfc,* 


e,= 


(47) 


(48) 


tj>- 

V 

where  E  is  Young's  modulus,  G  is  the  shear  modulus,  Q  is  the 
thermal  expansion  coefficient,  p  is  the  mass  density,  t„  is  the 
normalized  temperature  at  the  inner  wall,  r(r)  characterizes 
the  temperature  distribution,  and  r,  is  the  yield  stress  in  shear. 

There  is  only  one  equilibrium  equation,  namely 

7--+/r=0  (49) 

dr  r 

one  compatibility  condition,  namely 
de 
dr 

and  two  boundary  conditions 


=  0 


-  P 


--Q 


(501 


(51) 


that  need  to  be  satisfied.  For  the  kinematic  hardening  material, 
rhe  stress-strain  relationships  are 


^ e,  =  ^  [( 1  -  2v)o  -  2vt]  +  0  -  er 


=  -  K 1  -  2r)o  +  2(1  -  »>)t|  +  9  +  er 


(52) 
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w  here 


where  e,,  is  ihe  normalized  plastic  sirain: 

e.~—  (r  -  7.)  (5?) 

'  m 

in  which 

r,  =  sien(7i  (54) 

indicates  the  yield  direction,  and  m  is  the  hardening  constant. 
The  yield  condition  is  given  h> 

r-„  --  7  (55) 


vs  here 


(56) 


is  (he  back  stress  or  the  hardening  parameter. 

Now  divide  the  stresses  and  strains  into  two  parts  according 
to  the  general  procedure: 

(o  =  o"^  o 


(57) 


er  =  e,  -  e, 


(58) 


where  (o'1,  r")  and  (el .  el1)  represent  the  purely  elastic  solution, 
w  hereas  (a,  f)  and  .  e„)  are  the  residual  stresses  and  strains. 
The  residua!  stresses  should  satisfy  the  homogeneous  equilib¬ 
rium  equation 


do 

dr 


(59) 


and  the  residual  strains  should  satisfy  the  compatibility  con¬ 
dition 


(60) 


(61) 


de*  ^  e,  -  ie ,  _ 
dr  r 

The  residual  stress-strain  relationships  can  be  found  as 

f  _  1  —  2v  _  C  +  mu  _  C 

1  e,  = - o - t - a 

2  mm 

l-2i>_  C-t-m()  -  k)  C  . 

e>,  =  — - —  a  H - r  -i —  a 

2  mm 

and  the  yield  condition,  Eq.  (55),  becomes 

r',-a  =  T5  (62) 

where,  in  Eqs.  (61)  and  (62),  a  is  the  modified  hardening 
parameter 


or  —  O'  —  7, 


(65) 

Based  on  the  above  basic  equations,  the  purely  elastic  so¬ 
lution  can  be  found  as 

^1  -  ^  (b:  -  r)  +^~ -  S(<z,6) 


tr  -  a ~ 


fi  3-2*) 

8(l-i') 


(b--er)r  8(1  —  k) 


(1  -2f)r  +  (3  -  2r) 


a‘b~ 


(64) 


-Z(a,b) 


i  -S(  a.b)  -  2 


v('"7)  ,rdr  ?  I  ,rdr\ 


Z(a.b)  -  -  i - r 


(65  i 


,  , .  -  —  irdr  -  I  trclr 

\b  -  (T)r  2  r 


and  (he  general  residual  solution  can  be  lound  a- 


20  r  a  .  ,  c 

.  — . . .  )  -  dr  -  C - ; 

6  »  m(  I  -  I-)  .  7  r 


C 


C  -  m(l  -  i  )  r 


(66) 


where  C\  and  C;  are  constants  to  be  determined  from  the 
boundary  and  continuity  conditions. 

It  is  seen  that  if  we  can  find  the  modified  hardening  param 
eter  d  field,  the  residual  stresses  can  be  found  by  some  inte¬ 
grations.  and  the  shakedown  solution  can  be  obtained  through 
a  simple  superposition. 

To  illustrate  the  direct  method,  we  consider  a  case,  which 
was  classified  as  ratchetting  mode  R:  in  our  previous  research 
(Jiang,  1985). 

In  the  case  of  ratchetting  mode  Rz.  the  inner  tube  wall  yields 
and  the  outer  tube  wall  remains  in  elasticity  during  the  odd 
half  cycles,  while  both  walls  yield  during  the  even  half  cycles. 
As  a  result,  there  exists  a  reversed  plasticity  gone  near  the  inner 
tube  surface,  and  a  ratchetting  zone  in  some  middle  part  of 
the  tube  wall  (Fig.  8(a)).  During  the  cycles,  the  ratchetting 
zone  will  gradually  shrink  and  finally  tend  to  zero  when  shake- 
down  is  attained,  because  of  the  kinematic  hardening.  Fig. 
8(6)  shows  the  shakedown  pattern  of  this  mode,  where  three 
different  kinds  of  regions  exist:  the  reversed  plasticity  zone  5 
(a  <  r  s  c),  and  the  elastic  shakedown  zones  S:  (c  <  r  < 
d)  and  S,  (d  <  r  <  6). 

As  previously  mentioned,  due  to  the  occurrence  of  the  re¬ 
versed  plasticity,  the  increment  Ad  should  be  found  in  order 
to  determine  the  d  field. 

Since  the  stresses  in  region  5,  hit  the  yield  surface  twice 
during  the  cycles,  the  modified  hardening  parameter  d  can  be 
found  from  the  yield  condition,  Eq.  (62),  for  both  the  heating 
and  cooling,  the  increment  Ad  being  known  there: 

Ad  =  At'1 +2  asric  (67) 


On  the  other  hand,  the  stresses  in  regions  Sz  and  Si  hit  the 
yield  surface  only  once  during  the  cycles  so  that  we  need  to 
find  the  increment  Ad  in  these  two  regions  to  determine  the 
or  field.  Due  to  the  fact  that  the  back  stress  does  not  vary  in 
the  elastic  shakedown  zones,  Eq.  (63)  yields 

Ad  =  -  At  c<r<b  (681 

Therefore,  the  problem  becomes  that  of  finding  the  incre¬ 
mental  residual  stress  At. 


The  incremental  residual  stresses  (Ad,  A7)  and  the  incre¬ 
mental  residual  strains  (Aer,  Ae«)  should  satisfy  the  equilibrium 
equation,  Eq.  (59),  and  the  compatibility  condition,  Eq,  (60). 
The  incremental  residual  stress-strain  relationships  can  be  found 
from  Eqs.  (61),  (67),  and  (68): 


(  _  1-2 v  _  C  +  mv  G  ,, 

Aer  =  ——Ao - At (At"+2) 

2  mm 


I  -  2v  _  G  +  mil  -  i>)  O  „ 

Aep  =  — ■ .  ■  A  a  + - At  +  —  ( Ar  +  2) 

2  mm 


asrsc  (69) 
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(a )  First  Cycle 


Lq-  (to),  and  Eqv  (68)  and  (’I).  the  modified  hardening  pa¬ 
rameter  can  be  obtained  as  tollows.  For  the  heating  halt  cycles 


4  - 

r  {P-Q\u:fr  l 

(1  -  2i  i r  -(?  -  2i  r 

■:b:  1 

l|  '  ---j 
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1  -  i 

as  rs  d 

T  r 

i 

a  =  < 

[P-Q)(rbz 

G  trb' 

(7  f  ] 

{b~-a')r  jG-mtl 

-  fil  ( (>'  -  a~  i  r 

•a  ci/  d3  'bl  ' 

[  \  o-  a) 

ft  1  -  2e)  fC  -  a '  \ 
8t  l  -  r)  \  u  ) 

(b)  Steady  State 

^  ‘  1 

Sjta.c)  1  -  1 
! 

rf<  f<  h 

4— 

For  the  cooling  half  cycles: 

’L'i”  ;  . 

r  (P-Q)crb-  f 

„<r<r 

t  or=  ^ 


Fig.  8  Rktchatting  mods  fl„  tube  problem.  A  ratcbetting  zone  exists 
In  some  middle  part  ot  the  tube  wall.  The  retchetting  zone  gradually 
shrinks  end  finally  disappears  when  the  shakedown  is  attained  as  a 
result  ot  the  kinematic  hardening. 


(tr-or  )r 
( P-Q)crb:  f 


a~b • 

(1  -  2v)r  .  (?-;.■>— r- 
r 


(b'-a')r  8(1  -  v) 

.  Gcrb- 

1- -  Z(a,b)  -  1 - ; - r - : 

!-«'  iG+ mil  -  »))(b~ -<T)r 

V  a~  a)  8(1  -v)  \  a  ) 
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1-1' 


S^a.c) 


tP-Q)arb- 
V.  (bl-af)r 


(74) 

c £  rsd 

dsrsb. 


(  _  l-2k 
Ae,  =  — - —  A<r  -  eAr 


1  -  2c 

Ae9  =  — - —  Ao  +  ( 1  —  tr)Ar 


csrsb.  (70) 


Based  on  these  equations,  the  incremental  residual  stress 
At  can  be  determined.  Assuming  that  the  pressures  are  sus¬ 
tained  loads,  while  the  centrifugal  force  and  the  temperature 
are  cyclic,  we  find 


Now  the  residua]  stresses  can  be  found  from  the  general 
solution,  Eq.  (66),  and  a  superposition  with  the  purely  elastic 
solution  finally  yields  the  s  takedown  solution:  For  the  heating 
half  cycles. 


Ar  = 


G<rb‘ 


[G  +  m(l  -  p)] {b‘  -a1)^ 
At 


8<l 


-  2t>)  ( C-ct\ 2  t„  _r 


a  =  -  P* 


_ ! _ 1 

G-«(  I  -  c)( 


2Gln 


/,  -  - 

s-td-r, 


c<r<h  (71)  < 


4G  +  m(?  -  2c) 


-  m{  I  -  2i')— ^ 
err 


where 


Srf(<?,c)=  -fr^I  ~p  f  trdr.  (72) 

Then,  by  the  yield  condition,  Eq.  (62),  the  elastic  solution. 
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(76) 
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For  the  cooling  half  cycles, 
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o=-P- 


G  +  m(  I  -  v) 


2Gln 
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e<r<C 
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csrsd 


(79) 

d<r-<b 


where 
trb: 


R 


b~  -  a~ 


j  [G  +  m(|  -  i/)](P-  0)  -2Gln  -r 


G(1  -  2»1/ 
8(1  -») 


{^~r) +f^sUc’d)}  m 


and 


S'lc.dfi  [  „*) 


(81) 


Ii  is  seen  that  due  to  the  different  responses  in  different 
regions,  the  shakedown  solution  consists  of  several  local  so¬ 
lutions.  The  problem  remaining  is  how  to  find  the  boundaries 
c  and  d  of  the  different  regions.  Figure  8(b)  shows  that  the 
point  c  is  the  boundary  where  the  response  of  the  tube  changes 
from  reversed  plasticity  to  elastic  shakedown,  so  that  the  in¬ 
cremental  normalized  shear  stress  at  this  point  equals  just  -  2. 


On  the  other  hand,  point  d  borders  two  elastic  shakedown 
zones,  one  yielding  during  the  heating  and  the  other  welding 
during  the  cooling,  so  that  the  shear  stress  remains  constant 
at  this  point.  As  a  result,  two  conditions  are  available  for  the 
determination  of  these  two  boundaries. 
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Zj(c.d)  =  0 


40  ,  a 

- in  - 

G-  ml)  -  el  c 
V. 


/ 


8(1-.) 


(*'-o'» 


(3-2H-G  -2i)4-- 
crb~ 


C(l-2e)  ,  d‘\ 

-  z: -  ( o  -  c  )  1  -  -5-s 

G^m(i-v)  \  a‘C j 

+  7 —  j  Sl(b.d)-  '  -  ! GSl(c.d) 

1  -  v  (  G  *  m(  \  -  i>) 


(82) 


(83) 


+  m(I  -  i')Sj(<J,e()|j  =0 

where 

t  d:  2  [d 

Zc(c,d)=  ~tc+td  —  \  irdr  (84) 

<r  c  Jr 

The  shakedown  solution.  Eqs.  (75)-(79),  is  identical  to  the 
one  we  derived  using  the  traditional  incremental  method,  and 
agrees  very  well  with  the  experiment  performed  by  Corum 
et  al.  (Jiang,  1985),  which  justifies  the  direct  method  we 
developed. 


4  Conclusions 

This  paper  presents  a  simple  direct  method  for  the  straight¬ 
forward  determination  of  the  shakedown  solutions  of  struc¬ 
tures  subjected  to  various  sustained  and  cyclic  loadings.  The 
advantage  of  the  direct  method  is  that  the  well-established 
theory  of  elasticity  can  be  used  to  solve  difficult  plasticity 
problems  which  traditionally  have  to  be  attacked  using  com¬ 
plex,  step-by-step,  and  time-consuming  incremental  analysis. 
The  direct  method  was  first  proposed  by  Zarka,  et  al.  The 
most  important  point  in  their  framework  is  the  introduction 
and  the  use  of  the  modified  hardening  parameter  field  How¬ 
ever,  the  determination  of  this  field  turned  out  to  be  very- 
complex  in  their  original  work.  This  paper  greatly  simplifies 
Zarka’s  method  by  showing  that  the  modified  hardening  pa¬ 
rameter  field  can  be  directly  found  from  the  yield  condition 
and  the  incremental  residual  stress.  Thus,  only  two  elastic 
analyses  are  required  in  the  determination  of  shakedow  n  so¬ 
lutions  without  the  need  of  performing  a  full-scale  elastic- 
plastic  analysis. 

It  can  be  seen  that  Zarka's  formulation,  for  example,  a 
residual  stress-strain  relationship  like  Eq-  (10),  requires  a  unique 
mapping  between  plastic  stress  and  back  stress.  Thus.  Zarka's 
approach  is  limited  to  linear  kinematic  hardening.  On  the  other 
hand,  for  high-temperature  problems  and  nonisotherma!  prob¬ 
lems,  the  back  stress  evolution  is  actually  temperature  and  rate 
dependent,  and  an  accurate  representation  of  cyclic  plasticity 
requires,  in  general,  a  nonlinear  kinematic  hardening  rule. 
However,  the  elastic-plastic  response  of  the  structure  under 
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sustained  and  cyclic  loadings  is  usually  very  complicated,  and 
consequently .  any  complex  constitutive  laws  would  make  the 
problem  intractable.  Since  the  purpose  of  this  research  o  to 
find  directly  the  steady-state  solutions  to  avoid  the  time-con¬ 
suming  and  expensive  transient-state  calculations,  the  linear 
kinematic  hardening  rule  becomes  an  ideal  one  that  can  be 
dealt  with  and  render  at  the  same  time  satisfactory  resultv  The 
technique  developed  in  this  paper  obviously  is  a  very  useful 
one  under  such  idealization. 

The  key  point  of  the  present  method  is  that  the  yield  con¬ 
dition  should  permit  the  solving  of  the  modified  hardening 
parameter  in  terms  of  the  purely  elastic  stresses.  A  question 
may  be  raised  as  to  the  conditions  which  would  make  this 
requirement  possible.  We  have  succeeded  in  solving  several 
interesting  problems  using  the  direct  method.  Such  general 
conditions,  however,  are  still  under  investigation.  We  hope  we 
can  address  !hi<  r't'H-m  in  'he  near  future. 

Several  examples  have  been  given  in  this  paper  to  illustrate 
the  feasibility  and  the  efficiency  of  the  approach.  It  is  believ  ed 
that  this  version  of  the  direct  method  is  very  promising. 
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Abstract 

The  general  form  of  the  constitutive  equations  that  describe  transient  and  steady- 
state  creep  of  fiber  reinforced  metal  matrix  composites  is  developed.  The  physical 
meaning  of  the  constitutive  functions  involved  is  discussed  in  detail.  A  method  for 
the  numerical  integration  of  the  constutive  equations  is  developed.  The  ‘linearization 
moduli’  associated  with  the  integration  algorithm  are  computed,  and  the  constitutive 
model  is  implemented  in  a  general  purpose  finite  element  program.  A  constitutive 
model  for  steady-state  creep  of  fiber  reinforced  that  has  been  developed  recently  by  De 
Botton  and  Ponte  Castaneda  (1992)  is  also  considered.  A  number  of  ‘unit  cell’  problems 
with  periodic  boundary  conditions,  consistent  with  the  requirements  of  homogenization 
theory,  are  solved  using  the  finite  element  method,  and  the  results  are  compared  with 
the  predictions  of  the  analytical  model  of  De  Botton  and  Ponte  Castaneda 
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1  Introduction 


Fiber  reinforced  metal  matrix  composites  are  being  considered  for  use  in  gas  turbine  engines 
because  of  their  creep  resistance  at  high  temperatures.  In  view  of  their  high  strength  and 
stiffness  to  weight  ratio,  they  are  also  considered  in  automotive  industry  for  replacing  steel 
and  aluminum  components. 

An  attempt  to  derive  three-dimensional  constitutive  equations  for  creeping  transversely 
isotropic  metallic  materials  was  first  made  by  Johnson  (1977),  who  proposed  a  constitutive 
equation  for  modelling  steady-state  creep  in  directionally-solidified  eutectic  alloys.  More  re¬ 
cently,  Jansson  (1991,  1992)  used  homogenization  techniques  to  study  the  effective  mechan¬ 
ical  properties  and  the  local  stress  concentrations  for  composites  with  periodic  microstruc¬ 
tures  and  nonlinear  constituents.  De  Botton  and  Ponte  Castaneda  (1992)  have  developed 
estimates  as  well  as  rigorous  bounds  for  the  dissipation  functions  of  multiple-phase  fiber 
composites,  in  which  the  constituent  phases  are  non-linear  isotropic  materials.  A  review 
of  the  existing  models  for  the  effect  of  fibers  on  the  creep  characteristics  of  unidirectional 
composites  has  been  presented  by  McMeeking  (1992).  However,  there  have  been  only  few  ex¬ 
perimental  studies  on  fiber-reinforced  composite  systems  having  practical  utility  at  elevated 
temperatures  (Weber  et  al.,  1992a,  b). 

In  this  paper,  we  develop  the  general  form  of  the  constitutive  equations  that  describe 
transient  and  steady-state  creep  of  fiber-reinforced  metal-matrix  composites.  The  physical 
meaning  of  the  constitutive  functions  involved  is  discussed  in  detail.  A  method  for  the 
numerical  integration  of  the  constutive  equations  is  developed.  The  ‘linearization  moduli’ 
associated  with  the  integration  algorithm  are  computed,  and  the  constitutive  model  is  imple¬ 
mented  in  a  general  purpose  finite  element  program.  A  constitutive  model  for  steady-state 
creep  of  fiber  reinforced  that  has  been  developed  recently  by  De  Botton  and  Ponte  Castaneda 
(1992)  is  also  considered.  A  number  of  ‘unit  cell’  problems  with  periodic  boundary  condi¬ 
tions,  consistent  with  the  requirements  of  homogenization  theory,  are  solved  using  the  finite 
element  method,  and  the  results  are  compared  with  the  predictions  of  the  ualvtical  model 
of  De  Botton  and  Ponte  Castaneda. 

Standard  notation  is  used  throughout.  Boldface  symbols  denote  tensors  the  order  of 
which  are  indicated  by  the  context.  All  tensor  components  are  written  with  respect  to  a  fixed 
Cartesian  coordinate  system,  and  the  summation  convention  is  used  for  repeated  indices, 
unless  otherwise  indicated.  The  prefices  tr  and  det  indicate  the  trace  and  the  determinant 
respectively,  a  superscript  T  the  transpose  of  a  second  order  tensor,  a  superposed  dot  the 
material  time  derivative,  and  the  subscripts  s  and  a  the  symmetric  and  anti-symmetric 
parts  of  a  second  order  tensor.  Let  a  and  b  be  vectors,  A  and  B  second  order  tensors, 
and  C  and  D  fourth  order  tensors;  the  following  products  are  used  in  the  text  (ab)tJ  =  a,6j. 
( A-a),  =  AxjCij,  (a*  A)i  =  u^Aj,,  (A'B)tj  —  Ai (AB)jjiy  — -  AtjBki,  (C  .  A )»j  C^jiciAki, 
and  (C  ■  D)(jfcj  —  CijmnDmnkl- 
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2  Creep  constitutive  equations  for  fiber-reinforced  com¬ 
posites 

We  consider  a  material  reinforced  bv  aligned  fibers.  The  unit  vector  in  the  direction  of  the 
fibers  is  denoted  bv  n  and  is  used  to  define  the  axis  of  transverse  isotropy. 

The  infinitesimal  strain  tensor  e  is  written  as  the  sum  of  the  elastic  and  the  creep  strains, 
i.e. 

£  =  e'  +  eeP.  (1) 

The  elastic  strain  is  written  in  terms  of  the  stress  tensor  cr  as 

ee  =  CT1  :  a  (2) 

where  C  is  the  fourth-order  elasticity  tensor  for  a  linear  transversely  isotropic  material.  The 
elasticity  tensor  is  of  the  form  (Aravas,  1992) 

C  =  2aII  +  2b  J  +  2caa  +  dP  +  e  (la  +  al),  (3) 

where  I  is  the  second  order  identity  tensor,  J  is  the  fourth-order  identity  tensor  with  cartesian 
components  JVki  —  (fiik&ji  +  f>u6jk)/ 2,  a  is  the  orientation  tensor  a  —  nn, 

Pijkl  ~  ^ (aik  &ji  +  au  &jk  +  Qjl  +  f>il  djk),  (4) 

and  the  constants  (a,  6,  c,  d,  e)  are  related  to  the  standard  elastic  moduli  ( Ex  ] ,  pi2,  ^23,  Aa.  ^12). 
as  defined  for  example  in  Christensen’s  (1979)  book,  by 

a  — -{K23  —  ^23),  b=n 23,  c  = + -1x23  -  2/x12  + -(1  —  2r'i2)2/v231  (5) 

d  ~  2{[l\2  —  H23),  C  =  ^23  ~  (1  ~  2U\2)K23-  yj) 

The  constitutive  equation  for  the  creep  strain  rate  is  of  the  form 

=  (7) 

where  t  is  time.  Time  is  explicitly  included  in  the  argument  of  f  so  that  non-steady-state 
response  can  be  described.  Using  the  representation  theorems  for  isotropic  functions,  we 
can  readily  show  that  the  most  general  form  the  last  equation  is  (Liu.  1982;  Wang,  1970a.b; 
Smith.  1971) 

(T  —  a,i  I  +  2a2<7  +  3a3o-2  +  a4a  +  a5  (<7  ■  a  +  a  •  <r)  +  a6(cr2  •  a  -I-  a  ■  cr2)  =  f(<r ,t).  (8) 

where  the  a,’s  are  functions  of  t,  and  the  following  five  transversely  isotropic  invariants: 

/1  =  tr(i7),  12  =  tr(cr2),  I3  ~  tr(<r3),  14  =  tr(<r  a)  =  n-tr  n,  I5  =  tr(<72-a)  =  n-<r2-n.  (9) 
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w  e  assume  next  that  tne  creep  strain  rate  e'’7  is  derived  from  a  creep  potential  'I'  -  VP(crJ), 
i.e. 

(10) 


en'  = 


da 


The  creep  potential  must  he  a  transversely  isotropic  function,  i.e.  a  function  of  the  form 

¥  =  /a./3,/4./5,*).  (11) 


Using  the  chain  rule,  we  can  readily  show  that 


•cr 


_  0#  Jh  6_  Oh 

da  “j  dl ,  da 


a\  I  +  2a2a  +  3a3  cr2  +  «4  a  +  a5  (or  ■  a  +  a  •  a). 


(12) 


where 


(13) 


Note  that  equation  (13)  is  a  special  case  of  the  more  general  form  (8)  with  at  —  0. 

If  the  creep  response  of  the  material  is  incompressible,  then  the  following  equation  must 
be  satisfied 

3 <ii  +  2a2<7fefc  +  a4  +  2a5<7nn  =  0  (no  sum  over  n)  (14) 


for  all  values  of  cr,  where  onn  —  n  •  a  •  n. 

For  comparison  purposes,  we  also  consider  the  corresponding  creep  constitutive  equations 
of  an  isotropic  material.  The  most  general  form  of  the  constitutive  eqaution  now-  is 


ecr  =  ci  I  +  2c2ct  +  3c3cr2  (15) 

where  the  c,’s  are  functions  of  the  isotropic  stress  invariants  I 1,  /2  and  I3.  The  three- 
dimensional  form  of  the  standard  ‘powerdaw-creep’  constitutive  equations  is 

cCT  =  |eo(— )  —  corresponding  to  ty(Iu  h)  =  “-7  (— )  (16) 

2.  \<7o  /  oq  n  +  1  \oq  / 

where  a'  is  the  stress  deviator,  0*  =  1.5<rU<rU  =  0.5  (3  /2  —  If)  is  the  von  Mises  equivalent 
stress,  n  is  the  creep  exponent,  and  (<70,co)  are  material  constants.  Equation  (16a)  is  a 
special  case  of  (15)  with 

ci  =  -^  —  (— )  ,  c2  =  —3  ci,  c3  =  0.  (17) 

2  Oq  \<Jq  / 

The  matrix  material  of  the  fiber-reinforced  composite  is  assumed  to  obey  a  power-law 
creep  equation  of  the  form  (16).  Therefore,  we  require  that  (13)  reduce  to  (16)  when  a  —  0. 
i.e.  a3  =  0. 

Summarizing,  we  mention  that  the  assumed  constitutive  equation  for  the  creep  strain 
rate  of  the  fiber-reinforced  material  is 

=  ai  I  +  2a2er  +  a4  a  +  a5  (a  ■  a  +  a  ■  a)  =  f (a,i).  (18) 
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3  Identification  of  material  functions  a, 

Let  the  coordinate  axis  J\j  be  along  the  direction  of  the  fibers,  so  that  n  e;j.  where  ef  is 
the  unit  base  vector  along  the  x;)-axis.  Then  the  constitutive  equation  (18)  can  he  written 

=  aif>t}  4  2 a2ot]  +  4  a-,  (<r,3 byA  1  <\.i 119} 

or.  equivalently. 

flj  +  2  £3 2  <7u  . 

«1  4  2  <22  <7 22- 
Q\  +  fl4  4  2  (a 2  4-  (l\)  <7.13 . 

2  «2  0 12- 
(2  (?2  +  Q5)  ^23- 

(2fl2  +  05)^31-  *20) 

The  transversely  isotropic  invariants  /,  now  take  the  form 

I\  —  tr(«r),  I2  -  tr(<r2),  I3  =  tr(<r3),  /4  =  a33,  /.■>  =  4  cr|2  +  <733.  (21) 

An  alternative  set  of  invariants  that  is  commnly  used  is  (Green  and  Adkins.  1960) 

^1  —  on  4-  <722,  J2  —  ^33)  J3  =  det(<r),  J4  =  (on  —  022)2  +  4  o\2,  Js  —  o^  +  o^.  (22) 

Note  that,  if  a5  =  d\VjdI5  =  0,  then  the  response  of  the  material  is  identical  under 
longitudinal  (cr23, o-3i)  or  transverse  shear  (cr  12}.  Equations  (20)  make  it  clear  that  a2  and  a5 
relate  to  the  response  of  the  composite  under  shear,  whereas  ai  and  a4  refer  to  longitudinal 
and  transverse  tension. 

4  Finite  element  implementation  of  the  constitutive 
model 

The  constitutive  model  described  in  section  2  is  implemented  in  a  finite  element  program.  In 
a  finite  element  environment,  the  solution  of  the  creep  problem  is  developed  incrementally 
and  the  constitutive  equations  are  integrated  at  the  element  Gauss  points.  In  a  displacement 
based  finite  element  formulation  the  solution  is  deformation  driven.  At  a  material  point,  the 
solution  (<rn,e„)  at  time  tn  as  well  as  the  strain  en+i  at  time  tn+\  —  tn  +  At  are  supposed 
to  be  known  and  one  has  to  determine  the  solution  fTn+1. 

4.1  Numerical  integration  of  the  constitutive  equations 

We  start  with  the  elasticity  equation  (2) 

<rn+1  =  C  :  <+1  =  C  :  «  +  Ae  -  Ae*)  =  <re  -  C  :  (23) 


Gi  = 
— 

^33  — 

f"  - 

f  12  - 

-cr 

f23  — 

— 

C31  ~ 


5 


where  Ac  -  c,M  i  -  c„  and  Ac"  c"* ,  —  e"  are  tin*  total-  and  creep-strain  inc  rement,  and 
a'  -  cr„  4  C  :  Ac  is  the  (known)  ehistic  predictor. 

The  creep  constitutive  equation  (lb)  is  integrated  using  a  backward  Killer  techniq’:'-.  i  f 

Ac"  f(cr„,  i [ )  At  (2-1 : 

Combining  the  last  two  equations,  we  find 

Ac"  -  f(or'  -  C  ;  Ac",  f„.4 , )  A/  0.  <2.V. 

which  is  a  non-linear  equation  for  Ac". 

The  above  equation  is  solved  for  Ac"  using  Newton  s  method.  The  first  estimate  for  Ac" 
used  to  start  the  Newton  loop  is  obtained  using  a  forward  Elder  scheme.  1  e  (Ac")<.m  - 
ffovbi)  At.  The  Jacobian  associated  with  the  aforementioned  Newton  method  is  given  in 
Appendix  A.  Once  Ac"  is  found,  equation  (23)  defines  the  stress  cr,,,  j.  and  this  completes 
the  integration  procedure. 


4.2  Linearization  moduli 


In  an  implicit  finite  element  code,  the  overall  discretized  equilibrium  equations  are  written  at 
the  end  of  the  increment,  resulting  in  set  of  non-linear  equations  for  the  nodal  unknowns.  If 
a  full  Newton  scheme  is  used  to  solve  the  global  non-linear  equations,  one  needs  to  calculate 
the  so-called  ‘linearization  moduli’  J 


_  dtrn+i 
den+l 


(26) 


For  simplicity,  we  drop  the  subscript  (n  +  1),  with  the  understanding  that  all  quantities 
are  evaluated  at  the  end  of  the  increment,  unless  otherwise  indicated.  Starting  with  the 
elasticity  equation  (23),  we  find 


J = C-C : 


dAe" 

de 


The  derivative  cJAc"/de  is  evaluated  from  equation  (24)  as  follows 


dAe"  _  dAc"  da  _  df_ 
de  da  de  ^  da 


Substituting  the  last  equation  into  (27)  and  solving  for  J,  we  find 


J  =  1  J  4  At  C  : 


dt_ 

da 


-l 


C. 


(27) 


(28) 

(29) 


It  can  be  readily  shown  that  the  derivative  <9f /da  is  given  by 


df 

da 


T  1  +  2  (2b2  a  a  +  a2  J)  +  3  (363<t2<t24  n3  B)  +  64  aa4  h  (a  a+a-a)(a-a-i  a  a)  4  a5  D. 

(30) 
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wuere 


bt  -  (no  sum  over  /).  Bljkt  —  btkrrj,  -|  alk6ji-  and  Dt]kl  -  atk  njt  -  ctxka}l.  (31) 

Equations  (30)  and  (311  show  that  djXJ/daki  is  symmetric  with  respect  to  the  pair  of  indices 
(■ i,j )  and  ( kj ).  Therefore,  in  view  of  (30)  and  the  usual  symmetries  of  the  elasticity  tensor 
C.  one  can  readily  show  that  the  Jacobian  Jt}ki  is  also  symmetric  with  respect  to  (i,j)  and 
( kj ),  which  leads  to  a  symmetric  ‘stiffness  matrix'  in  the  finite  element  computations. 

5  An  analytical  model  for  creeping  fiber-reinforced 
materials 

De  Botton  and  Porte  Castaneda  (1992)  have  presented  recently  a  constitutive  model  for 
non-linear  fiber-reinforced  composite  materials.  They  developed  their  model  in  the  context 
of  infinitesimal  non-linear  elasticity,  but  their  results-  m  be  used  to  describe  steady-state 
creep  as  well.  For  the  special  case  in  which  both  the  matrix  and  the  fibers  creep  according 
to  a  ‘power-law’  relationship  of  the  form  of  equation  (16),  their  model  can  be  summarized 
as  follows. 

Let  the  creep  potentials  for  the  matrix  and  the  fibers  be  of  the  form 

=  V**'.  k  -  1,2,  (32) 

n*  +  1  Wo*/ 

where  k  —  1  refers  to  the  matrix  and  k  —  2  to  the  fibers.  For  the  case  where  n j  >  n2.  the 
creep  potential  of  the  composite  is  estimated  to  be 

V(h,  h,h)  =  min  [c,  ^(l)  (<r*1))  +  c2  ^(2)  (a<2))]  ,  (33) 

where 

<^l)(<r,ic\ 77)  =  [(1  +  c2u/)2<?2  +  (1  T  c2??)Wrf]1/2, 
a{e2)(tT,(jj,rj)  =  [(1  -  cju/)2t72  +  (1  -  ci  7?)2<7^]1/2, 

°l(cr)  =  ^(3/2-/2)-^(/i— 3/<)2. 

<r2d{<r)  =  ~AI\~  3/<)2,  (34) 

4 

Ci  and  c2  being  the  volume  fractions  of  the  matrix  and  the  fibers  respectively  (ci  +  c2  -  1). 

Note  that  is  independent  of  /s,  which  implies  that  the  predicted  response  of  the  com¬ 
posite  will  be  the  same  under  longitudinal  and  transverse  shear. 
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6  Comparison  with  results  of  homogenization  theory 

The  predictions  of  the  constitutive  model  described  in  the  previous  section  are  compared  here 
with  the  results  of  the  homogenization  theory  (Sanchcz-Palencia.  1980).  The  homogenization 
techniques  were  developed  originally  in  the  context  of  linear  elasticity,  but  they  can  be  easily 
extended  to  infinitesimal  non-linear  elasticity  (.Jansson.  1992). 

The  comparisons  are  carried  out  for  non-linear  elastic  materials,  for  which  the  model  of 
De  Botton  and  Ponte  Castaneda  (1992)  has  been  developed. 


6.1  Homogenization  theory 

In  the  following,  we  briefly  summarize  some  of  the  results  of  homogenization  theory  as  de¬ 
veloped  by  Sanchez  Paleneia  (1980)  (see  also  Lene  and  Leguillon.  1982:  Lene.  1986:  Jansson. 
1992). 

Consider  an  inhomogeneous  body  which  is  made  of  two  different  non-linear  elastic  con¬ 
stituents.  The  composite  material  is  assumed  to  have  periodic  structure,  i.e.  its  constituents 
are  arranged  in  such  a  way  that  the  composite  can  be  constructed  by  the  periodic  repetition 
of  self-similar  elements.  We  define  the  'unit  cell'  as  the  smallest  such  repeatable  element.  The 
characteristic  length  l  of  the  unit  cell  is  assumed  to  be  small  compared  to  any  characteristic 
dimension  L  of  the  body,  i.e. 

6=y«l.  (35) 

Lj 

Let  x  denote  the  position  vector  with  respect  to  a  fixed  global  cartesian  coordinate  system. 
A  local  variable  y  is  introduced  for  the  unit  cell  by 

y  =  ^  or  x  =  by.  (36) 

Note  the  a  change  of  0(1)  in  y  corresponds  to  a  0(6 )  change  in  x. 

The  constitutive  equation  of  the  material  can  be  now  written  at  any  point  y  within  the 
unit  cell  as 

*  =  f(c,y).  (37) 

Next  we  search  for  an  asymptotic  expansion  of  the  displacement  field  u  as  6  —  0.  A 
two-scale  expansion  of  the  form  (Sanchez  Paleneia,  1980) 

u(x,  y)  =  u(0)  (x)  +  6u(1)(x.y)  +  0(62)  (38) 

is  attempted.  The  functions  u(1\  u(2)  etc.,  are  assumed  to  be  periodic  functions,  consistent 

with  the  periodicity  of  the  microstructure,  i.e. 

u<fc)(x,y  +  L)  =  u(fc)(x,y),  k  =1,2 .  and  i  =  1,2,3  (39) 

where  1,  is  the  characteristic  length-vector  of  the  unit  cell  in  the  ?-th  coordinate  direction. 
Functions  of  the  type  of  equation  (39)  will  be  referred  to  in  the  following  as  Y-periodic. 
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The  corresponding  strain  mid  stress  expansions  are  of  the  form 

e(x,y)  et0)(x,y)  +  0(6). 
cr(x,  y)  =  cr(0,(x.y)  +  0(6). 


where 


>(x,y)  =  ET(0)(x)  +  Ey(1)(x,y). 


<x(0,(x,y)  -  f(e  ,y), 


r(fr)  1  ( dllx 


2  \  dxj  dxx 


l  ( du[k)  du\k 


,J  2  1  dV]  +  dy, 


The  equilibrium  equations  can  be  written,  to  leading  order,  as 


*J0) 

$*-=0. 


Note  that  the  coordinate  x  is  constant  at.  the  unit  cell  level,  where  positions  are  described 
in  terms  of  y.  The  above  equations  can  be  used  to  define  a  boundary  value  problem  over 
the  unit  cell  as  follows.  Let  u(y),  e(y)  and  <r(y)  be  the  displacements,  strains,  and  stresses 
of  the  unit  cell.  Then,  the  above  equations  can  be  recasted  in  the  following  form 

u(y)  =  El(0>(x)-y  +  u(1)(x,y), 

♦  -  ,<°>  _  1  (fa  x 


e  +  w.) ■ 

<r(y)  s  <r'°>  =  f(i,y), 

^  =  0, 


where  the  macroscopic  strain  field  El(0)(x)  is  constant  at  the  unit  cell  level,  and  u(1)  is 
Y-periodic. 

For  any  function  <£(x,y),  we  define 


<<£  >=  W\! ^x'^dVy 


where  V'  denotes  the  unit  cell,  and  note  that,  in  view  of  the  Y-periodicity  of  u(1\ 

<  e  >—  EI<0)(x). 

Next,  we  consider  the  Y-averages  if  the  global  strain  and  stress  fields 

<  e  >  =  ET(0)  +  0(6), 

<  a  >  =  <  <r(0)  >  +0(6). 
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Let  <  e  >i0)  and  <  tr  >(0)  be  the  leading  terms  in  the  above  expansions.  We  would  like  to 
determine  the  relationship  between  <  e  ><0)  and  <  <r  >(0).  i.e.  an  equation  of  the  form 

<  a  >,0)=  g(<  e  >(0))  m 

in  which  the  desired  function  g  would  define  the  constitutive  equation  of  the  composite,  to 
leading  order.  We  note  next  that 

<  cr  >(0)  =  <  cr(0>  >~<  a  >  (49) 


and,  in  view  of  equation  (46), 


<  e  > (0>  —  ET(0)  =<  e  >  .  (50) 

The  desired  equation  (48)  can  be  now  written  as 

<  &  >=  g(<  e  >).  (51) 

The  last  equation  shows  that  the  unknown  function  g  can  be  determined  from  the  solution 
of  the  unit  cell  problem  defined  by  equations  (44). 


6.2  Numerical  solution  of  the  unit  cell  problem 

We  consider  a  composite  material  made  of  a  non-linear  elastic  matrix  reinforced  by  continous 
aligned  fibers,  which  are  also  assumed  to  be  non-linear  elastic.  The  constitutive  equations 
for  the  matrix  and  the  fibers  are  of  the  form 


e  = 


¥k)(ae) 


<70 k  CO fc  f  <7e  \nk  +  i 

nk  +  1  \aokJ 


It  =1,2.  (52) 


The  distribution  of  the  fibers  is  assumed  to  be  periodic,  with  the  fibers  arranged  in  a 
hexagonal  array  as  shown  in  Fig.  1;  the  dash  lines  in  Fig.  1  indicate  the  corresponding  unit 
cell. 

The  loadings  considered  coincide  with  the  principal  material  directions;  therefore,  in 
view  of  the  resulting  symmetries,  only  one  quarter  of  the  unit  cell  needs  to  be  analyzed  Let 
the  y3-coordinate-axis  be  aligned  with  the  fibers.  The  following  four  types  of  loading  are 
considered: 


1.  Longitudinal  tension:  <733  /  0,  all  other  0t;  =  0. 

2.  Transverse  tension:  ou  0,  all  other  av  =  0, 

3.  Transverse  shear:  rrl2  =  021  /  0.  all  other  aXJ  -  0, 

4.  Longitudinal  shear:  <r3l  -  013  /  0,  all  other  a,j  =  0, 
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where  all  stress  components  are  meant  to  represent  the  macroscopic  loading  <  <xf0!  >.  The 
exact  form  of  the  boundary  conditions  used  in  the  unit  cell  formulation  are  presented  in 
Appendix  B. 

The  unit  cell  problem  defined  bv  equations  (-1-1)  is  solved  using  the  ABAQl’S  general 
purpose  finite  element  program  (Hibbitt.  1984).  The  calculations  are  carried  out  for  a,  10. 
tj2  =  3.  <r01  =  (702  =  cr0  and  c01  =  q>2  =  fo  -  10~5.  The  'deformation  plasticity'  model  in 
ABAQUS  has  an  additional  ‘linear-elastic'  term  on  the  right  hand  side  of  equation  (52a):  the 
elastic  moduli  used  in  the  finite  element  computations  are  four  orders  of  magnitude  larger 
than  (To,  so  that  the  role  of  linear  elasticity  becomes  secondary.  For  the  solution  of  problems 
1.  2  and  3  listed  above,  four-node  isoparametric  generalized  plane  strain  elements  with  2x2 
Gauss  integration  and  an  independent  interpolation  for  the  dilatation  rate  are  used  in  order 
to  avoid  artificial  constraints  on  incompressible  modes  (Xagtegaa!  et  al.,  1974).  Problem  4 
is  solved  using  three-dimensional  eight-node  finite  elements  with  2x2x2  Gauss  integration 
and  an  independent  interpolation  for  the  dilatation  rate. 

The  volume  fraction  of  the  fibers  is  39.5%,  i.e.  c2  —  0.395.  c\  -  0.605.  Figure  2  shows 
the  finite  element  mesh  used  for  problems  1.  2  and  3:  the  dark  and  white  regions  in  Fig.  2 
represent  the  fibers  and  the  matrix  respectively.  The  layout  shown  in  Fig.  2  is  repeated  in 
the  third  direction  to  produce  the  layer  of  three-dimensional  elements  used  for  the  solution 
of  problem  4. 

Figure  3  shows  the  calculated  longitudianal  stress-strain  curve.  In  Figure  3,  and  in 
all  subsequent  figures,  the  circles  correspond  to  the  prediction  of  the  model  of  De  Botton 
and  Castaneda,  whereas  the  dash  line  is  the  result  of  the  finite  element  calculations.  The 
predictions  of  the  analytical  model  agree  well  with  the  finite  element  solution. 

Figure  4  shows  the  calculated  trasnverse  stress-strain  curve.  At  a  transverse  strain  eIt  = 
0.01,  there  is  a  7%  difference  between  the  prediction  of  the  analytical  model  and  the  finite 
element  solution. 

Figure  5  shows  the  transverse  shear  stress-strain  response.  At  a  transverse  shear  strain 
eH  =  912/2  =  0.01,  there  is  a  13%  difference  between  the  prediction  of  the  analytical  model 
and  the  finite  element  solution. 

The  finite  element,  solution  or  problem  4  (longitudinal  shear)  produces  a  shear  stress- 
strain  curve  identical  to  that  shown  in  Fig.  5  for  the  transverse  shear.  This  is  consistent  with 
the  structure  of  the  analytical  model  which  also  predicts  identical  response  to  longitudinal 
and  transverse  shear. 

Figures  3-5  show  that,  at  a  given  strain  level,  the  stress  predicted  by  the  analytical  model 
is  always  higher  than  that  of  the  finite  element  solution.  This  is  consistent  with  the  fact  that 
the  complementary  elastic  energy  function  T  developed  by  De  Botton  and  Ponte  Castaneda 
is  an  upper  bound  to  the  actual  complementary  energy  of  the  composite.  It  should  be  also 
noted  that  the  model  of  De  Botton  and  Ponte  Castaneda  is  developed  for  a  transversely 
isotropic  composite  with  a  random  distribution  of  fibers,  whereas  the  unit  cell  calculations 
refer  to  a  composite  with  a  certain  periodic,  microstructure  (hexagonal  array). 
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Appendix  A 


Lei  F(AO  =  0  be  the  non-linear  equation  (25)  to  be  solved  for  AerT\  i.e 

F(AO  =  Aerr-f(<r(Aecr)./jA/  •-  0.  (53) 


where  <r(A£<'r)  =  ae  -  C  :  Ae^ .  The  above  equation  is  solved  for  Aer’  using  Newton's 
method.  The  corresponding  Jacobian  is 


OF 

0Aecr 


J  -  At 


df  da 
da  dAecr 


J  +  At 


df_ 

da 


:  C. 


(5-1) 


Appendix  B 

The  boundary  conditions  used  in  the  four  unit  cell  problems  listed  in  section  6.2  are 
described  in  the  following.  We  mention  again  that  the  macroscopic  strain  EI(0)  is  constant 
at  the  unit  cell  level.  We  refer  to  the  coordinate  axes  (j/i , 2/2)  shown  in  Fig.  2,  and  let  h  be 
the  thickness  of  the  unit  cell  in  the  y3-direction. 

1.  Longitudinal  shear. 

Vi=  0  :  in  =  0, 

y2  =  0  :  ii2  =  0, 

Vs  =  0  :  U3  ~  0, 

b 

y\  =  by/z  :  iii  —  Fff0)  bVz  and  f^n  = 

0 

by/3 

1/2  =  b  :  U2-  E%2°}  b  and  J  a22  dy\  =  0. 

0 

t/3  =  h  :  U3  -  El 30>  h  and  ~  J  033  d A  -<  a\ ^  >,  (55) 

A 

where  A  is  the  area  of  the  finite  element  mesh  on  the  y\  -  y2  plane  shown  in  Fig.  2. 

The  macroscopic  strain  component  E3]01  is  applied,  and  the  corresponding  <  <733’  >. 
E[,(0)  and  £22°'  are  determined. 

2.  TYans  verse  tension 

Vi  =  0  :  ii\  —  0, 

i/2  =  0  :  ii2  =  0, 
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3,3  =  o  : 

63  = 

0, 

b 

3,1  =  bVH 

:  iii 

rr!0) 
~  ^11 

6%/3 

and  bJo  ndy. 

0 

6\/3 

3/2  =  6: 

n2  = 

E£0)  6 

and 

j  622  d<M  0. 

J 

0 

Vi  =  6  : 

«3  = 

£»0>a 

and 

f  d 33  d/1  --  0. 

A 


<'  rr 


10} 


>. 


(56) 


The  macroscopic  strain  component  Eff01  is  applied,  and  the  corresponding  <  cr1^1  >. 
E^0*  and  £jj0)  are  determined. 

3.  Transverse  shear. 


2/i  =  0:  u2  —  0, 

t/2  =  0  iii  =  0, 

1/3  =  0:  u3  =  0, 

and  J &ndy2  =<  (t[°2  >< 
o 

J  <721  rfyi  =<  <r$}  >, 

(57) 
a 

4.  Longitudinal  shear. 


3/1  = 

=  0  : 

U2 

=  U3  = 

0, 

3/2  = 

=  0: 

ii2 

=  0, 

3/3  = 

=  0: 

iii 

=  u3  = 

0, 

b 

3/i  = 

=  6V3 

u2  =  0, 

«3  =  E*0)bw/3 

and 

£  f  d  13  dy 2  =<  ala  >, 

3/2  = 

=  b: 

«2 

=  0, 

0 

3/3  = 

=  h  : 

*1 

O 

II 

h. 

ii2  =  0  and 

1 

Ij 

(d3  IdA=<<r£)>.  (58) 

a 


3.1  =  :  U2  =  £j,(0)  ilV^ 

3.2  =  b  :  ux  =  Ei 20)  b  and 

3.3  =  h  :  /  &33dA  =  0. 
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It  has  been  suggested  that  multilayered  sheets,  in  which  alternating  layers  have  different 
elastic  moduli,  might  lend  themselves  to  tailoring  to  reduce,  or  even  eliminate,  harmful  stress 
concentrations  at  holes  or  other  stress  raisers.  Such  tailoring  could  be  implemented  by  making  the 
sheet  thickness  spatially  nonuniform,  varying  the  number  of  layers,  but  keeping  the  layering 
pattern  unchanged;  or,  keeping  the  total  thickness  unchanged,  by  varying  the  pattern  of  layer 
locations  and  thicknesses;  or  by  a  combination  of  these  two  approaches.  We  will  call  the  first 
method  "thickness  tailoring",  and  the  second  "modulus  tailoring".  Tailored  fabrication  of  such 
nonuniform  layered  sheets  seems  particularly  well  suited  to  masked  deposition  techniques. 

This  note  provides  a  preliminary  analytical  assessment  of  the  theoretical  feasibility  of 
designing  a  tailored,  layered  sheet  that  would  alleviate  the  stress  concentration  induced  by  a  circular 
hole  in  a  field  of  balanced  biaxial  tension  (see  Fig.  1).  If  the  stress  concentration  is  actually 
eliminated,  the  result  is  a  so-called  "neutral"  hole.  It  should  be  emphasized  at  the  outset  that 
reducing  the  average  circumferential  stress  at  the  boundary  of  the  hole  is  definitely  not  necessarily 
the  desired  goal.  As  we  shall  sec,  if  modulus  tailoring  with  constant  overall  thickness  is  exploited, 
and  only  the  relative  volumes  of  the  layer  constituents  are  changed,  the  stresses  within  the 
individual  layers  can  be  reduced  while  the  average  stress  goes  up!  (This  seemingly  paradoxical 
result  takes  a  little  getting  used  to;  the  reason  it's  right  is  that  while  the  stress  in  the  stiffer  material 
drops,  there  is  more  of  it,  so  the  average  rises.)  Conversely,  a  misguided  reduction  of  the  average 
hole-boundary  stress  by  means  of  modulus  tailoring  can  lead  to  higher  stress  concentrations  within 
the  layers. 

We  consider  a  two-constituent  layered  sheet,  with  Young's  moduli  Ea  (a=l,2)  in  the 
alternating  layers,  and  for  simplicity,  we  assume  the  same  Poisson's  ratio  v  in  each  layer.  The 
effective  sheet  modulus  is  E=fiEi  +  f2E2,  where  the  fs  are  volume  fractions.  At  each  r,  denote 
the  average  radial  and  circumferential  stresses  by  cr  andce,  and  let  o(ra),  aga)  (a=l,2)  be  the 

stresses  in  the  layers.  The  stress-strain  relations  are 


(1) 


Let 


„  E(r) 
ar  =  — — -s 


E(~)  r*  D  E(~) 
where  E(°o'i  is  the  untailored  sheet  modulus  far  from  the  hole.  Then 


„  _  E(r) 


0^  =  ^- 


E(oo)  r*  °  E(oo) 

and  so  the  layer  stresses  are  proportional  to  ^  and  se-  Hence,  it  is  the  value  of  se  at  r=a  that  we 
must  seek  to  lower  by  tailoring  E(r),  or  the  sheet  thickness  h(r),  or  both.  Note  that  while  the  stress 
concentration  factor  (SCF)  for  the  average  sheet  stress  Oe  is  oe(a)/S,  the  layer  concentration 

factors  are 

<4a)(a)  _  se(a)_se(a) 


„(a)  _  Eg 
°e  - 


se 


(2) 


(3) 


(4) 

■>e  J(°°)  s 

For  a  uniform  layered  sheet,  these  layer  concentration  factors  are  equal  to  the  classical  stress 
concentration  factor  ae(a)/S  =  2. 

The  equations  of  equilibrium  and  compatibility  are 

=  (5) 


and 


dr 

d(ree) 

dr 


respectively.  These  may  be  rewritten  as 

[Xpsr]  =  Xse 

9 

[p(s0-vsf)]  =sr-vse 

in  terms  of  p  =  r/a ,  and  the  tailoring  function  defined  by 


(6) 

(7) 

(8) 
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(9) 


Mr)  = 


E(r)  h(r) 


£(oo)  h(<») 

Primes  denote  derivatives  with  respect  to  p. 

We  proceed  in  a  semi-inverse  fashion  by  asserting  the  spatial  distribution 

s,  —  s(l  p— " ) 

and  solving  the  compatibility  equation  (8)  for  s«  to  get 

\  .  l-v(n-l)  ,  C  1 

1  f  1  %  r  ^  l 


Se  =  S 


(n-l-v)pn  p(1+v)J 


where  C  is  a  constant.  The  only  value  of  C  that  leads  to  a  bounded  tailoring  function  is 

r  2n-n2 
n  - 1  -  v 

and  this  gives  the  layer  stress  concentration  factor  se/S=n  at  p=l.  The  tailoring  formula 

,n-l 


X(r)  =  exp 


n£-n)  f-'V-x-dx 
n-l-vj0  l-xn 


(10) 


(ID 


(12) 


(13) 


follows  from  the  equilibrium  equation  (7).  In  all  cases  the  peak  value  of  Mr),  as  expected,  occurs 
at  r=a,  and  is  given  by 

Ma)  =  exp[  i  — — ~ — dx 


=  exp 


n(2-n)  r  xv- 
n-l-vJo  1- 

Jo  1-J 


dx 


(n  *  1  + v) 
(n  =  1  +  v) 


(14) 


For  v=0  this  last  result  equals  exp(jt2/6). 

Fig.  2  shows  how  the  peak  tailoring  magnitude  varies  with  the  layer  stress  concentration 
factor  n,  for  several  values  of  v.  We  remark  that  if  only  thickness  tailoring  is  used,  the  SCF  for 
average  stress  is  the  same  as  that  for  the  layers,  and  so  is  also  reduced  below  2.  But  for  pure 
modulus  tailoring,  the  SCF  for  the  average  stress  is  given  by  nX(a),  and  this  always  exceeds  2  for 
n<2. 

To  get  a  neutral  hole,  we  set  n=l  in  the  formula  for  Mr),  and  find 


1  r,/Tl-xv 

^neutril  (*)  =  «P  ~  - - dx 

vj0  1-x 


For  v=0,  this  result  becomes 


*-neutr«l(r)  =  «P  “f  "“^dx  (V=0) 

Jo  1-X 


(15) 


(16) 


Fig.  3  shows  how  Xncutraj  varies  with  r/a  for  v=0,l/4,  and  1/2. 

We  should  check  the  values  of  Oea)(r)/<Tea)(~)  =  Se(r)/S  away  from  the  hole.  In  the  case 
of  the  neutral  hole,  we  find 


-3- 


07) 


se  /S  =  1  -  (p_1  -  p~(,+v))/  v  (v  *  0) 
=  l-p_1logp  (v  =  0) 

and  so  the  peak  layer  stress  does  indeed  occur  at  the  hole. 
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Fig.  3.  Spatial  variation  of  tailoring  function  for  a  neutral  hole. 
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ABSTRACT 


The  in-plane  shear  properties  of  a  range  of  2-D  ceramic  matrix  composites  have 
been  measured  using  the  Iosipescu  configuration.  The  non-linear  deformation  is  found 
to  be  associated  primarily  with  matrix  cracks.  Consequently,  the  shear  modulus 
decreases  as  strain  proceeds.  The  flow  strength  in  shear  is  found  to  be  compatible  with 
the  stress  at  which  multiple  matrix  cracking  is  expected  to  occur,  without  interface  slip. 
Consequently,  the  shear  strength  scales  with  the  shear  modulus.  The  shear  ductility  is 
found  to  diminish  as  the  matrix  modulus  increases.  This  effect  is  attributed  to  the 
influence  of  matrix  modulus  on  the  bending  deformation  of  fibers  between  matrix 
cracks.  The  experimental  observations  are  used  to  suggest  a  mechanism  map  that 
identifies  (class  III)  materials  which  redistribute  stress  around  notches  by  means  of 
shear  bands. 
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1.  INTRODUCTION 


The  in-piane  shear  properties  of  2-D  ceramic  matrix  composites  (CMCs)  become 
important  in  the  vicinity  of  holes,  notches  and  attachments.  In  such  regions,  substantial 
shear  stresses  exist,  even  when  the  applied  loading  is  either  tensile  or  compressive.  The 
performance  of  the  composite  is  then  influenced  by  the  non-linear  shear  response  of  the 
material.  In  some  cases,  a  relatively  low  shear  strength  is  preferred,  because  shear 
deformation  can  redistribute  stresses  and  diminish  the  notch  sensitivity  of  the  material 
(Fig.  la).1*4  In  other  cases,  a  low  shear  strength  may  encourage  shear  localization, 
leading  to  inferior  structural  performance.  This  latter  response  is  often  manifest  at  pin 
loaded  holes  (Fig.  lb).  Consequently,  the  versatile  structural  application  of  CMCs 
requires  that  the  shear  responses  of  the  material  be  predictable  and  adjustable.  A 
contribution  toward  this  objective  is  made  by  measuring  the  shear  properties  of  a  range 
of  CMCs,  and  making  observations  of  the  mechanisms  that  cause  non-linearity. 


2.  MATERIALS 

A  range  of  2-D  materials  having  differing  matrix,  fiber  and  interface  properties  has 
been  selected  for  this  study5  (Table  I).  Two  C/C  materials  have  been  chosen,  because 
they  are  known  to  be  susceptible  to  shear  deformation  and  damage  in  the  presence  of 
holes  and  notches.3  Two  C  matrix  materials  reinforced  with  Nicalon  (SiC)  fibers  have 
also  been  used,  because  one  exhibits  shear  damage  around  notches,  whereas  the  other  is 
subject  to  tensile  failure  without  detectable  damage.2  The  final  material  consists  of  a  SiC 
matrix  reinforced  with  Nicalon  fibers.6  A  summary  of  the  constituent  and  interface 
properties  (Table  I)  establishes  that  a  wide  range  of  these  properties  is  encompassed  by 
the  choice  of  materials.  All  but  the  latter  material  have  an  8-hamess  satin  weave.  The 
SiC /SiC  material  has  a  plain  weave. 
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3.  TEST  PROCEDURES 


The  shear  tests  are  conducted  using  the  Iosipescu  test  specimen7'9  (Fig.  2a).  The 
height  of  the  specimen  was  chosen  to  be  25  mm  and  the  V-notch  angle  was  selected  to 
be  110c  in  order  to  provide  the  most  uniform  shear  zone.9  The  specimens  were  cut  from 
plates  by  electro-discharge-machining  (EDM).  Two  strain  gauges*  were  mounted  (one 
on  each  face),  oriented  45°  with  respect  to  the  loading  axis,  in  order  to  provide  a  direct 
readout  of  the  shear  strain. 

Tests  were  carried  out  using  a  shear  fixture  (Fig.  2b)  attached  to  a  Servo-Electrical- 
Mechanical  load  frame.  The  load  was  applied  at  a  crosshead  displacement  rate  of 
-  2  pm  s'1.  In  a  preliminary  study,  specimens  were  monotonically  strained  beyond  the 
peak  stress ,  in  order  to  explore  overall  behavior.  Tests  were  then  conducted  with  periodic 
unloading  and  reloading  in  order  to  monitor  the  influence  of  the  accumulated  damage 
on  the  stiffness.  Data  were  collected  using  a  PC-based  acquisition  program,  which  also 
controlled  the  test  machine.  The  sampling  was  recorded  as  time,  load  and  position 
(displacement),  as  well  as  strain  from  each  of  the  specimen  faces.  All  tests  were 
performed  in  air  and  at  room  temperature. 

To  reveal  the  failure  mode,  one  specimen  of  each  material  was  deformed  beyond 
the  peak  stress,  immersed  in  a  solution  of  Znl2  and  subsequently  X-rayed.1'2  The  gauge 
region  was  then  sectioned,  carefully  polished  through  several  layers  and  inspected  by 
Scanning  Electron  Microscopy  (SEM). 


Micro  Measurement  type  EA-06-031DE-120 
Measurements  Group  Inc.,  Raleigh,  NC  27611. 
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4.  MEASUREMENTS  AND  OBSERVATIONS 


Typical  shear  stress/strain  curves,  T  (y),  for  each  of  the  materials  and  a  literature 
result  for  SiC/CAS10  are  summarized  in  Fig.  3.  Also  shown  for  comparison  (Fig.  4)  are 
the  corresponding  tensile  stress/strain  curves,  described  elsewhere.2'3'5  It  is  evident 
that,  in  all  cases,  substantially  larger  strains  are  possible  in  shear,  compared  with  tensile 
loading.  Furthermore,  the  spectrum  of  differing  shear  behaviors  encompassed  by  this 
group  of  CMCs,  contrasts  with  the  tensile  characteristics.  Changes  in  the  unloading 
shear  modulus  G  with  strain  (Fig.  5)  indicate  that  G  decreases  as  non-linearity  develops. 

The  X-ray  die  penetrant  observations  made  after  loading  beyond  the  peak  stress 
(Fig.  6)  establish  that  the  non-linear  definition  is  confined  to  a  band  between  the  notches 
and  that  the  damage  density  within  the  zone  is  relatively  uniform.  Such  observations 
are  compatible  with  the  state  of  uniform  shear  expected  between  the  notches  in  the 
Iosipescu  geometry.7"9 

Observations  of  damage  conducted  in  the  SEM  (Fig.  7)  establish  that  matrix  cracks 
form  in  all  of  the  plies  plus  the  matrix  rich  regions.  These  cracks  are  always  inclined  at 
about  45°  to  the  loading  plane  (Fig.  7).  The  crack  density  increases  with  strain  and 
saturates  at  strains  of  order  1%.  The  crack  spacing  at  saturation  is  smaller  in  the  plies 
than  in  the  matrix-dominated  regions  of  the  microstructure. 


5.  ANALYSIS 

The  non-linearity  in  the  shear  stress/strain  curve  appears  to  be  dominated  by 
matrix  cracking,  as  in  the  case  of  tensile  loading.5'10'14  However,  the  experimental 
results  suggest  a  different  influence  of  matrix  cracks  on  the  shear  properties  than  on  the 
tensile  properties.  A  matrix  cracking  model  that  represents  the  shear  stress/strain  curve 
is  expected  to  have  the  basic  features  illustrated  in  Fig.  8.  The  cracks  are  normal  to  the 
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tensile  stress.  Consequently,  the  non-linear  deformations  are  constrained  to  occur  along 
the  tensile  axis,  normal  to  the  crack  plane,  unless  the  plies  delaminate.  Without 
delamination,  interface  sliding  is  inhibited.  This  situation  arises  because  the  sliding 
displacements  in  adjacent  +  45°  and  -  45c  plies  have  opposing  components  parallel  to 
the  cracks.  A  major  contribution  to  the  strain  should  thus  be  provided  by  the  increase  in 
elastic  compliance  caused  by  the  matrix  cracks.  An  implication  is  that,  by  normalizing  the 
stress  with  the  shear  modulus  (Table  II)  convergence  of  the  stress /strain  curves  should 
be  achieved.  Tv  expectation  is  broadly  consistent  with  the  present  data  (Fig.  9).  With 
this  normaliz.  ,n,  the  C  matrix  materials  have  the  greatest  flow  strength  and  ductility’. 
Moreover,  similar  behavior  is  exhibited  by  both  SiC  and  C  fiber  reinforcements  with  C 
matrices.  It  is  also  apparent  that  composites  with  matrices  having  larger  elastic  moduli 
(C  — » CAS  — » SiC)  exhibit  reduced  flow  strength  and  ductility. 

When  matrix  cracking  occurs  without  fiber  failure  and  with  no  interface 
debonding /sliding,  the  tensile  matrix  cracking  stress,  amc,  for  a  material  with 
homogeneous  elastic  properties  is  given  by,13 
* 

o„  =  b[  t1 + v)/3/(1  -  /g  jK(Gr„/R)K  (1) 

where  /  is  the  fiber  volume  fraction,  R  is  the  fiber  radius,  rm  is  the  matrix  fracture 
energy,  G  is  the  shear  modulus,  V  is  Poisson's  ratio  and  B  =  1.8.  A  similar  result  should 
ap:  .y  in  shear,  when  resolved  into  the  orientation  indicated  on  Fig.  8.  Consequently, 
Eqn.  (1)  should  represent  an  upper  bound  on  the  shear  strength  associated  with  multiple 
m  ..rix  cracking.  (The  ocurrence  of  fiber  failure  and  interface  sliding  must  result  in 
diminished  flow  strength)  The  upp  bound  values,  estimated  from  Eqn.  (1)  using  the 
p  Arties  summarized  on  Tables  I  and  II,  are  indicated  on  Fig.  9.  It  is  evident  that  these 
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are  of  the  same  order  as  the  experimental  measurements  and  also  appear  to  rank  the 
materials  correctly- 

The  decrease  in  ductility  in  the  order,  C  — >  CAS  — ►  SiC,  is  considered  to  reflect  the 
effects  of  the  matrix  on  fiber  failure  in  shear.  It  is  evident  from  Fig.  8  that  the  fibers 
experience  bending  deflections  between  the  matrix  cracks.  The  bending  radius  is 
expected  to  become  smaller  as  the  matrix  modulus  increases,  because  the  elastic 
deformation  of  the  matrix  needed  to  accommodate  this  bending  must  diminish. 
Consequently,  fiber  failures  are  expected  to  be  more  prevalent  when  the  matrix  has 
higher  modulus.  Such  fiber  failures  would  result  in  composite  failure  and  limit  the 
shear  ductility  of  the  material. 

The  relatively  low  shear  strength  of  the  C  matrix  materials  and  their  high  shear 
ductility  are  considered  to  be  responsible  for  the  shear  mode  of  stress  redistribution 
found  in  notched  materials3'5  (Fig.  la).  Furthermore,  this  mechanism  is  absent  in  the  SiC 
and  CAS  matrix  materials,5  consistent  with  their  greater  resistance  to  shear  deformation 
and  reduced  shear  ductility.  This  contrast  in  behavior,  dependent  upon  matrix 
properties,  suggests  a  mechanism  map5'15  (Fig.  10).  The  ordinate  of  the  map  is  chosen  to 
reflect  the  competition  between  shear  and  tensile  failure.  The  latter  is  governed  by  the 
ultimate  tensile  strength  (UTS),  designated  S,  which  has  been  evaluated  m  detail.5'16 
The  results  of  this  study  suggest  that  a  major  scaling  function  for  the  shear  strength  is 
the  shear  modulus,  G.  Consequently,  G/S,  is  used  as  the  ordinate.  The  corresponding 
choice  for  the  abscissa  is  not  crucial  at  the  present  level  of  analysis.  Hence,  it  is  chosen 
to  be  the  same  as  that  previously  used  to  distinguish  other  damage  mechanisms  in 
CMCs:5'15'16  notably  the  ratio  of  the  'yield'  strength  CFmc  to  ultimate  strength,  S. 
Superposition  of  experimental  data  onto  the  map  (Fig.  10)  suggests  that  materials  with 
G/S  <80  exhibit  a  shear  mechanism  of  stress  redistribution  (class  HI).  Conversely, 
materials  with  G/S  >  100  redistribute  stresses  by  mode  I  matrix  cracks  combined  with 
fiber  pull-out4'5'15  (classes  I  and  II). 
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6.  CONCLUDING  REMARKS 


A  preliminary  attempt  has  been  made  to  measure  and  correlate  the  shear 
properties  of  2-D  ceramic  matrix  composites.  The  shear  deformation  appears  to  be 
dominated  by  the  incidence  and  evolution  of  matrix  cracks.  A  solution  for  matrix 
cracking  in  tension  has  been  shown  to  rank  the  shear  flow  strength  of  the  materials 
tested.  However,  the  approach  is  simplistic  and  neglects  potentially  important  effects  of 
the  interface  and  elastic  mismatch  between  fiber  and  matrix,  as  well  as  residual  stress.  A 
model  that  incorporates  these  factors  requires  development. 

The  wide  range  of  shear  ductility  round  in  this  group  of  CMCs  has  important 
implications  for  the  stress  redistribution  capacity  of  the  material.  It  has  been  noted  that 
the  ductility  diminishes  as  the  matrix  modulus  increases.  This  trend  has  been  attributed 
to  the  effect  of  the  matrix  on  the  bending  deformation  experienced  by  the  fibers  between 
the  matrix  cracks.  A  model  that  relates  the  bending  deformation  and  stresses  to  matrix 
proper  a  es  is  needed  to  develop  an  understanding  of  this  behavior. 

Finally,  a  mechanism  map  has  been  proposed  that  attempts  to  identify  CMCs  that 
are  capable  of  redistributing  stress  by  shear  band  formation.  The  concept  used  is 
elementary.  It  needs  improvements  and  extensions  based  on  models  of  shear 
deformation  and  failure  caused  by  matrix  cracks. 
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TABLE  I 


Constituent  Properties  of  CMCs5 


Fibers 

Matrix 

Fiber 

Elastic  Moduli  (GPa) 

Sliding 

Matrix 

Coating 

n 

E  / 

G/ 

Stress,  T 
(MPa) 

Fracture 

Energy,  rm  (Jm*2) 

X 

Carbon 

D 

None 

37  ±  5 

230 

~  5 

1-5 

Carbon 

B 

90  ±20 

C 

10  ±5 

Nicalon 

SiC 

(CVI) 

Carbon 

330  ±40 

200 

84 

100  ±20 

^10 

CAS 

100  ±10 

15  ±  5 

15-25 

KJS  \QVV2 


9 


TABLE  II 


Shear  Properties  of  CMCs 


MATERIAL 

SHEAR  MODULUS 

G  (GPa) 

TENSILE  STRENGTH, 
S  (MPa) 

G/S 

C/C 

7 

320 

21 

SiC/ Cb 

19 

240 

79 

SiC/Cc 

13 

330 

38 

SiC/SiC 

160 

175 

900 

SiC/CAS 

50 

230 

220 

KJS  1^7/03 


10 


REFERENCES 


[1]  M.  Spearing,  P.W.R.  Beaumont  and  M.F.  Ashby,  "Fatigue  Damage  Mechanics  of 
Notched  Graphite-Epoxy  Laminates,"  in  Composite  Materials:  Fatigue  and  Fracture, 
ASTM  STP  1110,  edited  by  T.K.  O'Brien,  pp,  59&-616  (1991). 

[2]  F.E.  Heredia,  S.M.  Spearing,  A.G.  Evans,  P.  Mosher  and  W.A.  Curtin, 
"Mechanical  Properties  of  Continuous  Fiber-Reinforced  Carbon  Matrix 
Composites  and  Relationships  to  Constituent  Properties,"  ].  Am.  Ceram.  Soc., 
75(11],  3017-25  (1992). 

[3]  F.E.  Heredia,  S.M.  Spearing,  M.V.  He,  T.J.  Mackin,  A.G.  Evans,  P.  Mosher  and 
P.A.  Br  ends  ted,  "Notch  Effects  in  Carbon  Matrix  Composites,"  J.  Am.  Ceram.  Soc., 
to  be  published. 

[4]  G.  Bao  and  Z.  Suo,  "Remarks  on  Crack  Bridging  Concepts,"  Appl.  Mech.  Rev.,  45, 
355  (1992). 

[5]  A.G.  Evans,  J.M.  Domergue  and  E.  Vagaggini,  "A  Methodology  for  Relating 
Macroscopic  Behavior  of  Ceramic  Matrix  Composites  to  Constitutive  Properties," 
/.  Am.  Ceram.  Soc.,  to  be  published. 

[6]  R.  Naslain,  "Fiber-Matrix  Interphases  and  Interfaces  in  Ceramic  Matrix 
Composites  Processed  by  CVI,"  Composite  Interfaces,  to  be  published. 

[7]  N.  Iosipescu,  "New  Accurate  Procedure  for  Single  Shear  Testing  of  Metals,"  Jnl. 
Materials,  2(3],  537-66  (1967). 

[8]  D.E.  Walrath  and  D.F.  Adams,  'The  Iosipescu  Shear  Test  as  Applied  to 
Composite  Materials,"  Exptl.  Mech.,  23  [10],  105-10  (1983). 


KJS  1/27/93 


11 


[9]  S.S.  Wang  and  A.  Dasgupta,  "Development  of  Iosipescu-Type  Test  for 
Determining  In-Plane  Shear  Properties  of  Fiber  Composite  Materials:  Critical 
Analysis  and  Experiment/'  T  &  AM  Report,  Department  of  Theoretical  and  Applied 
Mechanics,  University  of  Illinois  at  Urbana-Champaign ,  UILU-ENG-86-5021  (1986). 

[10]  B.  Harris,  F.A.  Habib  and  R.G.  Cooke,  "Matrix  Cracking  and  the  Mechanical 
Behavior  of  SiC-CAS  Composites,"  Proc.  Roy.  Soc.,  A43”,  109-131  (1992). 

[11]  A.W.  Pryce  and  P.  Smith,  "Modelling  the  Stress/Strain  Bahaviour  of 
Unidirectional  Ceramic  Matrix  Composite  Laminates,"  J.  Mater.  Sci.„27[10], 
2695-2704  (1992). 

[12]  D.  Beyerle,  S.M.  Spearing  and  A. G.  Evans,  "Damage  Mechanisms  and  the 
Mechanical  Properties  of  a  Laminated  0/90  Ceramic/Matrix  Composite,"  /.  Am. 
Ceram.  Soc.,  75[12],  3321-30  (1992). 

[13]  B.  Budiansky,  J.W.  Hutchinson  and  A. G.  Evans,  "Matrix  Fracture  in  Fiber- 
Reinforced  Ceramics,"  /.  Mech.  Phys.  Solids,  34[2],  167-89  (1986). 

[14]  D.  Beyerle,  S.M.  Spearing,  F.W.  Zok  and  A.G.  Evans,  "Damage  and  Failure  in  a 
Unidirectional  Ceramic-Matrix  Composite,"/.  Am.  Ceram.  Soc.,  75[10],  2719-25 
(1992). 

[15]  A.G.  Evans  and  F.W.  Zok,  "Cracking  and  Fatigue  in  Fiber-Reinforced  Metal  and 
Ceramic  Matrix  Composites";  pp.  271-308  in  Topics  in  Fracture  and  Fatigue. 
Edited  by  A.  S.  Argon.  Springer- Verlag,  New  York  (1991). 

[16]  W.A.  Curtin,  'Theory  of  Mechanical  Properties  of  Ceramic  Matrix  Composites," 
/.  Am.  Ceram.  Soc.,  74(13],  2837-^5  (1991). 


KJS  1/27/93 


12 


FIGURE  CAPTIONS 


Fig.  1.  The  contrasting  role  of  shear  deformation  on  the  behavior  around  holes: 

a)  open  hole,  b)  pin  loaded  hole. 

Fig.  2.  a)  A  schematic  of  the  Iosipescu  test  specimen.  The  dimensions  are  in  mm. 

b)  A  photograph  of  a  specimen  within  the  test  fixture. 

Fig.  3.  Shear  stress/strain  curves  measured  for  each  CMC.  Also  shown  is  a  literature 
result  for  SiC/CAS.10 

Fig.  4.  Tensile  stress/strain  curves  for  the  same  CMCs  used  to  obtain  the  shear  data 
(Fig.  3). 

Fig.  5.  Change  in  unloading  shear  modulus  G  as  a  function  of  shear  strain 
superposed  above  the  stress/strain  curves. 

Fig.  6.  Die  penetrant  X-ray  image  of  specimens  after  testing  a)  C/C,  b)  SiC/C. 

Fig.  7.  SEM  views  of  matrix  cracks  formed  after  the  onset  of  non-linearity  a)  global 
view  of  area  between  the  notches  in  SiC/C,  b)  detail  showing  a  matrix  rich 
zone.  The  contrast  is  from  the  Z11I2  die  penetrant. 

Fig.  8.  Schematic  of  matrix  cracks  in  two  0/90  contiguous  plies,  with  the  loads 
indicated. 

Fig.  9.  Shear  strength  normalized  by  the  shear  modulus  as  a  function  of  shear  strain 
for  each  material. 

Fig.  10.  A  proposed  mechanism  range  identifying  materials  that  exhibit  class  III 
behavior,  wherein  shear  bands  redistribute  the  stress  around  notches. 
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ABSTRACT 

The  topic  addressed  in  this  paper  is  transverse  cracking  in  the  matrix  of  the  90°  layers  of 
a  cross-ply  laminate  loaded  in  tension.  Several  aspects  of  the  problem  are  considered,  including 
conditions  for  the  onset  of  matrix  cracking,  the  evolution  of  crack  spacing,  the  compliance  of  the 
cracked  laminate,  and  the  overall  strain  contributed  by  release  of  residual  stress  when  matrix 
cracking  occurs.  The  heart  of  the  analysis  is  the  plane  strain  problem  for  a  doubly  periodic  array 
of  cracks  in  the  90°  layers.  A  fairly  complete  solution  to  this  problem  is  presented  based  on 
finite  clement  calculations.  In  addition,  a  useful,  accurate  closed  form  representation  is  also 
included.  This  solution  permits  the  estimation  of  compliance  change  and  strain  due  to  release  of 
residual  stress.  It  can  also  be  used  to  predict  the  energy  release  rate  of  cracks  tunneling  through 
the  matrix.  In  turn,  this  energy  release  rate  can  be  used  to  predict  both  the  onset  of  matrix 
cracking  and  the  evolution  of  crack  spacing  in  the  90°  layers  as  a  function  of  applied  stress.  All 
these  results  are  used  to  construct  overall  stress-strain  behavior  of  a  laminate  undergoing  matrix 
cracking  in  the  presence  of  initial  residual  stress. 
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1.  INTRODUCTION 

The  macroscopic  tensile  properties  of  uni-directional  fiber-reinforced  brittle  composites 
have  been  studied  extensively  since  the  70’s,  where  matrix  cracking  with  intact  fibers  plays  an 
important  role  in  longitudinal  strength.  The  transverse  and  shear  strengths  of  such  composites 
are  invariably  lower  than  the  longitudinal  strength.  Consequently,  in  applications  where 
multiaxial  stress  states  are  encountered,  cross-ply  laminates  are  commonly  used.  While  there  has 
been  considerable  attention  to  the  elastic  properties  of  cross-ply  laminates,  relatively  less  has 
been  done  to  establish  their  fracture  performance  in  terms  of  the  properties  of  the  constituent 
phases.  This  is  the  topic  of  the  present  paper  where  emphasis  is  on  brittle  matrix  composites  and 
explicit  results  for  the  effect  of  matrix  cracking  on  overall  stress-strain  behavior  are  developed 
and  presented.  Studies  of  the  topic  have  been  carried  out  within  a  framework  of  damage 
mechanics  where  the  effects  of  cracks  are  not  explicitly  predicted  as  represented  by  [  l,  2].  More 
closely  related  to  the  present  work  are  studies  in  [3,  4]  where  explicit  results  for  the  effect  of 
cracks  are  given  for  general  laminates.  These  four  papers  provide  additional  references  to  the 
general  problem  area. 

Recently,  a  comprehensive  experimental  study  was  conducted  on  a  laminated  0°/90° 
ceramic/matrix  composite  [5].  When  the  tensile  stress  was  applied  along  one  of  the  fiber 
directions,  cracks  were  first  observed  in  the  90°  layer  and  always  spanned  the  entire  ply,  but 
arrested  at  the  interfaces  between  layers,  as  sketched  in  Fig.  1.  With  further  increase  of  the 
applied  stress,  additional  matrix  cracks  developed  in  the  90°  layers  in  the  same  way  as  previous 
cracks.  These  cracks  spread  as  3D  tunneling  cracks  from  small  flaws  located  in  the  matrix  of  the 
90°  layers  in  the  direction  transverse  to  the  applied  stress,  as  depicted  in  Fig.  1.  At  even  higher 
applied  stress,  it  was  observed  that  the  pre-existing  cracks  began  to  extend  into  the  adjacent  0° 
layers  stably  and  without  any  fiber  failure,  until  these  transverse  cracks  began  overlapping  in  the 
0°  layers. 


The  work  in  this  paper  deals  with  conditions  for  the  onset  and  subsequent  multiplication 
of  tunnel  cracks  in  the  90°  layers  of  cross-ply  laminates.  In  addition,  the  effect  of  the  tunnel 
cracks  on  the  overall  stress-strain  relation  of  the  composite  will  be  determined,  including  the 
contribution  from  the  release  of  residual  stress.  Such  constitutive  relations  are  required  if 
progress  is  to  be  made  in  the  effort  to  understand  the  role  of  micro-cracking  in  altering  stress 
concentration  at  holes  and  notches  in  these  materials.  The  paper  is  organized  as  follows.  We 
begin  by  posing  the  problem  for  the  energy  release  rate  of  steady-state  tunnel  cracks.  This 
problem  can  be  solved  using  information  from  a  2D  plane  strain  problem,  which  also  provides 
the  results  needed  for  the  desired  constitutive  changes.  Extensive  finite  element  calculations  are 
then  reported,  providing  conditions  for  the  onset  of  tunnel  cracking  and  for  subsequent  multiple 
crack  formation.  The  results  permit  one  to  predict  the  spacing  expected  between  the  90°  layer 
matrix  cracks  as  a  function  of  the  applied  stress.  Given  crack  spacing  in  terms  of  applied  stress, 
one  can  then  predict  the  overall  stress-strain  behavior.  This  point  is  illustrated  by  giving 
examples  of  stress-strain  behavior  as  a  function  of  the  basic  geometry  of  the  composite,  the 
toughness  of  the  matrix,  and  the  residual  stress  in  the  next  section.  An  approximate  analysis  is 
carried  out  in  the  final  section  leading  to  closed  form  expressions  for  the  overall  compliance 
change  and  the  tunneling  energy  release  rate  as  a  function  of  crack  density.  These  results,  which 
are  quite  accurate,  will  be  very  useful  for  practical  applications. 

2.  BASIC  MECHANICS 

2.1.  Basic  equations  for  laminates 

The  elastic  properties  of  an  undamaged  uni -directional  fiber  reinforced  ply  are  accurately 
taken  to  be  transversely  isotropic  about  the  fiber  direction.  With  the  fibers  aligned  with  the  1- 
axis,  the  constitutive  relation  for  the  undamaged  ply  is 
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where  the  subscript  L  stands  for  longitudinal  properties  and  the  subscript  T  stands  for  transverse 

properties.  Notice  that  uT  = - - —  but  generally  Ur  * - - — . 

2(1 +  vT)  6  L  2(1 +  vL) 


To  limit  the  number  of  material  parameters  in  the  subsequent  development,  the  difference 
between  the  fiber  and  matrix  Poisson’s  ratios  will  be  neglected  ( i.e .,  vm  =  Vf  =  v).  This 
approximation  is  known  to  involve  little  error.  The  moduli  of  the  ply  are  related  to  the 
constituent  properties  by 


El  =  cEf  +  (1  -  c)Em 

pf(l  +  c)  +  pm(l-c) 
Hf(l-c)  +  nm(l  +  c) 


(2) 

(3) 


and  vL  =  vT  =  v  (4) 

where  c  is  fiber  volume  fraction.  Formula  (2)  is  the  rule  of  mixtures  for  the  longitudinal 
stiffness,  and  (3)  was  given  in  [6]  using  the  composite  cylinders  model.  The  remaining  modulus, 
Ej,  has  a  somewhat  greater  dependence  on  the  spatial  arrangement  of  the  fibers.  The 
approximation  used  here  is  taken  from  [6] 


ET  =  Lt^E, 

I  -  TIC 


where 


(6) 
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The  above  formulas  apply  under  the  condition  that  no  debonding  occurs  between  the  fiber  and 
matrix  in  the  plies.  To  obtair  some  insight  into  the  role  of  fiber/matnx  debonding,  results  w  ill  be 
computed  in  addition  for  the  limiting  case  where  it  is  assumed  that  the  complete  debonding  has 
occurred.  To  model  this,  we  have  followed  the  suggestion  in  [5]  and  have  taken  Ef^-0  tn  (6), 
thereby  reducing  the  transverse  modulus.  The  effect  of  debonding  on  the  longitudinal  shear 
modulus  is  ignored  since  this  effect  is  relatively  unimportant. 

Now  consider  a  cross-ply  laminate  with  equal  thicknesses  of  0°  and  90°  plies  subject  to 
in-plane  loading  only,  as  illustrated  in  Fig.  2.  A  standard  derivation  based  on  the  assumption  that 
the  in-plane  strains  are  identical  in  every  ply  and  that  there  are  an  equal  number  of  0°  and  90° 
plies,  gives  the  overall  relation  for  the  laminate  to  be 


where 


1(i+|L)2_vl2 

4 _ Ey _ 

1  ..  Ei  . .  1  vL2 

2  Ej  Ej  El 

2vl 

0  =  1  Ef 
1+  — 

ET 


(8) 


are  Young’s  modulus,  Poisson’s  ratio  and  shear  modulus  of  the  laminate,  respectively,  in  the 


defined  coordinates. 

The  plane  strain  Young’s  modulus  defined  as 
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will  appear  frequently  in  the  sequel.  Since  the  transverse  modulus  Ej  depends  on  whether  the 
Fiber/matrix  interfaces  are  bonded  or  not,  Eq  also  differs  for  these  two  cases. 


2.2  Concept  of  steady-state  tunneling  cracks 

Cracking  in  layered  materials  often  occurs  in  the  tunneling  mode  within  individual 
layers,  as  illustrated  in  Fig.  1.  The  energy  release  rate  at  the  tunnel  front  can  be  computed  in 
principle  by  a  three  dimensional  analysis.  However,  as  the  length  of  the  tunnel  becomes  long 
compared  with  layer  thickness,  a  steady-state  is  reached  in  which  the  same  mode  I  energy  release 
rate  Gss  is  attained  at  every  point  on  the  front  and  is  independent  of  tunnel  length  [7],  From  an 
energy  argument,  the  steady-state  energy  release  rate  GSs  can  be  computed  using  quantities  from 
the  two-dimensional  plane  strain  solution  to  the  crack  problem  depicted  in  Fig.  3.  The  result  is 

G*  =  ^{^J-t°°(x)8(x)dx}  0°) 

where  2t  is  the  layer  thickness,  Oq  is  the  stress  normal  to  the  crack  surface  prior  to  cracking,  and 
5  is  the  crack  opening  displacement.  This  is  applicable  to  linear  elastic  anisotropic  materials  and 
can  be  used  when  residual  stress  is  present. 

3.  FINITE  ELEMENT  ANALYSIS 


3.1.  Isolated  cracks  and  the  onset  of  tunnel  cracking 

A  complete  analysis  of  the  isolated  crack  problem  depicted  in  Fig.  3,  is  performed  by 
finite  clement  analysis  for  all  practical  ranges  of  Fiber  volume  fraction  c  and  the  ratio  of  Young's 
modulus  of  Fiber  to  matrix,  for  both  bonded  and  separated  Fiber/matrix  interfaces.  The  results  for 
propagation  of  an  isolated  tunneling  crack  will  be  used  to  generate  the  conditions  under  which 
extensive  matrix  cracking  First  occurs. 


Figure  3  shows  the  cross  section  of  a  laminate  with  a  single  transverse  crack  spanning  the 

entire  central  90°  layer.  The  stress-strain  behavior  of  each  of  the  plies  is  taken  to  be  elastically 

orthotropic  obeying  (1),  with  due  regard  for  the  two  orientations.  The  interfaces  between  the 

layers  are  assumed  to  be  perfectly  bonded.  Plane  strain  conditions  are  assumed  in  the  z -direction 

and  vm  =  vf  =  0.2.  The  average  tensile  stress  applied  at  infinity  is  o,  and  the  tensile  stress  in 

2Et 

the  90°  layer,  prior  to  cracking,  is  - - — C.  One  can  readily  show  that  the  normalized 

EL+ET_ 

steady-state,  tunneling  energy  release  rate,  ■  ss,  -■ ,  defined  from  (10)  is  a  function  only  of  fiber 

~  ert 

volume  fraction  c  and  the  modulus  ratio  Ef/Em,  assuming  the  Poisson’s  ratios  have  been 
assigned,  i.e., 

2s&  =  f(fLC)  (11) 

oJt  Em 

where  E0  is  defined  in  (9)  for  the  two  cases,  bonded  and  unbonded  fibers  mentioned  in 
connection  with  (6).  Results  displaying  the  dependence  are  shown  in  Fig.  4  for  the  two  ca^s. 
These  results  were  computed  using  a  7-layer  laminate  model  with  the  crack  in  the  central  layer, 
but  they  should  apply  for  an  arbitrary  large  number  of  layers  with  high  accuracy.  In  fact,  results 
computed  using  a  3-layer  model  and  normalized  in  exactly  the  same  way  differ  only  very  slightly 
from  those  shown  in  Fig.  4. 

Denote  the  toughness  of  the  layers  in  the  tunneling  cracking  mode  by  F,  measured  in 
units  of  energy  per  unit  area.  For  a  crack  propagating  entirely  in  the  matrix,  this  would  be  the 
mode  I  toughness  of  the  matrix,  rm.  For  a  tunnel  crack  front  encompassing  the  unbonded 
interfaces  between  the  fiber  and  matrix,  T  would  be  some  fraction  of  Fm.  The  minimum  stress 
aonSet  required  for  propagation  of  tunneling  cracks  in  the  90°  layers  is  obtained  from  (1 1 )  as 


°onset  ~ 


(12) 


This  sets  ihe  condition  for  the  onset  of  extensive  cracking  in  90°  layers.  Note  that  this  first 
cracking  stress  is  inversely  proportional  to  the  square  root  of  the  ply  thickness.  If  an  initial 


residual  tensile  stress,  or,  exists  in  the  90°  layers  acting  parallel  to  the  applied  stress,  then  the 
sum  of  or(El+Et)/(2Et)  and  O0nsct  should  appear  on  the  left  hanH  side  of  (12).  In  other  words, 
residual  tension  in  the  layer,  modified  by  the  factor  (El+Et)/(2Et),  is  equivalent  to  an  overall 
applied  stress  contribution  as  far  as  tunnel  cracking  is  concerned. 

3.2.  Multiple  Cracking 


Multiple  cracking  in  90°  layers  occurs  when  the  applied  stress  exceeds  the  critical  level 
given  by  (12).  Results  will  be  presented  in  this  subsection  for  the  doubly  periodic,  plane  strain 
crack  problem  depicted  in  Fig.  5a.  Specifically,  results  will  be  presented  which  allow  one  to 
predict:  (1)  the  evolution  of  crack  density  in  the  90°  layers,  (2)  the  increase  in  overall 
compliance  as  a  function  of  crack  density,  and  (3)  the  extra  overall  strain  released  by  the  cracks 
in  the  presence  of  residual  stress.  The  cracks  are  taken  to  be  equally  spaced  within  all  90°  layers, 
with  spacing  2L  and  with  the  doubly  periodic  pattern  shown  in  Fig.  5a.  Plane  strain  conditions 
are  again  invoked  and  no  traction  is  applied  in  the  x-direction.  Because  of  symmetry,  only  one 
quarter  of  a  periodic  cell  needs  to  be  considered  in  setting  up  the  finite  element  model,  w  hich  is 
shown  in  Fig.  5b.  Standard  symmetry  boundary  conditions  are  applied  on  all  the  edges  of  the 
quarter  cell  in  Fig.  5b  except  along  the  crack  face  where  traction-free  conditions  are  imposed 
The  average  traction  on  the  vertical  faces  is  required  to  vanish,  consistent  with  the  assumption 
that  no  stress  is  applied  in  the  x-direction. 

The  finite  element  results  for  Gss.  expressed  in  non-dimensional  form  as 


(13) 


at  1-m  *- 

are  shown  in  Figs.  6a  and  6b,  respectively,  for  bonded  and  separated  fiber/matrix  interfaces.  In 
Section  4,  it  will  be  shown  how  to  use  this  result  for  steady-state  cracking  to  predict  crack 
spacing  as  a  function  of  applied  stress.  The  corresponding  results  for  the  effective  plane  strain 
Young’s  modulus  for  the  periodically  cracked  composite,  defined  as  Ec=o/e  where  e  is  the 
average  strain  in  the  y-direction,  are  shown  in  Figs.  7a  and  7b  as 
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l1  =  h(#L,c  ') 


As  the  crack  denri*y  t/L  becomes  larger  than  about  2,  the  results  have  asymptoted  to  the  limit  in 


which  only  the  0°  layers  carry  the  load,  which  are  simply 


E,  +En 


It  can  be  shown,  by  the  reciprocal  theorem  of  elasticity,  that  (13)  and  (14)  are  related  by 


■Er-T'=1+^*<fL'c'E) 

— L,c,— )  m 


Residual  stresses  and  strains  are  generally  introduced  during  the  process  when  the  plies 
are  bonded  together  to  form  the  layered  composite.  As  discussed  earlier,  if  an  initial,  uniform 
residual  stress  or  exists  in  the  90°  layers  acting  parallel  to  the  applied  stress  o,  the  effect  on  the 
tunneling  energy  release  rate  is  taken  into  account  by  replacing  o  on  the  left  side  of  (13)  by  the 
sum  of  or(El+Et)/(2Et)  and  0.  An  additional  overall  strain,  Ea,  occurs  due  to  the  release  of 
residual  stress  by  the  formation  of  the  cracks  in  the  90°  layers.  By  a  simple  process  of 
superposition  (see  Appendix),  one  can  show  that 

EA=<J-i-)^lEToR=(h-'-l)HLl£T|8.  (17) 

Ec  Eo  2Ey  2E-J-  E0 

In  the  limit  where  the  crack  spacing  becomes  small  (i.e.,  t/L  becomes  larger  than  about  2),  the 
stress  in  the  0°  layers  due  to  the  residual  stress  is  reduced  to  zero.  Consequently,  in  this  limit,  Ea 
is  just  the  negative  of  the  initial  strain  in  the  0°  layers  in  the  uncracked  composite,  i.e., 

Ei  +  Ej  Od  Ex  ?,Od 

£a  =  —  -=B-  =  (1--^vl2)-^-  (18) 
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4.  APPLICATION  TO  PREDICT  CRACK  SPACING  AND 
OVERALL  STRESS-STRAIN  BEHAVIOR 

4.1.  Prediction  of  crack  spacing 

Results  obtained  in  the  last  section  will  be  used  here  to  predict  the  tunneling  crack 
spacing  in  90°  layers  as  a  function  of  applied  stress.  The  method  employed  here  is  identical  to 
that  of  Hutchinson  and  Suo  [7]  used  to  predict  the  crack  spacing  in  thin  films  under  residual 
tension.  It  considers  the  effect  of  a  sequential  cracking  process  where  a  new  set  of  cracks  tunnels 
between  an  existing  set  of  cracks  as  the  stress  is  increased,  rather  than  a  process  where  all  the 
cracks  tunnel  together. 

The  calculation  of  the  energy  release  rate  for  the  cracks  tunneling  in  the  sequential  process 
makes  use  of  the  basic  solution  (13)  for  simultaneous  steady-state  cracking.  That  solution  is  for 
simultaneous  tunneling  of  all  the  cracks,  periodically  spaced  a  distance  2L  apart,  in  the  90° 
layers,  as  in  Fig.  5.  For  any  such  laminate,  the  steady-state  tunneling  energy  release  rate  for  each 
crack  is  given  by  (13), 

^  =  g(f )  09) 

<rt  L 

where  here  the  dependence  of  g  on  Ef/Em  and  c  is  left  implicit.  As  noted  before,  when  a  residual 
stress  or  exists  in  the  90°  layers  acting  parallel  to  the  overall  applied  stress  o,  then  a  in  the 
above  formula  should  be  replaced  by  a+  (El+Et)or/(2Et). 

Now  consider  the  sequential  cracking  situation  depicted  in  Fig.  8,  where  one  set  of 
cracks  spaced  a  distance  4L  apart  has  already  tunneled  across  all  90°  layers,  and  where  a  second 
set  bisecting  the  first  set  is  in  the  process  of  tunneling  across  the  layers.  We  depicted  in  Fig.  8 
only  an  isolated  90°  layer  for  better  viewing.  The  steady-state  energy  release  rate  for  the  cracks 
in  the  process  of  tunneling  can  be  obtained  exactly  from  the  strain  energy  difference  far  behind 
and  far  ahead  of  the  tunneling  fronts  as 


Under  the  assumption  that  new  cracks  will  always  be  nucleated  half-way  between  cracks 
that  have  already  formed  and  tunneled,  and  with  Gss  identified  with  the  mode  1  toughness  T 
along  fiber  direction  of  90°  layers,  (20)  predicts  the  relationship  between  o  and  the  crack  spacing 
t/L.  This  relation  is  plotted  in  Fig.  9  for  bonded  fiber/matrix  interfaces.  There  are  two  features 
worth  noting.  For  spacing  larger  than  L/t  of  about  2,  there  is  essenually  no  interaction  between 
the  cracks  and  the  spacing  is  indeterminate  by  the  present  analysis.  For  smaller  spacings  the  ratio 
t/L  increases  approximately  linearly  with  stress  o,  and  the  dependence  on  the  parameters  c  and 
Ef/Etn  is  largely  captured  in  the  non-dimensional  stress  variable  o/V(  EoI7t).  Implicit  in  the 
spacing  relationship  in  Fig.  9  is  the  assumption  that  initial  flaws  exist  in  the  90°  layers  of 
sufficient  size  and  density  such  that  the  tunnel  cracks  will  initiate  when  the  steady-state  condition 
is  met.  In  this  sense,  the  relation  between  spacing  and  stress  may  predict  somewhat  smaller 
spacings  at  a  given  stress  than  actually  occurs. 

4.2.  Prediction  of  overall  stress-strain  relation  accounting  for  progressive  cracking 


Let  o  be  the  overall  stress  applied  to  the  composite  and  suppose  that  a  residual  stress  or 
exists  in  the  uncracked  90°  layers  acting  parallel  to  the  applied  stress.  With  o  replaced  by 
o+(El+Et)or/(2Et)  in  the  non-dimensional  stress  variable  on  the  ordinate  in  Fig.  9,  the 
appropriate  curve  in  this  figure  can  be  used  to  predict  t/L  as  a  function  of  o.  Next,  combine  (14) 
and  (17)  to  give  the  overall  strain  e  as 


C=r°+EA 

*-c 


1  -  I  f 1  llEL  +  ET  Qr 
hE0  U  )  2Et  E0 


(21) 


Here  h(Ef/Em,c,t/L)  can  be  obtained  from  Fig.  7  once  one  has  obtained  the  relation  between  t/L 
and  o  as  just  described. 


-12- 


The  calculations  described  above  are  now  illustrated.  In  Fig.  10  plots  are  displayed  of  the 
normalized  overall  applied  stress  against  the  normalized  overall  strain  for  cases  in  which  there  is 
no  residual  stress.  As  noted  earlier,  the  stress  remains  essentially  unchanged  until  the  crack 
spacing  reaches  an  L/t  of  about  2.  This  corresponds  to  the  flat  portion  of  the  stress-strain  curves 
in  Fig.  10.  As  L/t  diminishes  to  small  values  (below  about  1/2),  the  0°  layers  carry  most  of  the 
load,  leading  to  the  linear  response  evident  in  the  Figure,  with  (15)  providing  the  asymptotic 
slope  of  these  curves.  A  remarkable  feature  of  these  curves  is  the  fact  that  the  non-dimensional 
overall  stress  and  strain  variables  used  in  Fig.  10  nearly  collapse  all  the  curves  for  a  wide  range 
of  Ef/Em  and  c. 

Fig.  1 1  shows  the  effect  of  a  residual  stress  or  in  the  90°  layers,  a  positive  value 
representing  a  residual  tension  and  a  negative  value  representing  a  residual  compression.  The 
critical  stress  ocr  used  to  normalize  the  residual  stress  in  Fig.  11  is  the  stress  at  which  cracks 
begin  to  tunnel  in  all  the  layers  in  the  absence  of  any  residual  stress.  From  (13),  this  stress  is 


This  critical  stress  is  between  5  and  10  %  higher  than  the  onset  stress  for  tunneling  of  an  isolated 
crack  given  by  (12).  In  Fig.  11,  o  is  the  applied  stress.  Depending  on  its  sign,  the  residual  stress 
increases  or  decreases  the  applied  stress  at  which  matrix  cracking  occurs  and  makes  a 
contribution  to  the  overall  strain  due  to  its  partial  release. 

5.  AN  APPROXIMATE  THEORETICAL  SOLUTION 
5.1.  The  theoretical  development 

In  this  section  we  shall  develop  an  approximate  analytical  solution  to  the  doubly  periodic 
plane  strain  crack  problem  posed  in  Fig.  5b.  Except  for  a  modification  suggested  at  the  end  of 
this  section,  the  approximation  follows  fairly  closely  a  similar  solution  in  [8],  where  it  was 
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developed  to  predict  the  stress  transfer  between  0°  and  90°  plies  of  a  cracked  laminate.  The 
solution  in  [8]  applies  to  periodic  cracks  in  a  single  layer  sandwiched  between  0°  layers  on  both 
sides.  The  following  equilibrium  equations  must  be  satisfied  in  both  90°  (denoted  as  material  1) 
and  0°  (denoted  as  material  II)  plies. 


8c*  1 8x*y  =  Q 
dx  dy 


(23) 


d'Exy  dOy 
dx  dy 


=  0 


(24) 


The  stress-strain  relations  for  plane  strain  conditions  can  be  easily  derived  from  (1).  They 
are,  for  90°  plies. 


and  for  0°  plies. 


du  ,  1  VL2  ,vt  vl2 

£x  H  — -  =  ( - — )Ox  -  (— L  +  -k-)0v 

ax  et  el  et  el  > 


dv  .  Vt  V?  2  „  ,  1  Vi  2 . 

s  T-  =  -Kz3-  +  +(- 

dy  Et  El  Et  El 


1  ,du  dv. 


1 


xy  2^dy  dx ^  2px  xy 


_du  .1-  VT2.  Vl(1  +  Vt)- 

*  “  a*  et  ,0*  el  °» 


_  dv  VL(1  +  VT) 
y  dy  El 


i  2 

Ei 

Cx  + - - - Oy 

el  y 


-xy 


1  du  dv  1 

2  dy  +  dx  2pLTxy 


(25) 

(26) 

(27) 

(28) 

(29) 

(30) 


The  boundary  conditions  for  a  typical  cell  of  the  doubly  periodic  problem  are  the  standard  ones 
reflecting  symmetry  and  the  relations  between  the  overall  quantities  and  the  averages  of  local 
quantities  over  the  cell  boundaries. 
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To  proceed,  we  assume  that  the  stress  component  Oy  in  both  plies  is  independent  of  x.  In 
other  words,  we  look  for  an  approximate  solution  of  the  form 

Oy1  s-FCyl  +  o1  (31) 


Oy11  =F(y)  +  0U  (32) 

where  and  are  the  stresses  in  the  90°  and  0°  plies,  respectively,  that  would  result  in  a 
damage-free  laminate  subject  to  average  remote  tensile  stress  O.  They  are  given  by 


2ET 

et  +  el 


o 


(33) 


a 


n 


2EL 

et  +  el 


a 


(34) 


We  shall  omit  a  detailed  derivation  for  briefness;  most  of  the  details  are  similar  to  those 


given  in  [8],  After  satisfying  Eqs.  (23-25),  (27),  (28),  (30)  exactly,  Eqs.  (26)  and  (29)  in  an 
average  sense  with  respect  to  the  x-direction,  and  satisfying  all  the  boundary  conditions  except 
those  listed  below  in  (36)  and  (37),  we  obtain  the  following  linear  integral-differential  equation 
for  F(y): 

t4F’,1(y)-2a2t2F,(y)  +  a12F(y)  +  a0ijoLF(y)dy  =  0  (35) 


where 
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The  remaining  boundary  conditions  to  be  satisfied  are  given  by 

F  (0)  =  0,  F(L)  =  a1,  and  F(L)  =  0 
In  addition,  it  is  required  that  F(y)  be  an  even  function  in  y: 

F(y)  =  F(-y) 

The  solution  to  (35)  can  be  used  to  express  the  integral  of  F(y)  as 

J.L 

F(y)dy  =  tO(f)aI 
0  L 


(36) 


(37) 


(38) 


where  <I>  (which  is  also  a  function  of  ao,  aj  and  a2)  will  be  given  below.  The  Young’s  modulus  of 
the  cracked  composite,  Ec,  is  then  approximately 


EC  erir 


vn(L)/L  i  + 

LEl 

and  the  tunneling  energy  release  rate  Gss>  calculated  from 

Gss=0I[vII(L)-vI(L)] 


(39) 


(40) 


is  given  by  the  approximation 
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GssE0  _  2Et  a 

at  El 


(41) 


In  Eqs.  (39)  and  (40),  terms  such  as  v(L)  stand  for  the  average  y-displacement  along  y=L. 


For  the  case  a2/ai  is  less  than  1,  <E>  is  given  by 


<J>(f-)  = 


2(l-h)mn.  ,2mL  2nL 
-(cosh - cos - ) 


m* 


n* 


.  2nL  .  2mL 

mstn - 4-nsinh - 

t  t 


2hmn  t  ,  ,  2mL  2nlL 

— 5 - 5- — (cosh - cos - ) 

m  +  n  L  t  t 


(42) 


where 


m  =  ^/(a1+a2)/2 
n  =  ^Ja1-a2|/2 

h~-  ao 

a0  +  a^ 

For  cases  where  a^ai  is  equal  to  or  greater  than  1,  similar  solutions  can  be  obtained. 
However,  for  most  practical  fiber-reinforced  composites,  a2/ai  is  either  less  than  1  or  sufficiently 
close  to  1  such  that  (42)  is  a  good  approximation. 


5.2.  Modification  using  the  FEM  results 


The  analytical  approximation  given  by  Eqs.  (39),  (41)  and  (42)  can  be  further  enhanced 
by  a  slight  modification  of  <1>  in  (42),  which  was  suggested  by  the  comparison  of  the  approximate 
predictions  with  the  more  accurate  FEM  results  obtained  in  Section  3.  We  found  that  the 
accuracy  of  the  above  approximation  was  improved  when  we  replaced  m  and  n  in  (42)  by  1.1m 
and  l.ln,  respectively,  and  then  multiplied  <I>  by  the  numerical  factor  0.82.  Thus  the  modified  d> 
is  given  by 


<J>(f)  = 


n  00  2(1  -  h)mn  L  2.2mL  2.2nL, 

0.82  — ^ (cosh - cos - ) 


m2  +  n2 


.  2.2nL  2.2mL 

1.1m  sin - +  l.lnsinh - 


t 


t 


2hmn 
m2  +  n2  L 


t.  .  2.2mL  2.2nL 

(cosh - cos- - ) 


(43) 


t 
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Several  comparisons  of  the  results  given  by  FEM  analysis  and  the  explicit  formulas  of 
Eqs.  (39)  and  (41)  are  demonstrated  in  Figs,  12a.  and  12b.  The  differences  for  all  practical 
ranges  of  Ef/Em  and  c  are  within  5%,  and  thus  we  believe  the  formulas  given  above  are  well 
suited  for  practical  applications. 
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APPENDK 

When  an  initial  residual  stress  or  exists  in  the  90°  layers  acting  parallel  to  the  applied 
stress,  an  additional  overall  strain  occurs  due  to  the  release  of  residual  stress  by  the  formation 
of  the  cracks  in  the  90°  layers.  This  additional  strain  can  be  calculated  by  applying  a  normal 
stress  of  (-Or)  to  the  crack  surface.  Fig.  A  1(a)  depicts  a  quarter  of  such  a  periodic  cell,  with 
standard  symmetry  boundary  conditions  applied.  By  a  linear  superposition  argument,  one  can 
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easily  verify  that  the  displacement  and  stress  fields  of  Fig.  A  1(a)  can  be  obtained  by  subtracting 
that  in  Fig.  Al(c)  from  Fig.  A  1(b),  where  (b)  has  the  same  crack  configuration  as  (a),  and  (c) 
depicts  the  crack-free  laminate.  The  elements  in  (b)  and  (c)  are  both  subject  to  an  average  stress 
(El+EtXJr/(2Et)-  The  overall  strain  Eb  associated  with  (b)  is  given  by  (14) 


£b 


_L  El  +  Et  c  _  El  +  Et  Or 
Ec  2Et  r  2Et  E0 


and  the  overall  strain  £c  in  (c)  is  given  by  a  uniform  plane  strain  tension 


The  overall  strain  £a  in  (a)  is  then 


£c 


_1  EL  +  ET 
E0  2Ej 


(AI) 


(A2) 


eA  =  £b  ~£c  =  (h_1  -1) 


El  +  Et  Or 
2Et  E0 


which  is  (16)  given  in  Section  3. 


(A3) 


Conventions  for  the  3D  cross-ply  laminate 


The  doubly  periodic  crack  pattern  analysed  in  this  paper. 


x(3) 


A  quarter  of  a  periodic  cell  used  for  the  finite  element  mod'*1 


The  function,  g(Ef/Em,  c,  t/L),  providing  the  energy  release  rate  for  a 
doubly  periodic  array  of  tunneling  cracks  in  (13).  (a)  Bonded  fiber/matrix 
interfaces,  (b)  Separated  fiber/matrix  interfaces. 


(b) 


(c) 


Superposition  scheme  for  obtaining  £a  due  to  the  reiease  of  residual  stress. 
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Composite  panels  with  straight-through  cracks  are  analyzed  with  respect  to 
energy  release  rates  using  an  asymptotic  method.  Various  combinations  of 
geometry  and  material  parameters  are  considered  and  predictions  are  made 
about  the  initiation  and  stability  of  crack  growth. 


1  INTRODUCTION 

With  the  increasing  use  of  composite  panels  in 
design,  such  problems  as  inter-layer  cracks  or 
delaminations  have  received  much  attention  in 
recent  years.  This  type  of  damage  may  be  present 
already  at  fabrication  but  may  also  develop  for 
example  if  a  structure  is  exposed  to  impact.  Since 
the  presence  of  delaminations  can  severely  reduce 
the  stiffness  and  strength  of  a  load-carrying 
member  they  are  a  common  cause  of  failure  in 
laminates.  Perhaps  the  first  investigators  to  study 
the  problem  of  delaminated  plates  in  a  systematic 
manner  were  Chai  et  a/.1  and  after  that  numerous 
articles  have  been  published  dealing  with  delami¬ 
nation  problems  in  flat  panels.  However,  as 
pointed  out  in  a  survey  article  by  Storakers: 
delamination  problems  for  more  complex  geo¬ 
metries,  such  as  composite  shells  or  curved 
panels,  have  been  treated  very  sparsely  and  in  the 
latter  case  the  analyses  have  been  restricted  to 
determine  the  buckling  load  for  compressed 
members  containing  longitudinal  delaminations.3  4 

The  present  study  is  concerned  with  a  single 
delamination  growth  in  a  curved  composite  panel. 
Damage  of  this  type  has  been  reported  in  a  recent 
experimental  study  by  Lin  and  Lee'  and  its  prac¬ 
tical  significance  should  be  substantial,  particu¬ 
larly  in  aircraft  structures.  The  material  properties 
for  the  individual  layers  are  considered  to  be 
linear  orthotropic  and  the  calculations  are  per¬ 


formed  under  plane  strain  conditions,  with  the 
panels  loaded  in  prescribed  displacement.  Linear 
fracture  mechanics  is  relied  upon  as  regards  initia¬ 
tion  and  propagation  of  crack  growth  and  such 
events  are  assumed  to  occur  at  a  constant  value  of 
the  critical  energy  release  rate.  However,  such 
features  as  a  decomposition  of  the  energy  release 
rate  into  tearing  and  shearing  modes,  as  discussed 
by  Suo  and  Hutchinson6  and  Suo7  could  without 
any  difficulties  be  incorporated  into  the  analysis. 
The  more  simple  criterion  involving  the  total 
energy  release  rate  is,  however,  adopted  in  the 
present  case  due  to  its  solid  physical  background. 

As  mentioned  earlier  the  problem  of  delamina¬ 
tions  in  curved  panels  has  been  treated  very 
sparsely  in  the  literature  and,  to  the  authors' 
knowledge,  no  attention  has  been  given  to.  for 
example,  crack  growth  stability.  The  aim  of  the 
present  contribution  is  therefore  not  only  to 
examine  such  features  as  the  effect  of  geometry 
and  material  parameters  on  the  mechanical 
behaviour  but  also  to  provide  some  general 
insight  as  regards  crack  growth  initiation  and 
propagation  in  curved  panels. 

2  BASIC  EQUATIONS 

The  problem  concerned  involves  a  composite 
panel  loaded  in  prescribed  displacement  as 
depicted  in  Fig.  1.  Plane  strain  conditions  are 
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Fig.  1.  Panel  and  delammation  geometry. 


assumed  to  prevail  which  leads  to 


ir  being  the  displacement  in  the  ^-direction.  With 
eqns  ( 1 )  in  mind  the  only  remaining  strain  com¬ 
ponent  in  the  Kirchoff-Love  approximation  for 
kinematics  then  reads 

1  dr  w  z  dw 

^  j_  —  —  +  —  _  — -  — —  (2) 

v  R  dq  R  R-  d q' 

where  v  is  the  displacement  in  the  q  -direction  and 

h’  is  the  transversal  displacement.  In  the  present 
analysis  the  thickness  of  the  panel  is  considered  to 
be  very  small  compared  to  the  radius  of  curvature, 
R,  ar.d  the  well  known  Donnell  approximations, 
as  utilized  in  eqn  (2).  are  assumed  to  give  suf¬ 
ficient  information  as  regards  kinematics. 

For  a  composite  panel,  with  individual  layers 
assumed  to  be  linear  orthotropic  with  principal 
axes  of  orthotropy  coinciding  with  the  coordinate 
directions  xand  q ,  the  constitutive  equations  for 
relevant  quantities  reads 


,,  A  dr 

,\  =—  —  +  »v  +  ■ 

*  R  W 


R  \d<p 


,,  dr  1  idw 

R  \d^r  2 R  \dy> 


w  here  A ,  R  and  D  are  given  by 


B  £w 
R~  dq' 

R 

R'  dtp' 


In  eqn  A,.  h  is  the  total  panel  thickness  and 
Q.  =  Eh  ./<:  1  -E%i‘t\,  ~jE %  >  is  the  reduced 
modulus  of  the  pi h  layer  w  ith  moduli  E ^  and  £, 
and  contraction  ratio  \\r  in  obvious  notation. 
The  non-linear  equilibrium  equations,  with  the 
contribution  from  the  shearing  force  7,  retained, 
is  for  the  present  problem 


R  dq 


,\;  d  ve 
R-  d  L 


R  R  dq  R:  dq: 

1  d.\L 

11111  ^  ~  T  T  =  0 

R  dq 

In  order  to  completely  describe  the  problem 
depicted  in  Fig.  1,  presently  modelled  as  com¬ 
posed  of  three  composite  panels,  it  now  remains 
to  establish  boundary  and  continuity  conditions. 
With  symmetry  prevailing  around  q  -  0  this 
requires  that 

i’  =  0  ] 


[A,  B,  D]  —  £?P[1,  z.  z:]d; 


7;  =  0  (7) 

at  this  point. 

With  a  prescribed  displacement  r„  applied  to 
the  free  edge  of  the  panel  the  kinematic  conditions 
at  q  =  0  are 

r  =  r„  cos  <?;,] 

(8 1 

w-v„  sin  q:  j 

and  the  dynamic  boundary  condition  is 

Mv=  0  (9! 

There  remains  then  the  need  to  establish  equa¬ 
tions  of  compatibility  and  continuity  of  dynamic 
variables  at  the  crack  front,  q  =  qz.  Figure  2 
shows  the  details  of  the  geometry  of  the  three 
panels  1.  2,  3  at  the  delamination  boundary.  As 
regards  kinematics  continuity  of  transverse  dis¬ 
placement  and  slope  requires 


d«v,  _  dw:  _  dw, 
dq  dq  dq 


t 
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Ffe.  2-  Load  resuliants  ai  the  debminali on  front. 


while  continuity  of  m-plane 

displacements 

requires 

r:  -  r,  = 

f,  div. 

(12. 

~2R  d 7 

r,  - r:  = 

_ lj_ 

(13) 

2  R  d  <f 

Continuity  of  membrane  forces,  shearing  forces 
and  bending  moments  requires 


a;, 

=  A’«l;  +  AfVi 

(14) 

T., 

=  7;.+  r„ 

(15) 

Mv 

,  =  MUl  +  A/,,  +  1  ( ~  A 

(16) 

respectively. 

With  the  formulation  of  the  boundary  value 
problem  completed  it  is  appropriate  to  introduce 
dimensionless  variables  according  to 


i  ' 

H',  =  W,/7, 

fi-RIh 

t’n —  *  ‘ii/ ^  i  _ 

with  /  =  1 . 2.  3  for  the  individual  panels. 


(17) 


By  using  the  relations  3  and  5  together  with 
1 7  the  governing  eqns  5.  i  and  h  .  can  now  be 
written  in  dimensionless  form  as 


d</ 


d  u- 

- T  *  A 

d*jr 


,-f 


dy 


dr 

dy 


=  .-l 


dr 

- 4-  „ 

\dy 


I-)' 

j  d;M  ) 

HI 

Uvl  , 

'  dy  - 

Uy/  j 

/* 


d  »■  |  /  d  u* 


dy/\dy 
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-  d  u 

li ,  +  A- - r-,/1.  +  B.I 

dq 


Id 


=  \A,+B, 


die,' 

M I 


«!'!'. -d" 

\dyr-  dy 


id'  u',\ 

U<T/ 

1  (du,\ 

+  R  \d^j 


d"  li', 

d  <r 


+  /), 


/d:ii'\/d'ii'\ 
\dyr:/\dy  ') 


where 

A, =A,R:/RDt 

B,  -  B'R/RD,  > 
D-DJRD,  . 


(20i 


with  A,,  and  A,  defined  in  eqn  (4). 

The  dimensionless  variables  may  finally  be 
introduced  into  the  boundary,  compatibility  and 
continuity  conditions  (6H16).  The  resulting 
explicit  expressions,  however,  are  suppressed  for 
brevity. 


3  SOLUTION  PROCEDURE 

In  order  to  solve  the  problem  as  given  in  eqns  !  1 8i  and  ( 19i an  asymptotic  method  was  applied.  For  this 
purpose  the  kinematical  variables  r,and  vvy  were  expressed  with  the  aid  of  series  expansion  as 

r,  =  .vr!  +  s~t']  +5  v]  +  ...  +  s'r!  +  ... 

iv,  =siv'  +  s'  liy  +  s'  ii'  +  ...  +  s'ivJ  +  ... 

where  s  can  be  any  monotonically  increasing  parameter,  in  this  case  chosen  to  be  the  non-dimensional- 
ized  loading  parameter  r „.  As  regards  the  displacements  v  and  vi-  in  eqn  (21).  and  in  the  sequel,  lower 
index  i=  1.  2,  3  still  represents  the  individual  panels  while  upper  index  /refers  to  the  order  of  approxima¬ 
tion. 
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By  introducing  cqn  ;2l!  into  the  non-linear  governing  equations  <18i  and  19i  the  solution  to  the 
problem  is  now  given  by  solving  a  number  of  systems  of  linear  equations  reading 


d<f~ 


dr 


dr!  -  dr' 

- r  +A,  — ■  =  0 

d  q  dq 


s:  < 


.  d  ii'1 

B  -r  D, - r ~\A,  +  B,)l 

dq  \d<^'  d^ 


-i  ,  - 1 

d  t  dtv. 

T  + - 1  =  U 


-  d~  vi’7  -  d  vi'T  -  '  -  d  r:  dt7T 

I), - r-2  B, - r+Aii;-S. - (+A,— 

dq  d  q~  dq  dq 


=  A, 


df\  .  - 1 


d»!  1  id U, 


‘  [\d Cf  7  dr  2  \  d^r 


+  B 


dcf]\d(f  / 


5-:  < 


-  d  vv;  . 

B,  +  D,)  — — --(A,  +B,) 

d  <f 


dr;  dvi;1 
—  +  - 


\d<T  d  <p, 

/dV!  +L_, _ 

dq  ]\dq~ )  '^d^~  d  <p  )  d  r  \d<p'/\d<p' 


The  form  of  the  general  solution  to  eqn  (22)  is  the  same  for  all  degrees  of  approximations  and  reads 


i;:  =  (Oi  cos  q  +  (C'):  sin  tp  +  {C%q>  +  (C'}iq-  +(C'kq  +  (C'X  +  (f',) , 

(A,+B,)  .  4  M,(a5  +  6fi,(C;),).,,(>r23) 

*',=  — - -  ((C;> I  sin  <p-(C ;}2 cos  <p)-2{C,):,  q  -2 (C,)4  <p - 7 - +  (/,): 


( A,+2B,+D ,) 


A, 


where  (<"()*,  k=  1.....6  are  unknown  constants  and  (/'),  and  (f’,)2  are  functions  of  q  given  by  the  right- 
hand  side  of  eqn  (22).  By  introducing  eqn  (23)  into  the  boundary  and  continuity  conditions  (6)-(16)  the 
problem  is  reduced  to  solve  a  system  of  linear  equations  with  18  unknowns  for  each  degree  of  approxima¬ 
tion  each  value  of  j).  Formally  the  equation  system  reads 

MiC']  =  [g']  (24) 

where  the  matrix  a!  is  a  function  of  geometry  and  material  parameters  and  the  vector  g'  is  given  by 
(/,'),  and  (/,'  i:  and  its  derivatives.  Note,  however,  that  in  the  case  of  7=1  the  only  non-zero  terms  in  g'  are 
due  to  the  boundary  condition  (8). 

The  solution  for  the  unknown  constants  (C',)i  in  eqn  (24)  can  then  be  given  in  closed  form  for  each 
degree  of  approximation  even  though  some  tedious  but  otherwise  straightforward  calculations  are 
required.  However,  for  brevity  the  final  solution  to  eqn  (24 )  is  not  given. 

In  order  to  gain  confidence  in  the  asymptotic  solution  described  above,  finite  element  calculations  were 
performed  using  the  ABAQUS  program  system*  with  eight-node  plane  strain  elements.  Remembering 
that  symmetry  prevails  around  q  =  0,  half  of  the  panel  were  discretized  into  a  set  of  66  elements  and  the 
calculated  displacements  were  compared  with  the  ones  given  by  the  asymptotic  solution  for  different 
material  and  geometry  combinations. 
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4  THE  ENERGY  RELEASE  RATE  AT 
DELAMINATION  growth 


As  mentioned  earlier,  the  criterion  adopted  for 
initiation  and  continuation  of  delamination 
growth  is  that  the  energv  release  per  unit  area  of 
growth  will  attain  a  critical  and  constant  value. 
When  crack  growth  is  self-similar  it  is  then  a 
straightforward  matter  to  determine  the  rate  of 
change  of  potential  energy  of  the  system.  In  a 
general  situation,  however,  the  resistance  of  crack 
propagation  may  be  mode-dependent  and  in¬ 
homogeneity  of  crack  parameters  might  become 
quite  intricate.  This  matter  will,  however,  not  be 
considered  in  the  present  analysis. 

In  the  case  of  a  composite  plate,  local  values  of 
the  energy  release  rate  taking  due  account  of  non¬ 
linear  kinematics  in  a  genera!  situation  have 
recently  been  derived  by  Storakers  and 
Andersson''  starting  from  the  von  Harman  plate 
theory  and  first  principles.  Thus,  these  writers 
found  that  the  energy  released  at  crack  advance 
do U„)  at  a  crack  contour  Tc  having  the  local 
normal  /i„.  could  be  expressed  as 

-  dU=  j\\  Pafi  |  nnnltda  dTc  (25) 

where  Pu)1  is  a  plate  analogue  of  Eshelbv's 
momentum  tensor  and  ||  ||  denotes  its  jump  deter¬ 
mined  from  the  individual  plate  members  inter¬ 
secting  at  the  crack  front. 

For  a  composite  plate,  Pafi  explicitly  reads 

P,.l*  =  ~  QaPxp  (26) 

where  W  denotes  the  plate  strain  energy  density 
and  Q„  is  the  effective  shear  force. 

As  discussed  by  Storakers-  no  fundamental  dif¬ 
ficulties  appear  when  extending  eqns  ( 25 )  and  ( 26 ) 
to  apply  also  to  non-linear  panel  problems.  In  fact, 
without  going  into  details,  when  the  Donnell 
approximation  for  kinematics  is  relied  upon  and 
plane  strain  conditions  prevail  only 


1  dr  tv 
R  dq  R 


[21) 


need  to  be  introduced  as  a  replacement  for  p  „  ft 
in  eqn  (26). 

With  (27)  introduced  as  a  replacement  in  eqn 
(26)  the  released  energy  per  unit  area  can  be 
determined  as 

G«/> -R-P,  (28) 

in  obvious  notation. 


With  the  aid  of  the  adopted  constitutive  equa¬ 
tion.  derivation  of  the  /’-values  for  the  individual 
panels  expressed  in  the  displacements  r  and  n  is 
quite  straightforward.  If  terms  that  do  not  con¬ 
tribute  to  the  total  energy  release  rate  in  eqn  2N  . 
due  to  compatibility  and  continuitv  of  dynamic 
variables  at  the  crack  front,  are  nedected  then 


/dr  1  jdn  j'tdr 

2 R:  \dy  ~  “ '^2W\dy  J  J  dy 

+jl[2*l+w+± 

2R  \  dy  '  2R  \  dy  /  /  dy  ‘ 

Jl  j d:  w  V 

2R*  \dy : / 


Once  the  solution  to  r  and  iris  known  it  is  then 
a  routine  matter  to  determine  the  energy  release 
rate  by  aid  of  eqns  1 24  <  and  25 1  even  though  due 
account  has  to  be  taken  of  the  degree  of  approxi¬ 
mation  in  the  asymptotic  solution.  When  present¬ 
ing  explicit  results  it  proves  suitable  though  to 
introduce  a  dimensionless  measure  defined  by 

C  =  GR2/D,  5(1 


5  RESULTS  AND  DISCUSSION 

Most  of  the  results  presented  refer  to  a  situation 
with  a  panel  composed  of  two  individual  layers, 
separated  bv  the  delamination.  with  equal  or  dif¬ 
ferent  material  properties.  The  governing  material 
parameter  in  this  two-Iaver  model  is  then 

k  ^  IzL.  :i's  '?!E“  *  ^ , 

1  £„.(  I  -  Ejv^r/E,,) 

with  index  2  and  3  referring  to  the  lower  and 
upper  layer,  respectively,  and  Young's  moduli  and 
contraction  ratios  in  obvious  notation.  It  is 
believed  that  the  results  provided  by  these  calcu¬ 
lations  give  sufficient  information  as  regards 
energy  release  rates  and  displacements  lor  most 
practical  applications.  However,  in  order  to 
examine  in  more  detail  the  important  features  at 
more  realistic  situations  some  results  are  also  pre¬ 
sented  for  a  composite  panel  with  a  1 0/90/0/90),- 
layup. 

The  results  derived  by  the  asymptotic  method 
outlined  above  are.  with  few  exceptions,  second- 
order  approximations.  For  the  present  purpose 
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Fig.  3.  Energy  release  rate.  G  =  GR  /),,  as  function  of 
prescribed  displacement,  f  for  difierent  values  of  delami- 
natton  thickness.  t  =  q,=  \Z\  q-  =  RO\  W=!0(): 

- A,  =  0  1.  — - A.  =  ]. - A,  =  10. 


this  order  of  approximation  appears  to  give  ade¬ 
quate  information  as  regards  the  important 
features  of  the  problem,  a  matter  that  will  be  dis¬ 
cussed  in  somewhat  greater  detail  below. 

The  first  results  shown  in  Fig.  3  concerns  the 
dependence  of  the  energy  release  rate  on  the  pre¬ 
scribed  displacement  for  different  values  on  the 
delamination  thickness,  here  represented  by  the 
parameter  r  =  /,//,.  and  the  material  parameter 
k  | .  Obviously  the  energy  release  rate  increases,  in 
many  cases  rapidly,  witu  the  external  loading  and 
at  least  when  A,  takes  on  values  close  to  one  the 
midplane  delammation  ( r  =  0-5)  seems  to  produce 
the  highest  values  on  the  energy  release  rate.  This 
is  not.  however,  the  case  for  relatively  large  or 
small  A,.  10  or  01  say.  Especially  for  small  values 
of  A,  the  magnitude  of  the  energy  release  rate 
increases  with  increasing  r.  The  latter  observa¬ 
tion,  though,  is  due  to  the  fact  that  in  this  two- 
layer  model  the  thickness  of  the  layers  is 
dependent  on  the  delamination  thickness.  As  will 
be  shown  below  in  a  more  realistic  situation  with  a 
composite  panel  with  fixed  thickness  of  the  layers 
the  midplane  delamination  always  gives  the 
highest  value  on  the  energy  release  rate. 

In  Fig.  3  A,  takes  on  values  between  01  and  10 
and  this  is  believed  to  be  representative  of  most 
commercially  used  composite  materials.  How¬ 
ever,  results  for  more  extreme  numbers  of  A,  will 
be  presented  below. 

It  should  be  noted  that  the  results  in  Fig.  3.  and 
in  the  sequel,  are  all  pertinent  to  a  radius  of  curva¬ 
ture,  R.  being  equal  to  100.  This  value  may 


perhaps  be  somewhat  low  from  a  practical  point 
of  view  but  was  chosen  in  order  to  be  able  to 
include  considerable  non-linear  effects  in  the 
analysis  a:  reasonable  values  of  the  prescribed 
displacement  r„  a:  of  the  transversal  displace¬ 
ment  Remember,  though,  that  with  increasing 
values  of  R  the  non-linearity  of  the  solution  will 
decrease  rapidly,  a  fact  that  significantly  simplifies 
the  treatment  of  these  types  of  problems. 

In  Figs  4-6  the  energy  release  rate  is  plotted  as 
a  function  of  the  crack  length,  or  crack  an  Je.  ^  , 
for  different  material  and  geometry  combinations. 


Fig.  4.  Energy  release  rate.  C>  =  GR- ID,,  as  function  crack 
length.  q , .  for  different  values  of  delamination  thickness. 

r  =/,//,.  q.  =  25\  R  -  1 00.  i ,,  =  1 :  t - A,  =01. 

■ - ikt-  l.t - I A ,  =  10. 


Fig.  5.  Energy  release  rate.  G=GR'!l>,.  as  function  of 
crack  length,  q , ,  tor  different  values  ol  delamination  thick¬ 
ness.  rm  !,/»,.  q  -  *  80*.  fi=  100.  r,.=  IO.  - - A,  =0  1. 

- - (A,  =  1., - A,  =  10 
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Fig.  6.  Energ>  release  rate.  C  =  GH:!D ,.  as  function  of 
crack  length.  <?,.  for  different  values  of  delaminatton  thick¬ 
ness.  r-  t-jif.  <f:  - 60°.  R “  100.  A  ■=  1 .  t\,  =  I . 


When  dealing  with  flat  panels  almost  with  no 
exception  the  energy  release  rate  is  a  monotoni- 
cally  increasing  function  of  the  crack  length.11'  " 
This  is  not,  however,  the  case  for  curved  panels. 
Instead,  as  may  be  obvious  from  Figs  4-6,  the 
energy  release  rate  will  attain  a  maximum  value 
and  only  at  early  stages  of  crack  growth  is  G  an 
increasing  function  of  the  delaminction  length.  In 
this  sense  delaminations  in  panels,  at  least  for 
these  particular  types  of  problems,  grow  in  a 
stable  manner  and  crack  arrest  is  a  likely  event. 

It  is  also  interesting  to  note  that  the  longest 
period  of  unstable  crack  growth  apparently 
occurs  when  r  takes  on  values  close  to  0-5.  This 
further  confirms  the  fact  that  a  midplane  delami¬ 
nation  from  a  crack  growth  point  of  view  is  the 
most  dangerous  situation,  both  as  regards  initia¬ 
tion  and  stability  of  growth.  Even  with  this  type  of 
delamination  present,  however,  crack  growth  is 
essentially  a  stable  process. 

In  Figs  7  and  8  tl.e  energy  release  rate  given  by 
the  second-order  approximation  is  compared  with 
results  from  a  linear  solution,  in  this  case  repre¬ 
sented  by  the  linear  energy  release  rate,  GL.  As 
may  be  obvious,  the  linear  results  give  quite 
accurate  estimates  on  the  energy  release  rate, 
except  for  small  values  of  kt,  when  the  delami¬ 
nated  part  of  the  panel  is  thin,  r  =  01  and  0-8  say. 
However,  when  the  delamination  is  close  to  the 
midplane  of  the  panel,  or  when  <p,  takes  on  small 
values,  non-linear  effects  dominate. 

Another  feature  analyzed  in  the  present  work  is 
the  effect  that  the  bending-stretching  coupling, 
represented  by  has  on  the  energy  release  rate. 


Fig.  7.  Normalized  cnergv  release  rate.  0!Gt .  as  function  of 
prescribed  displacement.  t  „.  for  different  values  of  de- 
iamination  thickness,  r  =(,/(,.  q  ,  =  1J°.  q-  =  6(>c.  R-  100. 
A,  =  1. 


Fir.  8.  Normalized  energy  release  rate.  0/C>{ .  as  function  of 
prescribed  displacement.  r„.  for  different  values  of  delami¬ 
nation  thickness,  T-f,//,.  ipt  =  12°,  <p.=60°,  /?  =  1  (HI: 
( - )A,  =01. ( - |A,  =  10. 


This  coupling  appears  notoriously  in  these  types 
of  problems  and  does,  almost  without  exception, 
complicate  the  anaKJs.  In  Fig.  9  the  ratio 
between  the  energy  release  rate  calculated  with 
the  bending-stretching  coupling  neglected,  G».„. 
and  the  one  derived  by  a  complete  analysis  is 
depicted  as  a  function  of  the  material  parameter 
/c,.  It  is  obvious  that  in  the  present  case  this  coupl¬ 
ing  has  a  very  significant  effect  on  the  results  even 
though,  as  regards  initiation  of  crack  growth,  the 
estimates  are  almost  without  exception  conserva¬ 
tive.  It  must  be  remembered,  however,  that  with 
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Fig.  9.  Normalized  energy  release  rale.  C„.„  O',  as  function 
of  reduced  modulus  ratio.  A,,  for  different  values  of  delami- 
natton  thickness,  r  «/,/»,.  <*,  =  12°.  R  =  100,  r„  =1; 
- iVr;  =  25°.i---i<*-;  =  6()° 

the  layup  presently  analyzed  the  bending-stretch¬ 
ing  coupling  is  present  only  in  the  undamaged  part 
of  the  panel,  which  from  a  practical  point  of  view 
is  perhaps  less  important  than  a  situation  with 
non-zero  B, -values  in  the  panels  above  and  below- 
the  crack.  This  case  will,  however,  be  discussed 
later. 

In  Figs  10-12  results  are  shown  pertinent  to  a 
composite  panel  witf  a  (0/90/0/90)s-layup.  with 
the  orthotropy  angle  defined  as  the  angle  between 
the  fibre  direction  and  the  <p-axis.  The  ratio 
between  the  Young's  modulus  in  the  fibre  direc¬ 
tion  and  perpendicular  to  the  fibres  was  in  all 
cases  chosen  as  10.  a  value  representative  of  a 
large  number  of  commercially  used  composite 
materials. 

In  Figs  10  and  1 1  the  energy  release  rate  is 
plotted  as  a  function  of  the  crack  length  for  dif¬ 
ferent  values  on  the  parameter  L.  which  in  these 
calculations  is  defined  as  the  number  of  layers 
below  the  delamination  (ranging  from  1  to  7).  As 
may  be  seen  from  the  figures  these  results  are  in 
obvious  agreement  with  the  conclusions  drawn 
above.  That  is.  crack  growth  in  these  types  of 
panel  problems  is  essentially  a  stable  process  and 
growth  is  most  likely  to  occur  for  a  midplane 
delamination. 

Some  calculations  were  also  performed  on  a 
composite  panel  with  an  antisymmetric  layup. 
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Fig.  10.  Energy  release  rate.  G**(iR-  /)  .  as  function  of 
crack  length  <* tor  different  values  of  cjelarmnation  thick¬ 
ness  as  defined  tn  the  parameter  L.  y.*9()‘. 
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Fig.  11.  Energy  release  rate.  G  =  GR:  ID,.  as  function  of 
crack  length,  y,.  for  different  values  of  delammanon  thick¬ 
ness  as  defined  by  fhe  parameter  L.  <*.=W'\ 
r„-IO. 


The  behaviour  of  the  energy  release  rate  in  this 
case  was  essentially  the  same  as  for  a  symmetric 
layup,  both  as  regards  initiation  and  stability  of 
crack  growth. 

In  Fig.  12  the  effect  of  neglecting  the  bending- 
stretching  coupling  mentioned  earlier  is  examined 
and  the  values  on  the  energy  release  rate  are  com¬ 
pared  with  results  from  a  complete  analysis.  It 
should  be  noted  that  in  this  case  the  coupling  is 
present  only  in  the  part  of  the  panel  above  and 
below  the  crack.  As  may  be  seen  from  the  results 
the  effect  of  neglecting  the  coupling  in  the  analysis 
is  not  particularly  dramatic  even  though  slightly 


Plane  strain  delaminaiion  growth  in  composin'  panels 


183 


Fig.  12.  Enercv  release  rate.  Ct  =  Oft- ID,,  as  function  of 
crack  length.  y ,.  for  different  values  of  delamination  thick¬ 
ness  as  defined  by  the  parameter  L.  y,  =  y(  1°.  ft  =100. 
r,,=  10. - non-linear  asymptotic  solution. 1 - !  non¬ 

linear  asvmp;otic  solution  with  ft,  =  0.  i  =  1.  2.  3 


non-conservative  estimates  on  the  energy’  release 
rate  is  obtained. 

No  results  have  been  given  for  the  case  of  nega¬ 
tive  values  on  the  prescribed  displacement  vtl. 
This  is  due  to  the  finding  that  for  every  material 
and  geometry  combination  analyzed  this  feature 
resulted  in  crack  closure  and  such  event  will 
undoubtedly  cause  very  low  values  on  the  energy 
release  rate  at  the  crack  front,  even  when  contact 
effects  are  considered. 

The  presented  results  are  all  pertinent  to  the 
boundary  conditions  as  described  in  Fig.  1  and 
formulated  in  eqns  (8)  and  (9).  However,  a 
number  of  calculations  were  performed  with 
other  conditions  at  <p  =  <p2  and  these  results  were 
essentially  in  qualitative  agreement,  as  regards 
energy  release  rates,  with  the  ones  presented 
above,  although  in  most  cases  at  a  significantly 
lower  level. 

As  regards  realistic  numbers  of  the  critical 
energy  release  rate,  certainly  a  wide  scatter  of 
results  exists.  However,  when  examining  com¬ 
mercially  used  composite  materials  and  their 
practical  applications  the  conclusion  is  that  the 
energy  release  rates  calculated  above  definitely 
falls  in  at  least  the  lower  range  of  the  critical 
values. 

Finally  in  Fig.  13  results  given  by  the  asymp¬ 
totic  method  is  compared  with  results  calculated 
by  using  the  finite  element  method.  As  may  be 
seen,  the  two  methods  give  almost  identical  results 
for  the  transversal  displacement  even  at  high 
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Fig.  13.  Transversal  displacement.  n'yO  .  as  function  of 
prescribed  displacement.  r„.  y.  =  12'.  y;=60‘,  t  =  (IT. 

ft=IOU.  k,~  1:  < -  non-iinear  asymptotic  solution. 

t - )  finite  element  solution, ' - >  linear  solution. 


values  of  the  outer  loading.  This  was  the  case  for 
all  analyzed  combinations  of  material  and  geo¬ 
metry  combinations,  and  at  least  for  values  of  t\, 
up  to  10  the  relative  difference  in  calculated  dis¬ 
placements  between  the  two  methods  never 
exceeded  5%,  a  fact  that  certainly  gains  con¬ 
fidence  in  the  second-order  asymptotic  method 
used  in  this  work  as  a  tool  for  capturing  the 
important  features  as  regards  delamination 
growth  in  composite  panels. 


6  CONCLUSIONS 

In  contrast  to  what  is  known  for  flat  panels  the 
energy  release  rate  for  curved  panels,  at  least  in 
the  present  setting,  attains  a  sharp  maximum  at 
early  stages  of  crack  growth.  This  indicates  that  a 
progressing  delamination  is  very  likely  to  arrest, 
especially  so  when  remembering  that  the  resulting 
energy  release  rates  in  most  cases  were  small  com¬ 
pared  with  realistic  values  on  the  critical  energy 
release  rate. 

In  many  situations,  quite  satisfactory  estimates 
of  the  energy  release  rates  could  be  obtained 
when  neglecting  non-linear  effects.  This  was.  how¬ 
ever,  only  the  case  for  thin  delaminations.  Also, 
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the  effect  of  the  bending-stretching  coupling 
could  under  certain  conditions  be  neglected, 
essentially  though  only  when  this  coupling  was  not 
present  in  the  undamaged  part  of  the  panel. 

The  boundary  conditions  proved  to  be  of 
minor  importance  as  regards  the  qualitative 
behaviour  of  the  energy  release  rate.  However, 
crack  closure  effects  are  to  be  expected  at  nega¬ 
tive  vah'es  of  the  prescribed  displacement. 
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The  growth  ol  deiamlnalion  cracks  trom  holes  and  notches  in  laminated  brittle  mains  composites  is  addressed  It  is 
demonstrated  that  the  behavior  is  strongly  influenced  bv  tractions  on  the  delammation  crack  laces,  caused  cither  h\  intact 
matrix  ligaments  ot  by  bridging  fibers.  These  tractions  cause  the  phase  angle  at  loading  <’<  associated  with  delammation  to 
increase  appreciably  as  the  crack  extends,  causing  mode  I  to  be  suppressed  This  effect  can  lead  to  increased  resistance  to 
delaminatton  as  the  crack  extends,  whenever  tile  fracture  mechanism  along  the  delammation  plane  has  a  c<  dependent 
fracture  energy.  Trends  m  resistance  curses  are  predicted. 


1.  Introduction  of  high  in-plane  shear  stresses.  Many  of  the  im¬ 

portant  modes  are  manifest  upon  the  flexural  and 
Mixed  mode  cracking  is  an  important  damage  tensile  testing  of  notched  beams  and  plates.  While 

mechanism  in  laminated  brittle  matrix  compos-  the  damage  can  have  some  beneficial  influences 

ites.  such  as  ceramic  matrix,  carbon-carbon,  and  on  performance  in  special  loading  situations,  gen- 

epoxy  matrix  systems  (Sbaizero  ct  al.,  1990:  Wang.  erallv  these  mechanisms  are  detrimental  and 

1979;  Trewetthey  et  al„  1988;  O'Brien.  1982)  and  should  he  suppressed  to  achieve  acceptable  struc- 

in  wood  (Ashby  et  a!..  1985).  Such  damage  is  tural  performance. 

manifest  as  delaminations  which  occur  from  edges  Preliminary  studies  of  dclamination  crack 

and  from  either  notches  (Fig.  1)  or  holes  and  as  growth  resistance  have  indicated  that  cracking  is 

interlaminar  cracks  which  are  formed  in  regions  strongly  resisted  by  fibers  that  cross-over  the  crack 


Fig  1  A  delammation  crack  propagating  from  a  notch  in  a  laminated  ceramic  matrix  composite. 
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Fig.  2.  A  series  ot  resixlunce  curves  evaluated  tor  delamma- 
tion  crack  growth  in  a  laminated  ceramic  matrix  composite 
when  fibers  bridge  the  crack  surfaces. 
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is  strictly  linear  and  consequents .  the  stress  in¬ 
tensity  tactors  induced  by  a  and  bs  p  can  be 
added  together  to  gisc  the  net  magnitudes 

Some  important  background  is  provided  b\ 
solution"  lor  a  layer  on  a  substrate  vs  it h  net 
section  ssidth  //  subiected  to  an  end  torcc  /’  and 
a  moment  M  (Fig.  3b  i.  Rigorous  analytical  solu¬ 
tions  exist  tor  the  steady-state  situation  wherein 
the  crack  length  a  is  long  compared  ssuh  the 
layer  thickness.  hUi  di  >  3).  For  the  elastically 
homogeneous  case,  the  solution  has  the  form 
(Suo  and  Huchinson.  1  l)S9 ) 

r  m 

A',  =  — ;=7=-  cos  w  -  — - -----  sm(  to  —  v  I . 

c  i  2 /id  \  2  h  i 


plane  leading  to  a  resistance  curse  (Sbaizero  et 
al..  1990;  Bordia  et  aL  1991)  (Fig.  2).  An  impor¬ 
tant  issue  thus  appears  to  be  the  presence  and 
magnitude  of  forces  normal  to  the  crack,  induced 
either  by  intact  reinforcements  or  by  matrix  liga¬ 
ments.  Understanding  of  this  problem  also  assists 
in  the  prediction  of  effects  on  mixed  mode  crack¬ 
ing  of  a  small  volume  fraction  of  reinforcements 
normal  to  the  crack  plane,  in  accordance  with 
3-D  reinforcing  schemes.  Toward  this  objective, 
the  present  study  encompasses  calculations  of 
delamination  cracks  subject  to  crack  surface  trac¬ 
tions.  Some  approximate  analytical  results  are 
presented  first  to  provide  the  relevant  back¬ 
ground.  Then,  finite  element  results  are  gener¬ 
ated  and  used  to  establish  the  major  trends  in  the 
ddamination  resistance. 


2.  Some  basic  mechanics 

An  assessment  of  the  effects  of  normal  trac¬ 
tions  on  ddamination  cracking  is  obtained  (Fig. 
3a)  by  applying  an  axial  stress  u  to  :  composite 
causing  a  ddamination  crack  to  ev.  id  from  an 
edge  notch,  depth  h.  The  ddamination  crack  is 
also  subject  to  surface  tractions,  magnitude  p. 
For  the  problem  posed  in  this  manner,  the  body 


A’,,  =  — u=-  sin  w - ==-  cost  to  -  -v  ) . 
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Symmetry  Plane 
a)  Specimen  Configuration 


b)  Equivalent  Configuration 

Fig  3  (ji  A  schematic  of  the  dctaminalion  crack  configura¬ 
tion  used  for  the  analysis  (hi  A  layer  suhiecl  to  an  end  load  P 
and  moment  M  and  the  equivalence  with  the  problem  posed 
in  (a) 
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where  A.  |  and  A  n  are  the  mode  I  and  mode  I! 
‘-tress  intensity  laetors.  respectively.  and  .-I  jinl  I 
are  geometric  factors  given  by 
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sin  y 

with.  . =  fti7'(  i 
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At 
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7  =  12,1 

h 

77  =  77 


v '  )- 


(2) 


Note  the  important  effect  of  the  relative  notch 
depth.  h  'H.  on  the  contribution  caused  by  the 
end  load.  P. 

The  effect  of  the  stress  a  in  the  present  prob¬ 
lem  is  directly  analogous  to  that  of  an  end  force, 
with 


P  =  <rh. 


<-') 


because  the  stress  in  the  body  below  the  notch 
does  not  contribute  to  the  stress  intensities  on 
the  delamination  crack.  Consequently,  the  effects 
of  a  are  given  in  steady-state  by 


try  h 


cos  CO 


<2  A 


sin  a> 


<r\h  \2  A 


(4) 


An  appreciable  influence  of  the  relative  notch 
depth.  h/H.  is  apparent.  The  energy  release  rate 
X  and  the  phase  angle  of  loading  1 h  can  be 
derived  from  Eq.  (4)  using 

EX 


-  =  *f  +  *f, 


1  -  v- 
and 

di  =  tan" '(  A'„/A', ). 
The  magnitudes  arc 
EX  1 

1  -  i>:)  2  A 

and 

1I1  =  w  -  52.1~  -  . 


(5a) 


(5b) 


(6a) 


(6b) 


The  stress  p  on  the  crack  face  imposes  a 
moment  M  per  unit  length  on  the  layer.  When  p 
is  uniform  and  acts  over  the  entire  length  of  the 
crack  (Fig.  3a).  M  is  given  by 

M  =  -  3/w:.  (7) 


In  addition  to  this  moment,  sjie.n  uciomutions 
exist  in  the  beam  above  the  crack,  which  arc 
likely  to  have  an  important  inllucncc  on  the  'iiov 
intensities,  except  when  a  II  is  large  Inseitiiie 
Eq.  < 4 1  into  Eq.  (  I  >  thus  gives  approximate  results 
I01  the  steady -state  siicss  intensities 


A  ,  sin)  i.<  -  y  )  1/ 

p\h  ~  2 \2J  'h 

A  M  cost  w  ~  \  )  ,  it 

p\/i  ~  27TT  '  7 


(M 


Combining  the  contributions  to  A  trom  <r  and 
p.  the  tip  "steady -state''  stress  intensities  arc 
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K'u 
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sin  <u  1  ,  p  , ,  a  . :  cost  co  -  y  ) 
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(6) 
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An  important  preliminary  feature  of  the  solution 
is  the  recognition  that  the  mode  l  tip  stress 
intensity  diminishes  as  the  crack  extends  whereas 
the  mode  II  component  increases,  because  of  the 
dominant  effect  of  the  moment  contribution 
caused  by  p.  Furthermore  K\  becomes  zero  at  a 
critical  crack  length  given  by 


cos  (O 


A  sin(  co  +  y ) 


I") 


A  small  stress  p  relative  to  a  is  thus  sufficient  to 
close  the  dclamination  crack  at  lengths  of  order  a 
few  times  the  notch  depth.  It. 

The  interpretation  of  experimental  results  is 
facilitated  by  obtaining  the  tip  energy  release  rate 
X  '  and  the  phase  angle  of  loading  t A 1  as  a  func¬ 
tion  of  dclamination  crack  length.  Hence,  from 
Eq.  (9) 
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Sow  that  m  xenentl  n  larger  limn  *•  jm  £</. 
Uhi>.  When  rj  ~  h  ll  <s  i.  the  value  of  ~  !  ■'.*•  at 

II  -  a  IS 

’/'Si  =  1  -  cos'  OJ  -  l.().  ( 12) 

Consequently,  the  somewhat  unexpected  result 
emerges  that  the  tractions  do  nor  shield  the  crack 
tip.  Other  features  are  needed  to  explain  the  experi¬ 
mental  ohsert  atioit  that  „r./(  increases  as  the  crack 
extends  (Sbaizero  cl  al..  1W.  Bordia  et  ai..  lddl ). 

The  above  behavior  is  modified  when  the  stress 
P  acts  over  a  definite  length  /  rather  than  the 
entire  crack  length.  For  that  case,  a  in  Eq.  ( 1 1 )  is 
replaced  by  /.  whereupon  £ 1  and  i //'  are  inde¬ 
pendent  of  the  delamination  crack  length  when  a 
is  large  compared  with  h  and  /.  Then,  provided 
that  the  crack  docs  not  arrest  before  u  exceeds  /. 
the  delamination  will  continue  to  propagate  sub¬ 
ject  to  steady-state  values  of  .V  and  t h\ 

3.  Numerical  solutions 

3.1 .  The  finite  element  method 

Stress  intensity  factors  and  energy  release  rates 
are  determined  with  the  finite  element  code. 
AUAcji  s.  Symmetry  about  the  midsection  of  the 
beam,  depicted  in  Fig.  3a.  allows  the  requisite 
solutions  to  be  obtained  by  considering  one  half 
of  the  beam.  The  finite  element  mesh  used  in  the 
calculation  is  shown  in  Fig.  4.  To  ensure  the 
accurao  of  the  "steady -state"  result,  the  beam 
length  t .  h  is  chosen  to  be  15  (Fig.  4).  Since  the 
problem  is  linear,  calculations  are  carried  out 
separately  for  the  axial  loading  a  and  for  the 
surface  tractions  p. 


r ix:  4  Finite  element  usa!  I«»i  :iu  e.ikal.tiu«ns 

Stress  intensities  A.',  and  An  are  calculated 
from  nodal  displacement  An.  and  An,  in  the 
crack  tip  region,  using  (Rice.  R>hS) 

k  -  1  ~T~ 

A"-  =  ^r\  2^  K" 

and 

k  1  T~ 

-ku ,  =  — ^  —  A ,  •  (13) 

where  x-  =  3-4r  and  p  is  the  shear  modulus. 
The  values  of  K  thus  computed  are  then  used  to 
obtain  r.  which,  in  turn,  is  compared  with  the 
value  of  the  ./-integral  given  in  the  finite  element 
calculation,  to  assess  consistency. 

3.2.  Results 

Solutions  for  K  and  5-  have  been  evaluated 
separately  for  the  applied  :  tress,  rr.  and  the  crack 
surface  traction,  p.  The  effect  of  a  obtained  lor 
h/H  =  0.1  are  plotted  in  Fig.  5.  using  the  nondi- 
mensiona!  parameters  K  ir\li  and  I.  '  /<t:/jU  - 
!••).  Aiso  indicated  on  the  figure  are  analytical 
results  for  steady-state  crack  extension.  Two  as¬ 
pects  of  the  result^  arc  noteworthy.  The  steady- 
state  values  ol  K/ir\ li  and  I. '  <t‘/i(1  -  r~)  arc 
in  close  agreement  with  the  analytical  solutions 
(Eq.  (4)).  Furthermore,  steady -state  condition*, 
for  mode  I  develop  even  when  a  //;  ■  !.  bul  only 
occur  for  mode  11  when  a/h  ~  2.  In  addition, 
there  is  an  appreciable  decrease  in  the  energy 


»* 

E  H-,i  .•  ... 
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Fig.  5.  NonJimcnsfonul  sires*'  intensities  ;ind  energy  release 
rate  as  a  function  ol  relati\e  de  lamina  turn  crack  length  tor  an 
applied  stress,  tr. 


release  rate  between  (I  ^  a/h  <  2.  indicative  of  a 
region  of  stable  crack  extension. 

The  stress  intensities  caused  by  p  acting  along 
the  entire  crack  surface  are  presented  using  the 
normalization  suggested  by  Eq.  (8):  K(h/aY/ 
p\‘h  .  The  results,  plotted  in  Fig.  6,  reveal  that  the 
nondimensional  Ku  attains  "steady-state"  at 
a/h  =  1  and  furthermore,  the  steady-state  value 
is  comparable  to  the  beam  theory  prediction  from 
Eq.  (8).  However,  the  nondimensional  Kt  does 
not  attain  "steady-state."  even  for  a/h  =  5.  In 


addition.  A',  o  larger  than  the  beam  thcoiy  pie- 
dietion  (Eq.  »M).  The  diilerenee  o  atiribuied  n> 
etleets  ol  sheai  deformation.  The  net  influence  o! 
t hi-,  delorniation  o  a  sirongei  ellcel  of  the  irae- 
lioil''  p  on  '•  than  anticipated  In  the  analytical 
result-  ( Eq.  I  1  la H. 


4.  Resistance  curves 

The  delaminaiion  lraeture  resistance  can  be 
ascertained  from  the  preceding  results  bv  adopt¬ 
ing  a  crack  extension  criterion.  T  his  criterion  re¬ 
quires  that  the  tip  energy  release  rate  *■ !  attains 
the  fracture  energy  I'Ubl  of  the  material  along 
the  delaminaiion  plane.  The  fracture  energy  typi¬ 
cally  has  the  form  (Jensen  et  ul  .  1*W1) 

T;(  iii )  =  1  -  (  1  -  A  - )  sin:  tb  ]  ’ .  (  14 ) 

where  r„  is  the  fracture  energy  at  tl*  =  (I  and  A  - 
is  a  material  dependent  coefficient,  typically  in 
the  range  0.1  to  0.3. 

Letting  3  in  Eq.  (0a>  become  the  measured 
energy  release  rate  PH.  the  following  result  is 
obtained 


Relative  Crack  Lertyn 


(a)  <0? 

Fig  h  Nondimensional  stress  intensity  as  a  function  ol  relative  ilclamination  crack  length  lor  crack  surface  tractions,  p  (a)  K,  anil 
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where  2;  is  a  nondimensional  parameter  repre¬ 
senting  the  effect  of  />. 


P  D(  I  -  i-  ) 


Furthermore,  equaling  *■ ;  to  I  and  using  Lq. 
(15).  the  normalized  energy  release  rate  K 
tor  ‘steady -state"  is  determined  by  the  lolloping 
set  of  parametric  equations 

- —  [ !  -  ( 1  -  A  . )  sin-  ill'] 

■'  K 

r„  4  ~  , 

=  1 - (^|)  -  2  sin  yi  —  (/,,)'  (17a) 

''  u  V  r’  R 

and 

ill'  =  u>  *  d>  ( ]7b) 

and 


where  is  a  characteristic  dclamination  crack 
length 


It  is  readily  apparent  from  Eqs.  (17)  and  (IX)  that 
*  R  //‘n  depends  on  2'  only  through  /u.  The  trends 
in  '  R/Tn  as  a  function  of  are  plotted  in  Fig.  7 
for  different  values  of  A ,.  Resistance  curie  behen  - 
ior  it  predicted.  Each  resistance  curve  in  Fig.  7 
terminates  at  a  critical  value  of  /,,  at  which  the 
phase  angle  t !<'  becomes  -rr/2.  In  addition,  it  is 
apparent  that  the  value  of  A.  has  a  strong  effect 
on  the  predicted  resistance  behavior.  Indeed, 
when  a-=  1.  the  resistance  s,  H  decreases,  because, 
as  ahead}  noted,  the  tractions  p  induce  an  appre¬ 
ciable  k  n.  hat  in):  the  same  si.vn  as  the  contribution 
from  tr. 


No^  la  r,rv,  c-ae.  i.e'-'c'*  I  -if  ‘  , 
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Fic  Analytic  prediction  ot  resistance  curves  !t»r  delarmna* 
turn  crackinc  lot  various  A-  (a)  h  ,  //  =  IU>5:  <b)  h  If  «  O.t 
and  (cl  h  H  -  U,_\ 


<»  iiu> 


i >i  i.i»utuitti*n  (.  '*{>.  kmj 


The  preceding  result--  neglect  etlects  ot  (lie- 
shear  deformation,  which  provide  a  contrihution 
to  A"!.  The  resistance  curve  behavior  in  the  tran¬ 
sient  region  at  small  u/h  is  also  neglected,  lo 
assess  these  effects,  the  lintte  element  results  are- 
used  to  establish  the  trends  in  delaminalion  resis¬ 
tance.  For  this  purpose,  it  is  noted  that,  lor  each 
crack  length  a  'It.  the  following  nondimcnsional 
quantities  apple. 


Ao 

_  K„n 

cr\  h 

L  *  —  - — 

(r\h 

r  Kp  ,1 

p\h 

"  ""  - 

p\h 

(  IV) 


where  K„  and  K  are  stress  intensities  caused  by 
a  and  p.  respectively.  Then  the  normalized  dc- 
lamination  energy  release  rate  //R/£„  can  be 
determined  from  the  following  set  of  parametric 
equations 


-r-  [l  -  { 1  -  A; )  sin:  iV]  ' 

*  R 

-[(£,-  cFt)2  +  (  E2  +  g£- ):]  /( £,:  +  £r ) 

(20a) 


and 

tan  i/i1  =  (  £>  +  ££;)/(  -  ££t ),  (20b) 


.V  C'.T>  t.*"""  .1  ■ 

Fju.  l^.  A  comparison  ot  the  unaKturul  .inti  numerical 
lance  curves  It >r  the  case  ~  =  Id  .  h  //  -  <•  1  and  A  ■  »  o  1 


where 

i  =  2 J5T ( £ f  t  £? ) .  (21) 

'  '  K 

Trends  in  ,TR/Tn  as  a  function  of  u/h  are  plot¬ 
ted  in  Fig.  8  for  2.  =0.001.  h/H  =  0.1  and  for 
different  values  of  A:.  The  resistance  curves  ob¬ 
tained  from  the  finite  clement  calculation  arc 
similar  to  those  apparent  from  the  steady-state 
analysis  (Fig.  9)  except  that  the  #«/£,  are  slightly 
higher. 


Re'ai’ve  Oacs  Le^at"  aK 

Fig  K  Numerical  prediction  ot  resistance  curves  tor  i  -  10  ’ 
and  h  f!  -  0. 1. 


5.  Concluding  remarks 

The  predicted  resistance  curves  % R  (Figs.  7 
and  8)  have  the  same  features  as  the  curves 
measured  for  ceramic  matrix  composites  (Fig.  2). 
An  influence  of  bridging  fibers  and/or  ligaments 
thus  appears  to  provide  a  plausible  rationale  for 
resistance  curve  behavior  in  delamination  crack¬ 
ing.  with  the  tractions  p  apparently  governed  by 
the  sliding  resistance  along  the  fiber/matrix  in¬ 
terface  (Bordia  ct  al..  1991).  However,  one  impor¬ 
tant  finding  of  the  calculations  is  that  the  slope  of 
the  resistance  curve  is  a  strong  function  of  the 
matrix  traciure  mechanism.  Notably,  a  material 
with  shear  insensitive  matrix  fracture  energy 
would  be  susceptible  to  unstable  dclamination 


(t  Hiit ■  a  a!  IhLwuthiium  c*iU  kmv 


hfi 


cracking.  because  'k  decreases  with  crack  cxicn- 
\n m  tomerselx.  when  the  matrix  fracture  cnergx 
increases  appreciably  with  increase  in  phase  an¬ 
gle.  K  rises  with  crack  extension  and  ilelamina- 
tion  cracking  occurs  stabh.  subject  to  increasing 
applied  loads.  -I  basic  undersiandtnt;  of  the  nuitm 
fracture  process  is  rims  needed  to  predict  and  inter¬ 
pret  dehimiiiatiini  craekint;. 
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I.  Introduction 

The  aim  of  this  chapter  is  to  puli  together  recent  work  on  the  fracture  of 
layered  materials.  Many  modern  materials  and  material  systems  are  layered. 
Interfaces  are  intrinsic  to  these  materials,  as  are  Heterogeneities  such  as 
residual  stresses  and  discontinuities  in  thermal  and  elastic  properties.  The 
structural  performance  of  such  materials  and  systems  generally  depends  c 
just  these  features.  The  potential  applications  of  fracture  mechanics  of 
layered  materials  ranges  over  a  broad  spectrum  of  problem  areas.  Included 
are:  protective  coatings,  multilayer  capacitors,  thin  film/substrate  systems 
for  electronic  packages,  layered  structural  composites  of  many  varieties, 
reaction  product  layers,  and  adhesive  joints. 

Attention  is  confined  in  this  chapter  to  elastic  fracture  phenomena  in 
which  the  extent  of  the  inelastic  processes  is  small  compared  with  the  relevant 
geometric  length  scales,  such  as  layer  thickness.  For  the  most  part,  the 
separate  sections  are  designed  so  that  they  can  be  read  independently.  The 
main  exceptions  are  Section  II,  which  presents  the  theory  of  mixed  mode 
interfacial  fracture  underlying  many  of  the  applications,  and  Section  III, 
which  catalogues  a  number  of  basic  elasticity  solutions  for  layered  systems 
referred  to  throughout  this  chapter.  Then  follow  sections  on  test  specimens 
for  determining  interfacial  toughness,  fracture  modes  in  thin  films  under 
either  tension  or  compression,  blister  tests,  and,  lastly,  failure  modes  of 
adhesive  joints.  We  believe  that  most  of  the  important  fracture  concepts  for 
layered  systems  emerge  in  the  analysis  of  these  examples.  One  concept,  in 
particular,  that  plays  a  central  role  is  the  idea  of  steady-state  cracking.  In 
almost  every  application  consiuered  here,  a  steady-state  analysis  provides  a 
simplified  solution  that  is  directly  relevant  to  design  against  fracture. 
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This  chapter  builds  on  earlier  work  by  many  researchers,  but  specifically 
the  contributions  to  the  elasticity  theory  of  cracks  in  layered  materials  of 
Erdogan  and  coyvorkers  ir  the  1970s,  yvhich  compri  c  '  most  of  the  available 
solution  until  recently .  Special  mention  mus'  also  be  made  of  the  article  on 
thin  films  and  coatings  by  Gille  (1985),  which  gives  a  comprehensive  treat¬ 
ment  of  fracture  modes  yvithout  the  insights  from  the  recent  developments 
in  interfacial  fracture.  It  is  especially  these  recent  developments  that  have 
transformed  the  subject.  We  have  been  fortunate  to  have  been  involved 
with  one  of  the  groups  (that  centered  at  the  University  of  California,  San*  j 
Barbara)  that  have  been  concerned  yvith  the  extension  of  both  experimental 
and  theoretical  aspects  of  fracture  mechanics  to  interfaces.  This  involve¬ 
ment  is  reflected  in  our  approach  as  well  as  the  topics  that  have  been  chosen 
for  presentation. 

Structural  reliability  of  multilayers  is  a  fast  growing  field.  An  article 
written  at  this  point  is  most  likely  transitory  work,  although  we  have  tried 
to  put  various  aspects  into  perspective,  and  we  believe  some  of  them  are  of 
permanent  nature.  Like  most  review  articles  of  this  kind,  subject  matter 
with  various  degrees  of  novelty  that  has  not  been  published  previously  is 
incorporated.  Some  fill  gaps,  others  are  ready  extensions,  and  still  others 
are  simply  speculations.  The  writers  sincerely  urge  the  practitioners  in  the 
related  disciplines  to  use  the  article  critically,  so  that  the  results  can  be 
validated,  expanded,  or  modified.  A  more  consolidated  version  of  the 
article  could  then  emerge  on  a  later  occasion. 


II.  Mixed  Mode  Fracture:  Crack  Tip  Fields  and  Propagation  Criteria 

There  is  ample  experimental  evidence  that  cracks  in  brittle,  isotropic, 
homogeneous  materials  propagate  such  that  pure  mode  1  conditions  are 
maintained  at  the  crack  tip.  This  appears  to  be  true  for  fatigue  crack  growth 
and  stress  corrosion  cracking  as  well  as  crack  advance  under  monotonic 
loading.  An  unloaded  crack  subsequently  subject  to  a  combination  of 
modes  I  and  II  will  initiate  growth  by  kinking  in  a  direction  such  that  the 
advancing  tip  is  in  mode  I.  A  crack  in  a  material  with  strongly  orthotropic 
fracture  properties,  or  a  crack  in  an  interface  with  a  fracture  toughness  that 
is  distinct  from  the  materials  joined  across  it,  can  experience  either  Kinking 
or  straight-ahead  propagation  under  mixed  mode  loading  depending  on  a 
number  of  factors,  including  the  relative  toughnesses  associated  with  the 
competing  directions  of  advance.  This  section  gives  results  from  studies  of 
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crack  tip  fields  for  specifying  criteria  for  straight -ahead  propagation  or 
kinking  under  mixed  mode  loading.  An  assessment  of  the  competition 
between  different  directions  of  advance  can  also  be  made.  Homogeneous 
materials  are  considered  first,  starting  with  the  isotropic  case  and  going  on 
to  orthotropic  symmetry.  Cracks  on  interfaces  between  dissimilar  isotropic 
elastic  solids  are  dealt  with  last. 

A.  Isotropic  Elastic  Solids 

The  stress  fields  at  the  tip  of  a  crack  in  plane  stress  or  plane  strain  for  a 
homogeneous,  isotropic  elastic  solid  have  the  well-known  general  form 

o,j  =  A', (27rr)* 1  zg)j(6)  +  Ku{2nr)~x  ;a"(0)  +  TSnS/],  (2.1) 

where  du  is  the  kronecker  delta  and  r  and  0  are  polar  coordinates  centered 
at  the  tip  as  shown  in  Fig.  1.  The  ^-variations  are  given  in  many  texts  on 
fracture.  They  are  the  same  for  plane  stress  and  plane  strain,  except  cjv, , 
which  vanishes  in  plane  stress  and  is  given  by  vtcr,,  +  o22)  in  plane  strain, 
where  v  is  Poisson’s  ratio.  Mode  I  fields  are  symmetric  with  respect  to  the 
crack  line  with  <j22  =  1  and  o\2  =  0  on  8  ~  0,  while  the  mode  II  fields  are 
antisymmetric  with  cr"  =  1  and  =  0  on  6  =  0.  The  higher  order  contri¬ 
butions  not  included  in  (2.1)  all  vanish  as  r  —  0.  The  7-stress,  ou  ~  T, 
arises  in  discussions  of  crack  stability  and  kinking.  Thus,  the  singular 
tractions  on  the  line  ahead  of  the  crack  tip  (0  =  0)  have  the  mode  I  and  II 
stress  intensity  factors  as  amplitudes  according  to 

°22  -  Ki(2nr)~i/Z,  al2  =  Ku(2nryuz.  (2.2) 

The  relative  displacements  of  the  crack  faces  behind  the  tip, 

<5,  =  u,(r,  0  -  n)  -  u,(r ,  0  =  —  7T), 

x.. 

*- 1 
t 
t 


Fic,.  1.  Conventions  at  a  crack  tip  and  the  geometry  o!  a  kinked  crack. 
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in  the  region  dominated  by  the  singular  fields  are  given  by 

id,,  6,)  =  (A', ,  A'1I)(8/F)[r/(27r)]1  :,  (2.3) 

where 

£  =  £/(  1  -  v2)  (plane  strain) 

=  E  (plane  stress)  (2.4) 

and  E  is  Young’s  modulus.  Irwin’s  relation  between  the  energy  release  rate 
G  for  straight-ahead  quasi-static  crack  advance  and  the  stress  intensity 
factors  is 

G  =  (A'f  +  A'n)/£.  (2.5) 

Next,  consider  a  putative  crack  segment  of  length  a  kinking  out  the  plane 
of  the  crack  at  an  angle  £2  with  the  sense  showm  in  Fig.  1.  When  a  is  suffi¬ 
ciently  small  compared  with  all  in-plane  geometric  lengths,  including  the 
crack  length  itself,  there  exists  a  relation  between  the  stress  intensity  factors 
K\  and  AT/,  at  the  tip  of  the  putative  crack  and  the  tress  intensity  factors  A', 
and  Kn  and  the  T- stress  acting  on  the  parent  crack  tip  when  a  =  0.  The  rela¬ 
tion  has  the  form 

Aj  =  A[  +  CjjAj]  +  b{  Tax  2, 

(2.6) 

K\x  =  c2i  Aj  +  c22Ku  +  b2Taul. 

The  Q-dependences  of  the  c’s  are  given  by  Hayashi  and  Nemat-Nasser 
(1981)  and  by  He  and  Hutchinson  (1989b),  while  the  £2-dependence  of  the 
b's  is  given  by  He  et  al.  (1991). 

The  ratio  of  the  energy  release  rate  of  the  parent  crack  when  it  advances 
straight-ahead  to  that  of  the  kinked  crack,  C  =  (Kjz  +  K\})/£,  is  of  the 
form 

G/G*  =  F(Q,  \g,  rj),  (2.7) 

where  F  depends  on  the  coefficients  in  (2.6).  In  addition,  y  is  the  measure 
of  mode  II  to  mode  I  loading  acting  on  the  parent  crack  defined  by 

xg  =  tan -\KJK£>  (2.8) 

and 

n  =  T[a/(£G))h2.  (2.9) 

The  ratio  (2.7)  applies  to  both  plane  strain  and  planes  stress. 

With  Gma*  denoting  the  value  of  G’  maximized  with  respect  to  Q  for  a 
given  ig,  the  ratio  G/G^,ax  is  plotted  as  a  function  of  <//  for  various  values  of 
r]  in  Fig.  2,  which  was  taken  from  He  et  al.  (1991).  The  kinking  angle  Q.  at 
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Fig.  2.  Ratio  of  energy  release  rate  for  straight-ahead  advance  to  maximum  energy  release 
rate  for  a  kinked  crack  as  a  function  of  y/  =  tan"  ‘(A', ,/A',).  Reproduced  from  He  et  at.  (1991). 

which  Gl  is  maximized  is  plotted  as  a  function  of  y/  in  Fig.  3  for  the  limit 
r]  ~  0.  The  ratio  in  Fig.  2  corresponds  to  F(y/,  rj)  s  F(Q,  y/,  rj).  The  kinking 
angle  that  maximizes  G'  is  nearly  coincident  with  the  kinking  angle  for 
which  K\]  ~  0,  as  can  be  seen  in  Fig.  3.  Only  for  y/  greater  than  about  50° 
is  the  difference  more  than  one  degree,  and  the  difference  between  the 
energy  release  rates  for  the  two  directions  is  numerically  insignificant.  Thus, 


Fig.  3,  Kink  angle  as  predicted  by  two  criteria. 


Mixed  Mode  Cracking  in  Layered  Materials 


69 


for  all  practical  purposes,  there  is  no  distinction  between  a  criterion  for 
kinking  based  on  maximizing  G’  or  one  based  on  propagation  in  the  direc¬ 
tion  in  which  A'u  =  0.  With  V  -  A',;  £  denoting  the  mode  1  toughness, 
kinking  will  initiate  at  a  crack  tip  in  a  brittle  material  subject  to  monotonic 
mixed  mode  loading  when 

C,  =  FiV.n  =  (>)f-  (2. 10) 

where  F  is  the  ratio  in  Fig.  2.  Once  initiated,  the  advancing  tip  will  be 
influenced  by  the  F-stress  through  the  //-dependence  of  F. 


B.  Homogeneous,  Orthotropiu  Elastic  Solids 


Consideration  will  be  restricted  to  plane  cracks  aligned  with  the  principal 
axes  of  orthotropy  and  crack  advance  that  is  either  straight-ahead  or  kinked 
at  90°  parallel  to  the  second  in-plane  orthotropy  axis.  With  reference  to 
Fig.  1,  let  the  orthotropy  axes  coincide  with  the  a, -axes  and  take  the  pkne 
of  the  crack  to  be  x2  =  0  with  its  edge  along  the  xyaxis.  Introduce  elastic 
compliances  of  the  solid  in  a  standard  way  according  to 


where 


6 

e,  =  I  s,jOj,  i  =  1  to  6, 

j=  i 

|e/i  =  {Cjj  »  ^22’  £33' 2623*  2£,j,  2c  1 2 ! » 
|c7,i  =  l<7n  ,  cr22,  <733,  er23,  <7n,  cr12]. 


(2.11) 


For  the  orthotropy  assumed  here,  deformations  in  the  (1, 2)  plane  satisfy 
(Lekhnitskii,  1981) 


C=  I  b.jOj,  1=  1,2,6,  (2.12) 

x  =  1.2,6 

where,  for  i,j  =  1 , 2,  6, 

(su,  (plane  stress) 

djj  j  .  .  (2.13) 

-  s,>Sji/s„,  (plane  strain) 

with  only  four  independent  elastic  constants:  ft,, ,  hr  =  b2l,  b22,  and 
(bi6  =  b2h  =  0). 

For  simply  connected  domains  with  traction  boundary  conditions,  Suo 
(1990c)  has  shown  that  the  stresses  depend  on  only  the  following  two 
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(rather  than  three)  nondimensional  elastic  parameters: 

A  =  bu/b22,  P  ~  (b\2  +  ’^bf)f>)/(biib22)  ■  (2.14) 

This  particular  choice  of  parameters  is  particularly  useful  for  reasons  that 
will  emerge  shortly.  When  A  -  p  -  1,  the  in-plane  behavior  is  isotropic 
(i.e.,  the  material  is  transversely  isotropic  with  respect  to  the  Ayaxis),  and 
when  just  A  =  1,  the  material  has  cubic  in-plane  symmetry.  Positive 
definiteness  of  the  strain  energy  density  requires  A  >  0  and  - 1  <  p  <  °o. 

The  singular  crack  tip  fields  are  contained  in  the  work  of  Sih  et  a/.  ( 1 965). 
Here,  mode  1  and  II  stress  intensity  factors  are  defined  such  that  (2.1)  and 
(2.2)  remain  in  effect,  where  the  functions  djj  and  djj  now  depend  on  A  and 
p  as  well  as  6.  The  displacements  of  the  crack  faces  behind  the  tip  are 

(32,3,)  =  a-i/4Kl,rWAKu)Snbu[r/(2n)]l'\  (2.15) 

where  n  =  [(1  +  p)/ 2]w2.  The  energy  release  rate  for  straight-ahead  crack 
advance  is 

G  =  bun(ri/4K?  +  A“1/4Af,2,)  (2.16a) 

or,  equivalently,  in  a  notation  used  in  the  composites  literature,  as  G  = 
G ,  +  Gu,  where 

G,  =  bunA~3/4K,,  G„  =  bunk~i/4K\\.  (2.16b) 

A  crack  kinking  analysis  as  extensive  as  that  described  for  the  isotropic 
material  has  not  been  performed  for  orthotropic  materials.  Many  such 
materials  have  strongly  orthotropic  fracture  properties,  wood  and  lami¬ 
nated  composites  being  well-known  examples.  When  kinking  occurs,  it 
often  does  so  at  a  right  angle  to  the  plane  of  the  crack  (ie.,  Q  =  90°  in  Fig.  1) 
along  the  plane  of  the  grain  or  a  laminate.  Suo  et  al.  (1990b)  have  shown 
that  for  Q  =  90°  the  generalization  of  (2.6)  is  (neglecting  T) 

K'n  -  Cu>~l/*K\  +  c12A~1/8A-u, 

=  <r2l  A1/8ATm  +  c22A1/8AV 

The  c’s  depend  on  p ,  but  this  dependence  is  rather  weak. 

The  energy  release  rate  of  the  kinked  crack  tip,  G\  is  related  to  K\  and 
A by  an  expression  similar  to  (2.16),  i.e.. 


G'  =  b22n()?/4K\l  +  A1/4A',7), 


(2.18) 
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Fig.  4.  Normalized  ratio  of  energy  release  rates  for  orthotropic  material. 


where  A,  n,  and  p  remain  defined  as  before.  Thus,  the  ratio  of  the  energy 
release  rates  for  the  competing  trajectories  can  be  obtained  from  (2.16)- 
(2.18)  as 


g_  =  1/4r _ i+i! _ ’ 

G'  L(Cn  +  C21)  +  2(cnc,2  +  C2iC22)C  +  (c2l2  +  c|2)C2J  ’ 


(2.19) 


where  £  =  A1/4A„/A, .  This  ratio  is  plotted  in  Fig.  4.  Note  that  it  depends  on 
the  relative  proportion  of  Kn  to  A)  but  not  on  their  magnitudes. 

Suppose  the  main  crack  tip  is  subject  to  a  mode  I  loading  (Kx  >  0, 
Ku  =  0).  Let  T0  be  the  material  toughness  associated  with  straight-ahead 
crack  advance,  and  ^90  be  that  associated  with  crack  advance  by  kinking 
with  Q  =  90°.  (Note  from  (2.17)  that  the  tip  of  the  kinked  crack  is  subject 
to  mixed  mode  with  K'n/K{  =  A1/4c2,/cn.  Thus  T90  must  represent  the 
mixed  mode  toughness  for  cracking  parallel  to  the  A'2-plane.)  If 


the  crack  will  advance  straight  ahead  since  the  condition  G  -  T0  will  be 
reached  before  G  —  r9o  •  The  crack  will  advance  by  kinking  at  90°  if  the 
inequality  is  reversed.  From  Fig.  4,  it  can  be  seen  that  the  condition  on  the 
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toughness  ratio  for  kinking  is 


^  J.  (2.20) 
Hi 

where /(l)  =  0.26.  /( 1  / 1 0)  -  0.29,  and /(!())  -  0.16. 


C.  Interface  Cracks 

The  emphasis  of  much  of  this  chapter  is  on  the  mechanics  of  interfacial 
fracture  and  applications.  This  section  introduces  some  of  the  basic  results 
on  the  characterization  of  crack  tip  fields  and  on  specification  of  interface 
toughness.  If  an  interface  is  a  low-toughness  fracture  path  through  joined 
solids,  then  one  must  be  concerned  with  mixed  mode  crack  propagation 
since  the  crack  is  not  free  to  evolve  with  pure  mode  1  stressing  at  its  tip,  as 
it  would  in  an  isotropic  brittle  solid.  The  asymmetry  in  the  moduli  with 
respect  to  the  interface,  as  well  as  possible  nonsymmetric  loading  and 
geometry,  induces  a  mode  2  component.  The  competition  between  crack 
advance  within  the  interface  and  kinking  out  of  the  interface  depends  on  the 
relative  toughness  of  the  interface  to  that  of  the  adjoining  material.  This 
competition  will  be  addressed  at  the  end  of  this  section,  but  first  it  is  neces¬ 
sary  to  consider  how  mixed  mode  conditions  affect  crack  propagation  in  the 
interface.  The  article  will  focus  on  isotropic  materials.  Extensions  to 
anisotropic  materials  are  reviewed  in  Suo  (1990a)  and  Wang  et  al.  (1990). 

1 .  Crack  Tip  Fields 

Consider  two  isotropic  elastic  solids  joined  along  the  x,-axis  as  indicated 
in  Fig.  5  with  material  1  above  the  interface  and  material  2  below.  Let  p, , 
£, ,  and  v,  (i  -  1, 2)  be  the  shear  modulus,  Young’s  modulus,  and  Poisson’s 
ratio  of  the  respective  materials,  and  let  k,  =  3  -  4v,  for  plane  strain  and 
K,  =  (3  -  v,)/(l  +  Vj )  for  plane  stress. 

Dundurs  (1969)  has  observed  that  wide  class  of  plane  problems  of 
elasticity  for  bimaterials  depend  on  only  two  (rather  than  three)  nondimen- 
sional  combinations  of  the  elastic  moduli.  With  the  convention  set  in  Fig.  5, 
the  Dundurs’  elastic  mismatch  parameters  are 

d\ (*2  +  1)  ~  jU2(*l  +  1)  ,  pd*2  -  1)  -  ~  1) 

-  and  p  =  - . 

+  1)  +  Pz(k  i  +  1)  pdK2  +  1)  +  p2(Ky  +  1) 

(2.21) 


a 
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Fig.  5.  Geometry  and  convention1-  lor  an  interface  crack. 

A  more  revealing  expression  for  a  is 

a  =  (£,  -  £2)/(£ ,  +  £2),  (2.22) 

where  Et  =  £,/(  1  -  vf)  in  plane  strain  and  £,  =  £,  in  plane  stress.  Thus,  a 
measures  the  mismatch  in  the  plane  tensile  modulus  across  the  interface.  It 
approaches  +1  when  material  i  is  extremely  stiff  compared  to  material  2, 
and  approaches  ~1  when  material  1  is  extremely  compliant.  Both  a  and  p 
vanish  when  there  is  no  mismatch,  and  both  change  signs  when  the 
materials  are  switched. 

The  parameter  p  is  a  measure  of  the  mismatch  in  the  in-plane  bulk 
modulus.  In  plane  strain, 

*  1  ^,d  ~  2v2)  ~  d2(  1  ~  2v,) 

P  2  Mid  -  v2)  +  fj2(l  -  v,)  *  *  ' 

Thus,  in  plane  strain,  P  vanishes  when  both  materials  are  incompressible 
(v’[  =  v2  =  1/2),  and  p  =  a/4  when  v,  =  v2  =  1/3.  In  plane  stress,  P  =  a/3 
when  v,  =  v2  =  1/3.  When  v,  =  v2,  a  is  the  same  in  plane  strain  and  plane 
stress. 

In  plane  strain,  the  physical  admissible  values  of  a  and  P  are  restricted  to 
lie  with'n  3  parallelogram  enclosed  bv  a  =  ±1  and  a  -  4/?  =  ±1  in  the 
(a,  P)  plane,  assuming  nonnegative  Poisson’s  ratios.  The  range  of  a  and  P 
in  plane  stress  is  somewhat  more  restricted.  Representative  material  com¬ 
binations  are  plotted  for  plane  strain  in  Fig.  6,  in  every  case  with  the  stiffer 
material  as  material  1  so  that  a  is  positive.  This  plot  is  similar  to  one  given 
by  Suga  et  al.  (1988).  Note  that  most  of  the  (a,  p)  combinations  in  Fig.  6  fall 
between  p  -  0  and  P  —  a/4.  Combinations  that  satisfy  p  -  0  give  rise  to 
simpler  crack  tip  fields  than  combinations  with  P  ^  0,  and  special  attention 
will  be  paid  to  this  restricted  family  of  bimaterials  in  a  separate  section 
following  this  one. 
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Fig.  6.  Values  of  Dundurs’  parameters  in  plane  strain  for  selected  combinations  of 
materials. 


Solutions  to  bim  ,al  interface  crack  problems  were  presented  in  the 
earliest  papers  on  ute  subject  by  Cherepanov  (1962),  England  (1965), 
Erdogan  (1965),  and  Rice  and  Sih  (1965).  Williams  (1959)  investigated  the 
singular  crack  tip  fields.  Here,  the  notations  and  definitions  of  Rice  (1988) 
for  the  crack  tip  fields  will  be  adopted  since  these  reduce  to  the  conventional 
notation  when  the  mismatch  vanishes.  Take  the  origin  at  the  crack  tip,  as  in 
Fig  5,  with  the  crack  flanks  lying  along  the  negative  xraxis.  The  dominant 
stress  singularity  for  any  plane  problem  in  which  zero  tractions  are 
prescribed  on  a  portion  of  the  negative  xyaxis  ending  at  the  origin  is  of  the 
form 


oaB  =  Re[AV£](27rr)  U2olQ0(9,  e )  +  lm[Kri£)(2nr)  u2clJ0(d,  e),  (2.24) 

where  /  =  V-l ,  r  and  6  are  defined  in  Fig.  5,  and 


1  .  (\  -  /T 


(2.25) 


The  complex  interface  stress  intensity  factor  K  =  A,  +  iK2  has  real  and 
imaginary  parts  A',  and  K2 ,  respectively,  which  play  similar  roles  to  the  con¬ 
ventional  mode  I  and  Mode  II  intensity  factors.  The  quantities  o'aB  and  o 
are  given  by  Rice  et  al.  (1990);  they  reduce  to  the  corresponding  quantities 
in  (2.1)  when  c  =  0. 
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The  singular  fields  are  normalized  so  that  the  tractions  on  the  interface 
directly  ahead  of  the  tip  are  given  by 

°22  +  1(7 1 2  =  (A' i  +  iKz)(2nr)  '  Vr  (2.26a) 

or 

olz  =  Re(AVf] (2nr)~l  2 ,  <7,-,  =  lm[A>'tJ(2^/-)“i  2  (2.26b) 

where  rn  =  cos(£  In  r)  +  i  sin(£  In  r).  This  is  a  so-called  oscillatory  singu¬ 
larity,  which  brings  in  some  complications  that  are  not  present  in  the  elastic 
fracture  mechanics  of  homogeneous  solids,  as  will  be  discussed  in  detail 
later.  The  associated  crack  flank  displacements  a  distance  r  behind  the  tip, 
<5,  =  Uj{r ,  8  =  n)  -  w,(/\  8  =  -n),  are  given  by 

r  .  ,.t  8  (A'j  +  iK2)(  r 

(1  +  2/£)  COSh(7T£)  ff*  \27T 

where 

rACB 

The  energy  release  rate  for  crack  advance  in  the  interface  is  (Malyshev  and 
Salganik,  1965) 

G  =  1!  ,7 J, '} \Kf  +  Kl),  (2.29) 

which  reduces  to  (2.5)  in  the  absence  of  mismatch.  Equations  (2.27)  and 
(2.29)  can  be  re-expressed  using  the  connection  1  -  (i1  =  l/cosh2(^e). 

To  help  motivate  the  application  of  the  crack  tip  fields  to  characterize 
interface  toughness,  it  is  useful  to  give  two  examples  of  stress  intensity 
factors  for  solved  problems.  The  problem  of  the  isolated  crack  of  length  2 a 
lying  on  the  interface  between  two  remotely  stressed  semi-infinite  blocks 
(see  Fig.  7a)  was  solved  in  the  early  papers  cited  previously.  For  the  right 
hand  tip  of  the  crack, 

K ,  +  iK2  =  (a  22  +  io?2)(  1  +  2ie)(na)w2(2a)-,c.  (2.30) 

This  particular  set  of  intensity  factors  depends  on  the  elastic  mismatch  only 
through  e  and,  by  (2.25),  is  independent  of  a.  The  problem  of  the  infinite 
double  cantilever  beam  (see  Fig  7b)  loaded  with  equal  and  opposite 
moments  (per  unit  thickness  perpendicular  to  the  (1 , 2)  plane)  was  solved  by 
Suo  and  Hutchinson  (1990)  as  the  special  case  of  a  more  general  solution 


(2.27) 

(2.28) 


76 


J.  H.  Hutchinson  and  Z.  Suo 


presented  in  Section  III.  The  solution  is 

A',  +  /A',  =  2v  3M/j~3/2"'£(1  -  02rl  (2.31) 

where  the  function  co*(o:,  /?)  is  displayed  in  Fig.  8. 

2.  Crack  Tip  Fields  and  Interface  Toughness  with  ft  =  0 
When  ft  =  0  (and  thus  £  =  0  by  (2.25)),  (2.26)  becomes 

ol2)  =  iKt ,  Kz)(2nr)-W2,  (2.32) 

and  (2.27)  reduces  to 

(<52,  Sft  =  (8/E.X*, ,  AT2)lr/(27r)]1/2.  (2.33) 

The  interface  stress  intensity  factors  K j  and  K2  play  precisely  the  same  role 
as  their  counterparts  in  elastic  fracture  mechanics  for  homogeneous,  iso¬ 
tropic  solids.  The  mode  1  component  Kx  is  the  amplitude  of  the  singularity 
of  the  normal  stresses  ahead  of  the  tip  and  the  associated  normal  separation 
of  the  crack  flanks,  while  the  mode  2  component  Kz  governs  the  shear  stress 
on  the  interface  and  the  relative  shearing  displacement  of  the  flanks. 

When  ft  *  0,  the  decoupling  of  the  normal  and  shear  components  of 
stress  on  the  interface  and  associated  displacements  behind  the  tip  within 
the  zone  dominated  by  the  singularity  does  not  occur.  When  ft  ^  0,  the 
notions  of  mode  1  and  mode  2  require  some  modification.  In  addition,  the 
traction-free  line  crack  solution  for  the  displacements  (2.27)  implies  that  the 
crack  faces  interpenetrate  at  some  point  behind  the  tip.  Both  of  these 
features  have  caused  conceptual  difficulties  in  the  development  of  a 
mechanics  of  interfaces.  For  this  reason,  we  have  chosen  to  introduce  the 
elastic  fracture  mechanics  for  bimaterial  systems  with  ft  =  0,  either  exactly 
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or  as  an  approximation.  The  extension  for  systems  with  /?  *  0  will  be  given 
in  the  following  section,  where  it  will  also  be  argued  that  the  effect  of 
nonzero  /?  is  often  of  secondary  consequence. 

When  p  =  0,  take  the  measure  of  the  relative  amount  of  mode  2  to  mode 
1  at  the  crack  tip  to  be 

if/  =  tan  (2.34) 

The  finite  crack  in  the  infinite  plane,  (2.30),  gives 

=  tan-'(<7r2/<x£),  (2.35) 

while  the  double  cantilever  beam  loaded  by  equal  and  opposite  moments, 
(2.31),  has 

V  =  oj*(oc,0).  (2.36) 

The  double  cantilever  has  symmetric  geometry  and  loading;  the  asymmetry 
is  due  entirely  to  the  elastic  mismatch.  Note  from  Fig.  8  that  the  specimen 
is  in  mode  1  when  a  —  0,  as  it  must  by  symmetry,  but  develops  a  substantial 
mode  2  component  when  the  elastic  mismatch  becomes  significant. 

Efforts  to  measure  interfacial  toughness  under  mixed  mode  conditions  go 
back  some  years  (e.g.,  Trantina,  1972,  and  Anderson  et  ai,  1974),  as 
reviewed  by  Liechti  and  Hanson  (1988).  Parallel  efforts  have  also  been 
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underway  to  develop  mixed  mode  fracture  specimens  designed  to  measure 
the  delamination  toughness  associated  with  ply  separation  in  polymer- 
matrix  composites  (e.g.,  Kinloch,  1987).  A  series  of  recent  experiments 
(Cao  and  Evans,  1989;  Wang  and  Suo,  1990;  and  Liechti  and  Chai,  1990a) 
have  focussed  on  the  interface  between  epoxy  and  glasses,  metals  and 
plastics.  Thouless  (1990b)  has  carried  out  mixed  mode  toughness  experi¬ 
ments  for  crack  propagation  in  the  interface  between  a  brittle  wax  and 
glass.  In  all  these  systems,  the  interface  toughness  is  not  a  single  material 
parameter,  rather  it  is  a  function  of  the  relative  amount  of  mode  2  to 
mode  1  acting  on  the  interface. 

The  criterion  for  initiation  of  crack  advance  in  the  interface  when  the 
crack  tip  is  loaded  in  mixed  mode  characterized  by  »/  is 

G  =  T(v).  (2.37) 

The  toughness  of  the  interface,  r(t//),  can  be  thought  of  as  an  effective 
surface  energy  that  depends  on  the  mode  of  loading.  Condition  (2.37)  is 
also  assumed  to  hold  for  quasi  static  crack  advance  when  crack  growth 
resistance  effects  can  be  disregarded. 

Data  from  Wang  and  Suo  (1990)  for  a  crack  in  a  plexiglass/epoxy 
interface  is  shown  in  Fig.  9.  This  data  was  obtained  using  a  layer  of  epoxy 
sandwiched  between  two  halves  of  a  Brazil  nut  specimen.  The  specimen, 
which  will  be  considered  later  in  Section  IV.C.2,  enables  the  experimental.st 
to  vary  the  mix  of  loading  from  pure  mode  1  to  pure  mode  2  by  varying  the 


Fig.  9.  Interface  roughness  function  for  a  plexiglass  (#  l)epoxy(#2)  interface.  Obtained 
using  a  Brazil  nut  specimen  by  W  ane  and  Suo  (1990). 
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anszle  t>  of  the  compression  axis  (see  the  insert  in  Fig.  9).  For  the  plexiglass 
(#1)  epoxy(#2)  interlace  in  plane  strain, 

a  -  -0.15,  P  =  -0.029,  c  =  0.009.  (2.38) 

The  error  in  taking  P  =  0  is  negligible  for  this  system  ns  will  be  clear  in  the 
next  section.  Note,  for  example,  that  the  error  in  G  in  (2.29)  from  this 
approximation  is  less  than  0.1  To. 

3.  Phenomenological  Characterization  of  Interface  Toughness 

A  micromcchanics  of  interface  toughness  is  not  far  advanced.  An 
overview  of  various  mechanisms  responsible  for  the  strong  dependence  of 
interfaced  toughness  on  mode  mixity  is  given  by  Evans  et  at.  (1990).  Two 
primary  mechanisms  are  asperity  contact  and  plasticity.  Asperities  on  the 
fracture  surfaces  will  tend  to  make  contact  for  some  distance  behind  the  tip 
when  mode  2  is  present  along  with  mode  1 .  A  micromechanics  model  of 
shielding  of  the  tip  due  to  asperity  interaction  was  presented  by  Evans  and 
Hutchinson  (1989).  That  model  led  to  a  prediction  of  T(g/)  in  terms  of  a 
nondimensional  measure  of  fracture  surface  roughness.  Crack  tip  plasticity 
also  depends  on  if/,  with  the  plastic  zone  in  plane  strain  increasing  in  size  as 
Iv'l  increases,  with  G  held  fixed  (Shih  and  Asaro,  1988).  When  an  interface 
between  a  bimamrial  system  is  actually  a  very  thin  layer  of  a  third  phase,  the 
details  of  the  cracking  morphology  in  the  thin  interface  layer  can  also  play 
a  role  in  determining  the  mixed  mode  toughness.  Some  aspects  of  cracking 
at  the  scale  of  the  interface  layer  itself  will  be  discussed  in  the  final  section 
of  this  chapter.  The  approach  for  the  time  being  is  that  the  interface  has 
zero  thickness  and  is  modeled  by  the  toughness  function  T(y/)  v.bich,  in 
general,  must  be  determined  by  experiment. 

A  simple,  one  parameter  family  of  mixed  mode  fraction  criteria  that 
captures  the  trend  illustrated  by  the  data  in  Fig.  9  is 

E:\Kf  +  kb'l)  =  Gf.  (2.39) 

The  parameter  X  adjusts  the  influence  of  the  mode  2  contribution  in  the 
criterion.  The  limit  A  =  1  is  the  “ideally  brittle”  interface  with  initiation 
occurring  when  G  -  G\  for  all  mode  combinations.  This  limit  coincides 
with  the  classical  surface  energy  criterion.  When  A  =  0,  crack  advance  only 
depends  on  the  mode  1  component.  For  any  value  of  A,  G[  is  the  pure 
mode  1  toughness.  The  criterion  can  be  cast  it  the  form  (2.37)  where  the 
mixed  mode  toughness  function  is 

T(y/)  -  G,c[l  +  (A  -  1)  sinVl-1- 


(2.40) 
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Fig.  10.  A  family  of  interface  toughness  functions  and  comparison  with  data  tor  a 
plexiglass  epoxy  interface  (represented  by  the  broken  line). 

The  toughness  is  plotted  as  a  function  of  t//  in  Fig.  10  for  various  values  of 
A.  Included  in  this  figure  is  the  data  for  the  plexiglass/epoxy  interface, 
which  is  approximately  represented  by  the  choice  A  =  0.3.  This  particular 
interface  displays  a  toughness  that  is  far  removed  from  ideally  brittle 
behavior. 

"I  ue  family  of  criteria  (2.39)  was  extended  to  include  a  mode  3  contribution 
by  Jensen  et  al.  (1990).  In  a  slightly  different  form,  this  family  of  criteria 
has  been  used  for  some  time  to  characterize  interlaminar  failure  in  fiber 
reinforced  composites  (cf.  Kinloch,  1987).  When  /3  ~  0,  one  can  introduce 
“components”  of  G  according  to 

(G,,G2)  =  E^(KlKi),  (2.41) 

such  that  G  -  Gt  +  G2.f  Alternatively,  for  a  crack  in  a  homogeneous 
orthotropic  material,  Gl  and  G;  can  be  defined  using  (2.16).  The  criterion 
(2.39)  can  be  rewritten  as 

(Gj/G,c)  +  (G2/G;c)  =  1,  (2.42) 

where  Gf  =  G,c/A  has  the  interpretation  as  the  pure  mode  2  toughness. 

Other  phenomenological  criteria  have  been  proposed  to  characterize 
mixed  mode  toughness  data  for  imerlaminate  fracture  (e.g.,  Kinloch,  1987). 
Two  alternatives  to  (2.40)  are  now  given  which  have  qualitative  features 

The  components  can  be  regarded  as  the  work  of  the  normal  and  shear  tractions  on  the 
interface  through  their  respective  crack  face  displacements  as  the  crack  advances.  This  decom¬ 
position  does  not  exist  when  [i  *  0. 
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a)  b  ■ 

Fig.  11.  Alternate  tamilie--  of  interface  touehnes'.  functions. 

that  may  more  realistically  reproduce  data  trends  for  interfacial  fracture: 

r(y/)  =  GJil  +  tan2[(l  -  Aty]\  (2.43) 

and 

T(v/)  =  G,c[l  +  (1  -  A)  tan2 1//].  (2.44) 

These  are  plotted  in  Fig.  11.  Both  coincide  with  (2.40)  in  the  limit  A  =  0, 
i.e.,  they  reduce  to  a  criterion  based  on  a  critical  value  of  Kx ,  independent 
of  K2.  Both  are  ideally  brittle  with  A  =  1.  According  to  (2.43),  the 
toughness  increases  sharply  as  y  -*  90°  (mode  2),  as  opposed  to  (2.40), 
which  has  the  toughness  leveling  off  as  y  -*  90°.  Equation  (2.44)  models 
the  toughness  as  unbounded  as  y  -*  90°  for  all  A  <  1.  While  this  feature 
should  not  be  taken  literally,  it  did  emerge  in  the  simple  model  of  mixed 
mode  interface  toughness  due  to  asperity  contact  of  Evans  and  Hutchinson 
(1989).  Of  the  three  formulas  for  T(i//),  (2.44)  most  accurately  reflects  the 
trends  of  that  model. 

All  three  of  the  interface  toughness  functions  T(y/)  are  symmetric  in  y.  In 
general,  symmetry  of  interface  toughness  with  respect  to  y  should  not  be 
expected.  Some  evidence  that  T(v/)  is  asymmetric  for  an  epoxy/glass  inter¬ 
face  will  be  presented  in  the  next  section. 

4.  Interface  Toughness  with  /?  0 

When  P  5*  0,  the  notion  of  a  mode  1  or  a  mode  2  crack  tip  field  must  be 
defined  precisely,  and  the  possibility  of  contact  of  the  crack  faces  within  the 
region  dominated  by  the  near  tip  A'-fields  must  be  considered.  As  noted  by 
Rice  (1988),  a  generalized  interpretation  of  the  mode  measure  is  the  most 
important  complication  raised  by  the  oscillatory  singularity,  and  the 
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approach  recommended  here  follows  largely  along  the  lines  of  one  of  his 
proposals.  First,  a  definition  of  a  measure  of  the  combination  of  modes  is 
made  that  generalizes  (2.34). 

Let  /  be  a  reference  length  whose  choice  will  be  discussed  later.  Noting  the 
stress  distribution  (2.26b)  on  the  interface  from  the  A-field,  define  y/  as 


y/  =  tan 


Im(A7" ) 
Re(A7":) 


(2.45) 


where  A'  =  A',  +  /A\  is  the  complex  stress  intensity  factor.  For  a  choice  of 
/  within  the  zone  of  dominance  of  the  A'- field,  (2.45)  is  equivalent  to 
(cf.  (2.26b)) 


y/  =  tan 


(2.46) 


Moreover,  the  definition  reduces  to  (2.34)  when  /?  -  0,  since  l‘r  =  1  when 
£  =  0.  When  e  ^  0,  a  mode  1  crack  is  one  with  zero  shear  traction  on  the 
interface  a  distance  /  ahead  of  the  tip,  and  a  mode  2  crack  has  zero  normal 
traction  at  that  point.  The  measure  of  the  proportion  of  “mode  2”  to 
“mode  1”  in  the  vicinity  of  the  crack  tip  requires  the  specification  of  some 
length  quantity  since  the  ratio  of  the  shear  traction  to  normal  traction  varies 
(very  slowly)  with  distance  to  the  tip  when  p  *  0. 

The  choice  of  reference  length  /  is  somewhat  arbitrary,  as  will  be  made 
clear  in  the  following.  It  is  useful  to  distinguish  between  a  choice  based  on 
an  in-plane  length  L  of  the  specimen  geometry,  such  as  crack  length,  and  a 
choice  based  on  a  material  length  scale,  such  as  the  size  of  the  fracture 
process  zone  or  a  plastic  zone  at  fracture.  The  former  is  useful  for  discuss¬ 
ing  the  mixed  mode  character  of  a  bimaterial  crack  solution,  independent  of 
material  fracture  behavior,  while  the  latter  is  advantageous  in  interpreting 
mixed  mode  fracture  data,  as  will  be  discussed.  When  there  is  the  need  to 
keep  the  two  types  of  choices  clearly  distinct,  the  notation  (y/,  /)  will  be  used 
for  a  choice  based  on  the  specimen  geometry  and  (y),  /)  will  be  reserved  for 
a  material-based  choice. 

The  solution  for  the  complex  stress  intensity  factor  to  any  plane  elasticity 
problem  for  an  interface  crack  will  necessarily  have  the  form 

K  =  (applied  stress)  x  FA1  2~'\  (2.47) 

where  L  is  some  in-plane  length,  such  as  crack  length  or  uncracked  ligament 
length,  and  Fis  a  complex-valued,  dimensionless  function  of  dimensionless 
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groups  of  moduli,  and  in-plane  length  quantities.  Equations  (2.30)  and  (2.3 1 ) 
are  two  examples.  The  term  A7"  in  the  definition  of  w  will  therefore  always 
involve  a  dimensionless  combination  such  as  <//)''  s  exp(/V;  In(/  L)).  l  or 
example,  the  bimaterial  double  cantilever  beam  specimen  (2.31)  has 

i//  -  tu*(a,  p)  +  i:\n{Lh),  (2.48) 


which  generalizes  (2.36). 

The  freedom  in  the  choice  of  /  in  the  definition  of  i/v  is  a  consequence  of 
the  simple  transformation  rule  from  one  choice  to  another.  Let  t//,  be 
associated  with  /, ,  and  t//,  with  l2.  From  the  definition  in  (2.45)  one  can 
readily  show 

t//;  =  W\  +  clnCfiz/j).  (2.49) 

Thus,  as  noted  by  Rice  (1988),  it  is  a  simple  matter  to  transform  from  one 
choice  to  another.  In  particular,  toughness  data  can  readily  be  transformed, 
as  will  be  discussed  in  the  following. 

Let  /  denote  a  length  characterizing  the  size  of  the  fracture  process  zone 
or,  perhaps,  the  typical  size  of  the  plastic  zone  at  fracture,  and  let  y>  be  asso¬ 
ciated  through  (2.45).  Since  small-scale  yielding  or  a  small-scale  fracture 
process  zone  is  assumed,  /  necessarily  lies  within  the  zone  of  dominance  of 
the  A'-field.  Given  the  choice  /,  the  criterion  for  interface  cracking  can  again 
be  stated  as  (2.37),  i.e., 

G  =  T(g/,  /),  (2.50) 

where  the  implicit  dependence  of  the  toughness  function  on  /  has  been 
noted.  In  words,  T(t p,  1)  is  the  critical  value  of  the  energy  release  rate  needed 
to  advance  the  crack  in  the  interface  in  the  presence  of  a  combination  of 
tractions  whose  relative  proportion  is  measured  by  y.  By  (2.49),  change  in 
one  choice  of  length  in  the  definition  of  y  to  another  only  involves  a  shift 
of  the  ^/-origin  of  L  according  to 


r(v2,l2)  =  r(y/]  +  cln(/2//,), /,),  (2.51) 

as  depicted  in  Fig.  12.  When  c  is  small,  the  shift  will  generally  be  negligible 
even  for  changes  of  /  of  several  orders  of  magnitude.  This  is  the  case  for  the 
plexiglass/epoxy  interface  (2.38).  An  illustration  for  which  the  c-effect  is 
not  negligible  in  reporting  interface  toughness  is  discussed  shortly. 

In  discussing  the  mixed  mode  character  of  a  given  elasticity  solution,  it  is 
generally  convenient  to  identify  /  with  an  in-plane  length  of  the  geometry, 
such  as  L  in  (2.47).  For  example,  if  for  the  double  cantilever  beam  specimen 
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Fig.  12.  Procedure  for  shifting  toughness  function  from  one  choice  ot  reference  length  to 
another. 

one  picks  /  =  h,  then  by  (2.48), 

W  =  c a*(a,p),  (2.52) 

which  is  independent  of  the  size  of  the  specimen. f  This  is  necessarily  a 
feature  of  any  choice  of  /  that  scales  with  an  in-plane  length.  By  contrast, 
for  a  choice  /  that  is  fixed  at  some  microstructural  length,  y>  varies  with 
specimen  size,  e.g.,  for  the  double  cantilever  specimen, 

i/>  =  co*{a,  /?)  +  e  \n(l/h).  (2.53) 

This  reflects  the  fact  that  the  ratio  of  o12  to  o22  at  a  fixed  distance  r  =  / 
ahead  of  the  tip  varies  as  the  specimen  size  changes.  Standard  arguments 
underlying  the  mechanics  of  fracture,  based  on  Irwin’s  notion  of 
autonomous  crack  tip  behavior,  require  that  T(y>,  /)  be  independent  of 
specimen  size  (assuming,  of  course,  that  small  scale  processes  are  in  effect), 
while  T(y/,  /)  will  depend  on  specimen  size  if  e  *  0  when  !  scales  with 
specimen  size.  This  property,  together  with  the  interpretation  of  mixitv  in 
(2.45)  in  the  vicinity  of  the  fracture  process  zone,  favors  the  choice  of  a 
material-based  /  for  presenting  toughness  data. 

Liechti  and  Chai  (1990a,  b)  have  developed  a  bimaterial  interfacial 
fracture  specimen  that  is  capable  of  generating  the  interface  toughness  func¬ 
tion  T  over  essentially  the  full  range  of  <//.  A  schematic  of  their  plane  strain 
specimen  is  shown  in  the  insert  in  Fig.  13.  The  in-plane  length  of  the 
specimen  is  long  compared  to  the  thickness  h  of  each  layer.  The  bottom 

’The  fact  that  /  =  h  obviously  lies  outside  the  zone  of  dominance  of  'he  A -field  is  of  no 
consequence.  The  essential  point  is  that  any  choice  of  /  is  acceptable  a.s  tg  as  it  is  recorded 
along  with  the  result  for  «/,  and  as  long  as  one  is  cognizant  of  the  translormation  rule. 
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Fig.  13.  Data  of  Liechti  and  Chai  (1990a)  for  an  epoxy  (#1)  giass(*'2)  interface:  </7,  is  based 
on  /j  =  12.7  mm  and  v/;  on /;  =  127  ^m.  The  solid  curves  are  T (u>2),  where  F  is  given  by  (2.44). 


surface  is  rigidly  held  and  the  upper  surface  is  attached  to  a  rigid  grip  that 
can  impose  a  horizontal,  U,  and  vertical,  V,  in-plane  displacement.  The 
solution  to  the  problem  when  the  layers  are  infinitely  long  and  the  interface 
crack  is  semi-infinite  was  used  by  Liechti  and  Chai  to  obtain  the  values  of 
K,  and  Kz  (and  G  and  y/)  associated  with  the  measured  combinations  of  U 
and  V  at  which  the  crack  propagated  in  the  interface.  For  plane  strain,  the 
solution  is  (see  Section  III .C) 


,  iK  _ _ \r2ylM2h-'/z-iceiu(cV+  iU) _ 

1  1  2  (1  -  p2)l/Hvl  +  n2)inw  -  v2)  +  n2{\  - 

where  to  is  a  real  quantity  that  depends  on  ,  v, ,  and  v,  and 

c  =  f _ 2(ui  +  n2) _ ]  1 '2 

U,I(1  -  2v2)/(1  *  v2)]  +  /i2[(l  -  2v, )/( 1  -  Vj)J 3 


(2.54) 


(2.55) 


Let  y  measure  the  relative  proportion  of  U  to  cV  applied  to  the  specimen, 
and  define  it  by 

y  -  tan ~l[U/(cV)).  (2.56) 

Then,  with  /  as  the  reference  length,  (2.45)  gives 

y/  =  y  +  a>  +  e\n(i/h).  (2.57) 
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The  data  for  T(^,  /)  in  Fig.  13  was  measured  Dy  Liechii  and  Chai  for  an 
epoxy(#l)/glass(#2)  interface  with  the  following  properties  for  the  system: 
£,  -  2.07  GPa,  £\  =  68.9  GPa,  v,  =  0.37,  i\  -  0.20,  and  h  =  12.7  mm. 
The  plane  strain  Dundurs’  parameters  and  the  oscillation  index  are 

a  =  -0.935,  /?  =  -0.188,  and  e  =  0.060.  (2.58) 

For  this  system  to  -  16°  (see  Section  1I1.C).  Liechti  and  Chai  took 
/  =  12.7  mm  in  their  definition  of  y/,  coinciding  with  the  thickness  h  of 
the  layers. 

Liechti  and  Chai  recorded  plastic  zones  in  the  epoxy  to  be  approximately 
on  the  order  of  1  /zm  when  </>  s  0°  and  140 ym  when  ys  =  90°.  If  instead  of 
/=  12.7  mm,  /  is  chosen  to  be  two  orders  of  magnitude  smaller  (i.e., 
/  =  121  jum),  the  shift  in  the  ^/-origin  from  (2.49)  or  (2.51)  is  -15.8°.  This 
choice  seems  somewhat  more  natural  in  terms  of  the  interpretation  given 
earlier  since  now  /  lies  well  within  the  zone  of  dominance  of  the  A'-field  and 
has  a  microstructural  identity.  This  choice  also  places  the  origin  of  the 
(//-axis  (i.e.,  “mode  1”  for  this  choice  of  /)  at  the  approximate  minimum  of 
T  and  roughly  centers  the  data,  as  can  be  seen  in  Fig.  13.  Nevertheless,  some 
asymmetry  in  T  with  respect  to  y/  still  persists.  Included  in  this  figure  is  the 
toughness  function  T(^)  from  (2.44)  for  two  choices  of  with  Gf  chosen 
to  coincide  with  the  measured  value  at  y/z  -  0.  Apart  from  the  asymmetry 
in  the  data,  a  A-value  between  0  and  0.5  would  seem  to  give  an  approximate 
characterization  of  the  data  over  the  range  of  y/  shown.  Other  important 
aspects  of  the  mixed  mode  fracture  behavior  of  this  system  have  been 
discussed  by  Liechti  and  Chai  (1990a).  These  include  possible  correlation  of 
the  strong  increase  in  toughness  with  mode  2  with  either  fracture  surface 
roughness  or  plasticity,  and  the  role  of  contact  between  crack  faces  when 
the  loading  becomes  dominantly  mode  2. 

When  interpenetration  of  the  crack  faces  is  predicted  on  the  basis  of  the 
formulation  for  a  traction-free  line  crack,  the  consequences  of  contact  must 
be  taken  into  account  in  any  application  of  the  solution  to  fracture.  The 
bimaterial  problem  with  ft  *  0  is  unusual  in  that  interpenetration  of  the 
faces  always  occurs  according  to  (2.27).  This  feature  of  the  interface  crack 
problem  was  noted  in  the  earliest  papers  on  the  subject,  and  solutions  to 
specific  problems  posed  with  allowance  for  contact  have  been  produced 
(Comninou,  1977,  and  Comninou  and  Schmueser,  1979).  Fortunately,  under 
most  loadings  likely  to  be  of  concern,  the  contact  zone  predicted  by  the 
elasticity  solution  is  tiny  compared  with  relevant  near  tip  physical  features 
such  as  the  fracture  process  zone  or  the  plastic  zone.  The  larger  the 
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proportion  of  mode  2,  the  more  likely  is  contact  of  the  crack  faces  to  be 
an  issue.1 

To  see  this,  a  rough  estimate  of  the  size  of  the  contact  zone  is  obtained. 
The  estimate  is  that  of  Rice  (1988),  as  elaborated  on  by  Wang  and  Suo 
(1990).  Here,  however,  emphasis  is  placed  on  a  definition  of  < i>  in  (2.45) 
based  on  a  microstructural  scale  length  /.  For  r  <  /,  it  will  be  assumed  that 
the  fracture  process  or  other  inelastic  effects  supercede  linear  elasticity. 
Using  the  definition  of  t//  in  (2.45),  one  can  readily  show  that  the  normal 
crack  face  displacement  in  the  near  tip  region  from  (2.27)  is 

<5.  =  |<52  +  /<5 , |  cos[v>  +  e\n(r/J)  -  tan- '(2c)].  (2.59) 

Consider  the  condition  for  the  crack  to  be  open  (3^  >  0)  for  l  <  r  <  Lf  10. 
The  factor  1/10  is  arbitrary,  but  the  near  tip  fields  should  not  be  expected 
to  retain  accuracy  for  r  larger  than  some  fraction  of  L.  If  contact  occurs 
outsiue  the  preceding  range,  it  must  be  assessed  using  the  full  solution.  If 
£  >  0,  the  stated  condition  is  met  if 

-y  +  2£  <  <  y  +  2e  -  £  ln^~  ,  (2.60) 

where  tan-1(2e)  has  been  approximated  by  2e  since  |e|  <  0.175.  For  £  <  0, 
there  will  be  no  contact  over  the  specified  region  as  long  as 

+  2e  -  £ln^y^)  <  <  y  +  2 £.  (2.61) 

The  £-dependence  of  the  above  constraints  is  inconsequential  for  many 
interft svstems.  For  the  epoxy/glass  system  (2.58),  which  has  a  relatively 
large  £-value,  (2.60)  becomes  -83.1°  <  t// <  89.0°  for  L/l  =  100  and 
-83.1°  <  ip  <  73.2°  for  L/l  =  104.  The  difference  between  the  limits 
obtained  above  and  those  derived  by  Rice  (1988)  and  Wang  and  Suo  (1990) 
is  due  mainly  to  the  use  in  the  present  work  of  the  material-based  definition 
of  \Jj,  rather  than  y/  defined  in  terms  of  a  length  L  characterizing  the 
specimen.  The  combination  of  the  contact  due  to  nonzero  £  and  the  contact 
arising  from  fracture  surface  asperities  has  not  been  modeled.  The  inter¬ 
action  between  these  two  effects  acting  in  concert  should  be  important  for 
mixed  mode  loadings  near  the  limits  listed  above. 

'  Now  the  contact  is  not  due  to  asperity  roughness  on  the  crack  faces  generated  by  the 
fracture  process  that  was  discussed  earlier.  Here,  the  crack  faces  are  imagined  to  be  smooth 
and  “just  touching"  in  the  unloaded  state. 
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Fk>.  14.  Conventions  for  a  crack  kinkinc  out  of  an  inicrface. 


5.  A ’inking  Out  of  the  Interface 

The  analysis  of  kinking  parallels  that  was  discussed  in  Section  A  for  the 
isotropic  elastic  solid,  and  the  results  presented  in  what  follows  are  taken 
from  He  and  Hutchinson  (1989a)  and  He  et  al.  (1991).  As  depicted  in 
Fig.  14,  a  semi-infinite  crack  lies  along  the  interface  with  its  tip  at  the  origin. 
Prior  to  kinking  (a  =  0),  the  parent  crack  is  loaded  with  a  complex  interface 
stress  intensity  factor  K  =  A,  +  iK2  with  mixity  t//  defined  by  (2.45)  relative 
to  some  reference  length  /.  For  definiteness,  y  will  be  taken  to  be  positive 
with  kinking  down  into  material  #2  as  shown  in  Fig.  14.  Negative  y- 
Ioadings  with  upward  kinking  can  be  analyzed  by  exchanging  the  materials, 
i.e.,  switching  the  signs  on  a  and  p. 

As  in  the  analysis  for  the  isotropic  solid,  the  energy  release  rate  G  for 
straight-ahead  advance  in  the  interface  is  compared  with  the  energy  release 
rate  G'  for  a  crack  with  a  segment  of  length  a  kinking  at  an  angle  £2  to  the 
interface.  The  energy  release  rate  G  for  advance  in  the  interface  is  given  by 
(2.29).  The  conventional  mode  I  and  mode  II  stress  intensity  factors  at  the 
tip  of  the  kinked  crack  tip  are  related  to  K  by 

A',  +  /AT,,  =  c(Q,  a,  P)Ka,c  +  a,  P)Ka~,r  +  b(Q,  a,  p)Taw\  (2.62) 

where  T  is  the  nonsingular  contribution  to  a ,,  in  material  #2  at  the  parent 
crack  tip  prior  to  kinking.  The  T-stress  may  arise  from  remote  applied  load 
or  it  may  be  present  as  a  residual  stress.  The  functions  c,  d,  and  b  are 
complex-valued;  candtf  are  tabulated  in  He  and  Hutchinson  (1989b),  while 
b  is  given  in  He  et  at.  (1991). 

The  energy  release  rate  at  the  kinked  crack  tip.  G\  is  given  by  (2.5),  and 
the  ratio  of  the  two  release  rates  has  the  form 


G/G'  =  F( fi,  i//,  n,  «,/?) 


(2.63) 
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Ftc.  15.  Ratio  of  energy  release  rate  for  advance  in  the  interface  to  the  maximum  energy- 
release  rate  for  the  kinked  crack  for  various  levels  of  elastic  mismatch,  all  with  /?  =  0. 

where  rj  =  T[a/{E+G)]x/1  and 

yj  =  ^  +  e\r\(a/l).  (2.64) 

The  complete  expression  for  F  is  given  by  He  eial.{  1991).  The  o-dependence 
of  this  ratio  appears  through  r],  and  weakly  through  y). 

The  ratio  G/G'miX  is  plotted  against  yj  in  Fig.  15  for  various  values  of  a, 
in  each  case  for  /?  =  0  and  rj  =  0.  Here,  G'm ax  is  the  maximum  of  G'  with 
respect  to  kink  angle  Q  for  a  given  y/.  As  in  the  case  of  the  homogeneous 
isotropic  kinking  problem,  there  is  very  little  difference  between  the  kink 
angle  that  maximizes  G'  and  that  which  is  associated  with  A'n  =  0.  The  only 
exception  occurs  when  material  2  is  very  stiff  compared  with  material  1 
(a  <  -0.67).  Then,  there  exists  a  range  of  y/  for  which  the  maximum  G' 
occurs  at  small  kink  angles  while  the  kink  angle  associated  with  Ku  ~  0  is 
near  45°  (He  and  Hutchinson,  1989a).  With  r(t//)  denoting  the  toughness 
function  of  the  interface  and  rc  denoting  the  mode  I  toughness  of  material 
2,  kinking  will  be  favored  over  continued  interface  cracking  if 


G/c;ax  <  T(v/)/rc, 


(2.65) 
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and  conversely.  Thus,  the  curves  of  G/GI'„JX  in  Fig.  15  also  give  the 
transition  value  of  interface  to  substrate  toughness,  ,  separating  the 

tendency  for  kinking  over  interface  cracking. 

The  effect  of/?  on  the  ratio  in  (2.63)  is  relatively  weak,  as  discussed  by  He 
and  Hutchinson  (1989a).  The  dependence  on  a  through  y  in  (2.63)  can  be 
interpreted  as  a  shift  in  the  phase  of  the  mode  of  loading  on  the  interface 
crack.  The  influence  of  //  is  given  by  He  et  al.  (1991),  and  is  qualitatively 
similar  to  that  shown  in  Fig.  2  for  the  isotropic  case. 


III.  Elasticity  Solutions  for  Cracks  in  Multilayers 

In  studying  cracks  in  multilayers,  it  is  found  that  the  crack  driving  force 
for  many  situations  is  essentially  independent  of  the  crack  size.  This  steady- 
state  concept  and  its  implications  are  elucidated  with  two  examples. 
Heuristic  conclusions  thus  drawn  allow  emphasis  to  be  placed  on  various 
steady-state  problems.  Several  elasticity  solutions  for  mixed  mode  cracks  in 
multilayers  are  gathered  in  this  chapter.  The  geometries  can  be  found  in  the 
figures  in  this  chapter.  These  solutions  were  obtained  in  recent  years  by 
analytical  and  numerical  methods,  and  have  been  used  to  calibrate  fracture 
specimens  and  assess  technically  representative  structures.  Details  of  appli¬ 
cations  will  be  given  in  the  subsequent  chapters.  We  will  omit  several 
classical  exact  solutions  of  interface  crack  problems  obtained  in  1965  by 
Erdogan,  England,  Rice  and  Sih.  These  solutions  and  some  extensions  have 
been  reviewed  by  Suo  (1989,  1990a). 

A.  Concept  of  Steady-State  Cracking 

For  applications  to  be  discussed  in  the  following  chapters,  the  concept  of 
steady-state  cracking  results  in  a  significant  simplification.  The  purpose  of 
this  section  is  to  discuss  the  concept  and  its  implications  using  two  examples: 
tunneling  in  adhesives  and  delamination  in  unidirectional  composites.  We 
try  to  convey  that  the  steady-state  solutions  developed  in  later  sections, 
although  highly  idealized,  can  be  used  to  model  real-world  phenomena. 

1.  Tunneling  in  Adhesives 

Consider  residual  stress  cracks  in  adhesives  as  illustrated  in  Fig.  16.  A 
thin,  brittle  adhesive  layer  is  bonded  between  two  substrates.  Biaxial 
residual  stresses  usually  develop  in  the  adhesive  layer  during  the  bonding 
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Fig.  16.  A  thin  adhesive  layer  bonded  between  two  substrates  is  under  biaxial  tensile 
stress.  A  crack  is  tunneling  through  the  layer.  The  substrate  on  the  top  is  removed  for  better 
visualization. 


process.  In  glaze  bonding,  for  example,  the  ceramic  parts  are  coated  with  a 
glass;  the  parts  are  placed  in  contact  and  heated  above  the  melting  tem¬ 
perature  of  the  glass,  and  then  cooled  down  to  the  room  temperature.  For 
such  inorganic  adhesives,  a  major  source  of  the  residual  stress  is  thermal 
expansion  mismatch.  The  residual  stress  is  tensile  when  the  adhesive  has 
larger  thermal  expansion  coefficient  than  the  substrates,  which  causes 
cracks  to  tunnel  through  the  adhesive.  Similar  cracks  are  observed  in  hybrid 
laminates  consisting  of  alternate  tough  and  brittle  sheets,  and  in  coatings  or 
reaction  product  layers  between  reinforcements  and  in  matrices  in  brittle 
composites.  Cracks  may  penetrate  into  substrates  if  the  latter  are  brittle. 
Debonding  is  also  possible  at  the  intersection  of  the  interfaces  and  cracks. 

Illustrated  in  Fig.  16  is  a  crack,  nucleated  from  a  flaw,  tunneling  through 
the  layer.  Substrate  penetration  and  interface  debonding  are  assumed  not  to 
occur.  Crack  nucleation  is  a  rather  complicated  process:  A  gas  bubble 
would  behave  differently  from  a  crack-like  defect  in  activating  a  tunnel. 
However,  as  a  crack  grows  long  compared  with  layer  thickness,  the  problem 
becomes  much  better  defined.  A  steady-stale  is  reached:  The  tunnel  front 
maintains  its  shape  as  it  advances,  and  the  energy  released  per  unit  advance 
no  longer  depends  on  the  tunnel  length,  nor  on  the  initial  flaw  geometry. 
The  steady-state  problem  is  still  three-dimensional  in  nature,  since  the  shape 
of  the  front  should  be  determined  so  that  the  same  mode  1  stress  intensity 
factor  is  reached  at  every  point  along  the  front.  However,  this  stress  intensity 
factor  itself  can  be  calculated  without  knowing  the  shape  of  the  front  by 
using  a  two-dimensional  elasticity  solution.  This  attractive  possibility 
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follows  from  the  fact  that  the  energy  released  per  unit  length  of  tunneling 
equals  the  energy  released  to  form  a  plane  strain  crack  traversing  the  layer, 
per  unit  width  of  crack  For  adhesive  and  substrate;,  with  identical  elastic 
constants,  the  solution  (Suo  1990b) 

A',  =  --- o\h  ~  0.89c7\/?  (a/h  —  oc).  (3.1) 

As  indicated,  the  result  is  valid  for  the  steady-state,  that  is,  when  the  tunnel 
is  long  compared  with  the  thicKness  of  the  adhesive  layer. 

Another  limiting  case  with  readily  available  exact  solution  is  a  penny¬ 
shaped  crack  of  diameter  h.  The  stress  intensity  factor  along  the  entire 
circular  front  is  the  same  (so  it  may  be  thought  of  as  an  incipient  tunnel), 
having  the  value  (Tada  i  al.  1985) 

Kx  =  \  2/no\h  ~  0.80a xh  ( a/h  =  1).  (3.2) 

Observe  that  the  two  results  just  cited  are  not  very  different,  suggesting  only 
a  mild  dependence  on  a/h.  The  steady  state  is  practically  attained  after  the 
tunnel  length  exceeds  a  few  times  adhesive  thickness.  If  the  penny-shaped 
crack  is  representative  of  initial  flaws,  the  critical  stress  needed  for  the 
steady-state  propagation  is  only  about  10%  below  the  stress  to  initiate 
unstable  growth  from  the  flaw. 

Several  implications  follow.  The  tunneling,  once  activated,  would  never 
arrest  until  it  meets  another  crack  or  other  obstacles.  Consequently,  under 
a  biaxial  stress,  a  connected  tunnel  network  would  emerge,  surrounding 
islands  of  intact  adhesive  materials;  see  Zdaniewski  et  al.  (1987)  for 
micrographs.  Another  implication  is  that  the  transient  dependence  on  a/h, 
which  can  only  be  obtained  from  a  complicated  three-dimensional  analysis, 
would  be  unnecessary  for  most  practical  purposes.  Instead,  the  steady-state 
solution  provides  a  conservative,  yet  still  quite  tight,  design  limit.  For 
example,  given  the  substrate  and  adhesive  materials  (so  the  toughness  and 
mismatch  stress  are  fixed),  (3.1)  would  predict  the  thickest  adhesive  that  can 
be  used  with  no  tunneling  cracks.  More  details  of  this  problem  are  given  in 
Section  VIII. 


2.  Delamination  near  a  Surface  Flaw 

As  a  second  example,  consider  the  delamination  near  a  surface  notch  in 
a  unidirectional  composite;  see  the  insert  in  Fig.  17.  The  incipient  delamina¬ 
tion  is  not  w'ell  characterized  for  two  reasons.  First,  the  driving  force 
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Fig.  17.  The  insert  shows  a  delamination  nucleated  from  a  surface  notch  and  driver,  by  a 
longitudinal  tension.  The  normalized  energy  release  rate  is  plotted  against  the  effective 
delamination  length  A’  Vft  for  several  values  of  notch  size  h/H.  The  energy  release  rate 
attains  the  steady-state  as  soon  as  /.'  *a/h  >  1.5. 


depends  on  the  notch  geometry.  Secondly,  composites  usually  exhibit  R- 
curve  behavior:  Fracture  resistance  increases  as  the  crack  extends.  This  can 
be  caused  by  bridging  fibers  or  matrix  ligaments  in  the  wake.  However, 
once  the  delamination  is  sufficiently  long,  a  steady  state  should  be  reached. 
Both  driving  force  and  toughness  become  independe:..  _ r  the  delamination 
length  and  initial  flaw  geometry.  The  following  example  establishes  the 
transient  zone  size  for  the  driving  force.  The  /?-curve  behavior  will  be 
discussed  in  Section  IV. D. 

Figure  17  shows  a  delamination  crack  nucleated  from  a  sharp  notch  and 
driven  by  an  axial  tension.  Similar  problems  have  been  studied  by  several 
authors  (e.g.,  O’Brien,  19S4,  Thouless  et  at .,  1989).  The  solution  that 
follows  is  taken  from  Suo  et  al.  (1990b).  The  delamination  is  mixed  mode. 
The  energy  release  rate  takes  the  d  mensionless  form 


£,^7 

a~h 


(3.3) 
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where  £,  =  1  -bu  is  the  effective  Young's  modulus  in  the  longitudinal 
direction.  /.  and  p  are  orthotropy  parameters,  ail  defined  in  Section  11. B. 
The  dimensionless  function  g  depends  on  the  indicated  variables.  Notice 
that  /.  and  a  h  affect  the  final  results  only  through  the  product  /  ~a  /;. 
as  identified  in  the  original  paper  using  orthotropy  rescaling.  This  detail 
turns  out  to  be  important  in  understanding  the  orthotropy  effects,  as  will 
be  seen  shortly.  Figure  17  plots  the  solution  obtained  by  finite  elements, 
with  p  =  1 . 

Observe  that  the  energy  release  rate  becomes  independent  of  / 1  *a  h 
when  the  delamination  is  sufficiently  long.  An  inspection  of  Fig.  17  suggests 
that  the  transient-zone  size  is  given  by  /. 1  "a  h  *  1.5.  or 

a/h  \  (3.4) 


where  £T  ==  \/bZ2  is  the  effective  Young’s  modulus  transverse  to  the  fiber 
direction.  For  most  polymer  composites  and  woods,  (£,  £r):  ’  =  2.  Con¬ 
sequently,  a  split  longer  than  about  three  times  the  notch  depth  is  subject  to 
a  constant  driving  force.  Equation  (3.4)  also  reveals  that  elastic  orthotropy 
tends  to  prolong  the  transient  zone  by  a  factor  of  (£L/£T)'  4,  as  compared 
with  the  isotropic  counterpart.  Finite  element  calculations  (not  shown  here) 
also  indicate  that  the  size  of  the  transient  zone  is  not  significantly  affected 
by  p  within  the  practical  range,  so  that  (3.4)  remains  valid  for  general 
orthoropic  materials. 

An  accurate  approximation  for  the  steady-state  mixed  mode  energy 
release  rates  at  the  delamination  tip  in  Fig.  17  is  (Suo  1990c) 


cj  h  ,  ,  ,  , 

[G],  Gn]  =  r=-(l  +  At]  ■+  6t]‘  +  3/7  )[cos'cu.  sin*  to], 

‘-b-i 

to  =  52. 1  °  -  3°>7,  rj  -  h/H. 


(3.5) 


This  steady-state  solution  G  =  G]  +  Gn,  is  indicated  in  Fig.  17. 

In  conclusion,  the  steady-state  condition  can  usually  be  easily  attained  in 
practice.  These  steady-state  solutions  are  of  unique  significance  considering 
the  variety  of  uncertainties  associated  with  the  transient  state.  Mathemati¬ 
cally,  the  steady-state  concept  allows  one  to  bypass  some  messy  intermediate 
calculations.  Although  an  accurate  estimate  of  the  transient-zone  size  may 
not  be  available  for  each  steady-state  solution  described  in  the  rest  of  the 
section,  we  feel  that,  in  conjunction  with  some  heuristic  judgment,  these 
solutions  can  be  used  to  assess  technical  structures. 
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Fig.  18.  Cross-section  of  an  infinite  layer  with  a  half-plane  crack.  Axial  forces  and 
moments,  per  unit  width,  are  applied  alone  the  three  edges. 


B.  Cracks  in  Lavers  Loaded  along  Edges 

The  problems  to  be  disussed  in  this  section  are  sketched  in  Fig.  18.  The 
layer  can  be  of  one  material  or  bimaterial,  the  material  isotropic  or  ortho¬ 
tropic,  the  crack  along  the  interface  or  in  the  substrate.  The  relation  is 
sought  between  the  applied  loads  and  the  mixed  mode  stress  intensity 
factors. 


1 .  A  Homogeneous,  Isotropic  Layer 

Depicted  in  Fig.  18  is  the  cross-section  of  an  infinite  layer  containing  a 
half-plane  crack.  The  geometry  is  fully  specified  by  h  and  H ,  the  thicknesses 
of  the  two  separated  arms.  The  layer  is  isotropic,  homogeneous  and  linearly 
elastic,  and  is  subject,  uniformly  along  the  three  edges,  to  axial  forces  and 
moments  per  unit  width  and  Mt.  The  problem  at  various  levels  of 
generality  has  been  considered  by  several  authors  (Tada  et  aL,  1985; 
Williams,  1988;  Suo  and  Hutchinson,  1989b;  Schapery  and  Davidson, 
1990).  The  results  in  the  first  two  of  these  references  contain  conceptual 
errors.  The  complete  solution  presented  below  is  taken  from  Suo  (1990c). 


a.  General  Solution 


The  near-tip  stresses  are  consistent  with  the  mixed  mode  crack  tip  field, 
with  stress  intensity  factors  A',  and  A'u  to  be  determined.  Far  from  the  tip, 
the  three  edges  are  characterized  by  the  linear  strain  distributions  for 
elementary  beams.  The  energy  release  rate  equals  the  difference  of  the  strain 
energy  per  unit  length  per  unit  width  stored  in  the  edges  far  behind  and  far 
ahead  of  the  crack  tip.  Thus, 
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where  £  is  the  effective  Young's  modulus  defined  in  (2.4).  This  result  may  be 
derived  alternatively  by  using  the  ./-integral  (Rice.  1968;  Cherepanov,  1979). 

The  preceding  energy  accounting  does  not  separate  the  opening  and 
shearing  components.  The  partition  is  simplified  by  linearity  and  dimen¬ 
sionality,  coupled  with  the  Irwin  relation  (2.5).  Consequently,  the  stress 
intensity  factors  take  the  form 


P  M 

K,  -  -==cos  to  +  ===== .  sin(co  -  y). 

\2  hU  \2  fiV 

(3.7) 

P  M 

AT,  =  — =====  sin  co - =====  Costco  -r  y). 

\2hU  \2  h'V 


All  the  preceding  quantities  except  at  are  determined  by  elementan  con¬ 
siderations.  Specifically,  P  and  M  are  linear  combinations  of  the  applied 
loads: 


P  =  £,  -  C,P3  -  C2M3/h ,  M  =  M,  -  C,A/3 , 

1  _  6/17  1 

1  l/tf  +  1’  2  (l/rj  +  l)3  ’  3  (l/q  +  l)3  n 

and  the  geometric  factors  are  functions  of  ry. 


h/H\ 


(3.8) 


U 


=  1 


+  4  rj  +  6/7 2  +  3tJ3, 


=  12(1  +  nl, 


sin  y 

\Uv 


=  6/7  2(  1  +  n). 

(3.9) 


Accurate  determination  of  w,  which  depends  only  on  rj,  is  nontrivial. 
The  elasticity  problem  was  solved  rigorously  (with  the  help  of  numerical 
solutions  of  an  integral  equation).  The  extracted  to  varies  slowly  with  rj  in 
the  entire  range  0  <  rj  <  1,  in  accordance  with  an  approximate  formula 

co  =  52.1°  -  3 °rj-  (3.10) 

This  is  a  linear  fit  of  the  numerical  solution,  and  the  error  is  believed  to  be 
within  one  percent. 


b.  A  Mixed  Mode  Double  Cantilever  Beam 

Several  special  cases  are  discussed  here  to  illustrate  the  richness  of  the 
solution.  First  consider  a  double  cantilever  beam  as  in  Fig.  19.  The 
specimen  is  mode  I  if  the  crack  lies  on  the  mid-plane,  but  mixed  mode  if  the 
crack  is  off  the  mid-plane.  This  has  been  used  recently  to  study  mixed  mode 
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Fig.  19.  The  insert  shows  a  double  cantiliver  beam  with  a  crack  off  the  mid-plane.  The 
mode  mixity  w  =  tan'^A',,/^,)  is  plotted  against  the  offset  v/b. 

fracture  of  an  adhesive  layer  by  Thouless  (1990b).  On  Fig.  19,  the  mode 
mixity,  hi  -  tan~I(A'I,/Aj)  =  w  +  y  -  n/2,  is  plotted  against  the  offset 
y/b.  Focus  here  is  on  the  configurational  stability  of  an  homogeneous 
specimen  when  the  crack  is  slightly  off  the  mid-plane  as  positioned,  for 
example,  in  the  fabrication  of  the  specimen.  As  indicated  by  the  sign  of  A',, 
near  y/b  =  0,  a  crack  off  the  mid-plane  will  be  driven  further  away  from 
the  mid-plane.  The  mid-plane  crack  is  thus  configurationally  unstable. 
Crack  path  stability  will  be  further  discussed  in  Section  VIII. 

c.  Exact  Solutions  for  the  Case  H  -  h 

Next  consider  the  crack  on  the  mid-plane  and  subjected  to  the  general 
edge  loads.  The  crack  path  selection  is  seldom  an  issue  in  the  composite 
testing  since  cracks  are  usually  confined  to  run  along  the  fiber  direction. 
The  exact  solution  for  ca  can  be  obtained  for  this  case  by  considering  a 
special  loading  A/,  =  M2  -  M  and  all  others  being  zero.  By  symmetry, 
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Fig.  20.  Several  exact  solutions:  (a)  a  pure  mode  1  specimen  (double  cantilever  beam); 
(b)  a  pure  mode  II  specimen  (end-loaded  split);  (c)  a  mixed  mode  specimen  (four-point  bend); 
(d)  a  mixed  mode  specimen  (crack-lap  shear). 

Kn  =  0,  which,  substituted  into  (3.7),  gives  cu  =  cos_1v(3/7)  =  49.1°.  The 
full  solution  (3.7)  can  therefore  be  specialized  to 

Kx  =\r2Ph~w2  +  2V3A//T372,  A', j  =  2  Ph~xn> 

(3.11) 

P  =  P,  -  iP3  ~  M  ~  Mx  -  jM3  . 

Several  useful  edge  loads  are  illustrated  in  Fig.  20.  The  mixed  mode  energy 
release  rates  listed  are  valid  for  an  orthotropic  material  layer  with  a  prin¬ 
cipal  material  axis  coincident  with  the  longitudinal  direction.  Geometries  a 
and  b  are  pure  mode  1  and  pure  mode  II,  respectively.  Geometries  c  and  d 
are  mixed  mode. 

d.  Surface  Layer  Spalling 

As  the  last  example,  consider  a  sub-surface  crack  in  a  semi-infinite  plate 
( tj  =  0)  as  illustrated  in  Fig.  21.  The  problem  was  solved  by  Thouless  ei  al. 
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Fig.  21 .  Spalling  of  a  surface  layer  due  to  edge  loads. 


(1987)  in  a  study  of  impact  spalling  of  ice  sheets.  The  complete  solution  is 


Kx  =  -=  [Ph  1/2  cos  co  +  2\i Mh  ?  2  sin  to], 

Kn  =  -L  [Ph~1/2  sin  to  -  2\3Mh~i /z  cos  to], 
V  z 


(3.12) 


where  to  =  52.07°.  Contrary  to  one’s  intuition,  a  significant  amount  of 
mode  II  component  is  caused  by  pure  bending.  The  solution  will  be  used  in 
Section  V  to  study  decohesion  of  pre-tensioned  films  and  thermal  shock 
spalling. 


2.  A  Homogeneous,  Orthotropic  Layer 


The  same  geometry  in  Fig.  18  was  also  analyzed  for  orthotropic  solids 
(Suo,  1990c).  The  layer  lies  in  a  principal  material  plane  and  the  crack  runs  in 
principal  axis-1  of  the  solid.  The  energy  release  rate  expression  (3.6)  remains 
valid  but  the  longitudinal  tensile  modulus  £L  should  be  used,  namely. 


Gf 

G„ 


2£L 


ZhU 


2£l 


sfhU 


cos  to  + 


sin  co  - 


M 

VFF 

M 

ZVv 


2 


sin(co  +  y)  , 
12 


cos(o>  +  y)  , 


(3.13a) 

(3.13b) 


where  P,  M ,  U,  V,  and  y  are  given  by  (3.8)  and  (3.9).  The  quantity  to 
depends  on  t]  and  p ,  but  not  A.  An  integral  equation  method  was  used  to 
determine  to,  and  the  results  indicate  that  the  influence  of  p  within  its  entire 
practical  range  is  below  one  percent,  so  that  (3.10)  is  an  excellent  approxi¬ 
mation  for  orthotropic  materials.  When  the  stress  intensity  factors  are 
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needed,  the  lrwin-type  relation  appropriate  lor  orthotropie  materials  (2.16) 
must  be  used. 

Notice  that  all  the  quantities  in  the  brackets  of  (3.13)  except  for  to  do  not 
depend  on  material  parameters.  Further,  to  may  be  approximated  by  (3.10*. 
which  is  also  independent  of  any  material  parameters.  Consequently  ,  the 
energy  release  rates  of  the  two  modes  are  essentially  the  same  as  their 
isotropic  counterparts,  except  that  the  longitudinal  tensile  modulus  should 
be  used. 

3.  A  Symmetric  Tilt  Strip 

Imagine  two  identical  layers  cut  from  an  orthotropic  solid  at  an  angle  o 
to  principal  material  axis-1  (Fig.  22).  The  thickness  of  the  two  layers  are 
equal,  designated  as  h.  The  compliances  sn  ,  s22  >  ^2  *  and  -S66  are  referred  to 
the  principal  material  axes.  The  two  layers  are  bonded  to  form  a  symmetric 
tilt  boundary,  with  a  semi-infinite  crack  lying  along  the  interface.  The  tilt 
angle  is  0  and  the  tilt  axis,  or  the  crack  front,  is  one  of  the  principal  axes  of 
the  orthotropic  solid.  The  general  edge  loads  are  applied. 

The  stress  field  around  the  crack  tip  is  square  root  singular.  The  stress 
intensity  factors  are  defined  such  that,  asymptotically,  traction  on  the  grain 
boundary  varies  with  the  distance  r  from  the  crack  tip  according  to 

av  =  (2nr)~w2Kl,  =  (2nr)~,/2Ku .  (3.14) 

The  Irwin-type  relation  for  a  crack  on  the  symmetric  tilt  grain  boundary  is 
(Wang  et  al.,  1990) 

G,  =  [bub22{\  +  p)/2]1/2(A"1/4cos20  +  A 1/4  sin20)A'|2, 

Gu  -  [bnb22(l  +  p)/2]1/2(A'1/4  sin20  +  A1/4  cos20]A:2, , 
where  the  compliances  are  referred  to  the  principal  axes;  see  Section  II. B. 


Fig.  22.  i  wo  identical  grains  of  an  orthotropic  crystal  form  a  symmetric  tilt  boundary, 
with  the  prit  opal  crystal  axis  at  an  angle  ©  from  the  interface.  The  sample  is  under  general 
edge  loads. 
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Fic;.  23.  A  bilayer  with  a  half-plane  interface  crack.  The  neutral  axis  of  the  composite  layer 
is  indicated. 


The  analytical  solution  is  found  for  the  problem.  Expressed  in  energy 
release  rates,  it  is 


Gt  =  3bf,(P  +  2M/h)2/h,  Gu  =  4  b*uP1/h, 

(3.16) 

P  =  Pi  ~  1^3  -  |M3/A,  M  =  A/,  -  |A/3 . 

Here,  b* ,  is  the  compliance  in  the  x  direction,  which  is  related  to  the 
principal  compliances  by 

b* i  =  (bub22)1/2U1/2  cos40  +  2p  cos20  sin2tf>  +  A ~ 1/2  sin4 <£>).  (3.17) 


Notice  that  the  energy  release  rates  are  identical  to  the  corresponding  homo¬ 
geneous,  isotropic  results,  except  that  the  compliance  must  be  reinterpreted. 


4.  An  Interfacial  Crack  in  a  Bilayer 

Figure  23  is  a  cross-section  of  an  infinite  bilayer  with  a  half-plane  crack 
on  the  interface.  Each  layer  is  taken  to  be  homogeneous,  isotropic,  and 
linearly  elastic.  The  uncracked  interface  is  perfectly  bonded  with  con¬ 
tinuous  displacements  and  tractions.  The  bilayer  is  loaded  uniformly  along 
the  three  edges  with  forces  and  moments  per  unit  width.  The  problem  has 
been  studied  by  Suo  and  Hutchinson  (1990),  and  the  numerical  solution  has 
been  presented  in  the  entire  parameter  range.  The  generality  of  the  edge 
loads  allows  the  solution  to  be  used  to  model  a  variety  of  delamination 
processes.  A  special  loading  case  (a  splitting  cantilever  bilayer)  is  discussed 
in  Section  II.C.4.  The  solution  will  be  used  to  calibrate  interfacial  fracture 
specimens  in  Section  IV.B.l,  and  to  assess  decohesion  of  pre-tensioned  thin 
films  in  Section  V.D.  Focus  here  is  n  the  presentation  of  the  elasticity 
solution. 
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Far  ahead  of  the  crack  tip  the  bilaver  may  be  regarded  as  a  composite 
beam.  The  neutral  axis  lies  a  distance  hA  above  the  bottom  of  the  beam, 
with  A  being 


where 


1+21  rj  ^ 

2//(l  +  It/) 

£;  1  +  a  h 

T2  ~  T  -  a  '  n  =  H  ' 


(3.18) 


(3.19) 


The  composite  layer  is  in  a  state  of  pure  stretch  combined  with  pure  bending. 
The  only  nonzero  in-plane  stress  component  is  ox .  The  corresponding  strain 
is  linear  with  the  distance  from  the  neutral  axis,  v,  according  to 


MA 

E2  \hA 


(3.20) 


The  dimensionless  cross-section  A  and  moment  of  inertia  I  are 

A  =  -  +  I,  /  =  I 

n 

(3.21) 


The  energy  release  rate  can  be  calculated  in  close  form: 


G  = 


+  12 


Ml 


Pi 


Hl  Ah 


(3.22) 


The  energy  release  rate  specifies  the  magnitude  of  the  near-tip  singularity 
but  does  not  specify  the  mode  mixity.  The  information  is  completed  by  the 
complex  stress  intensity  factor  K,  which,  to  be  consistent  with  linearity, 
dimensionality  and  the  Irwin-type  relation  (2.29),  takes  the  form 


K  = 


le 


n 


(3.23) 


where  i  =  v-1 ,  and  P  and  M  are  linear  combinations  of  the  edge  loads: 


P  =  Px  -  C,P3  -  C2M3//j,  M  =  A/,  -  C3M3. 
The  geometric  factors  are  given  by 


C2  = 


I  (\  1 

/  \n  +  2 


c3 


12/  ’ 


(3.24) 


(3.25) 
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Fig.  24.  Calculated  values  of  the  function  tj),  which  appeared  in  Eq.  (3.23). 


and  by 

~=  1  +  1^(4  +  6  rj  +  3  rj2),  p  =  12(1  +  I//3),  =  6I/f(l  +  rj). 

(3.26) 

All  these  formulae  are  derived  from  the  classical  beam  theory. 

The  angle  to  is  a  function  of  the  Dundurs’  parameters  a,  /?  and  relative 
height  r\.  This  function  was  determined  by  solving  the  elasticity  problem 
numerically;  the  computed  values  are  plotted  in  Fig.  24,  and  an  extensive 
tabulation  can  be  found  in  Suo  and  Hutchinson  (1990). 

5.  A  Substrate  Crack  in  a  Bilayer 

Depicted  in  Fig.  25  is  an  infinite  bilayer  with  a  semi-infinite  crack  parallel 
to  the  interface.  Each  layer  is  isotropic  and  homogeneous.  There  are  two 
length  ratios:  <!;,  =  H\/h  and  £,  -■  H/h.  The  problem  was  solved  by  Suo  and 
Hutchinson  (1989b)  in  the  context  of  substrate  spalling  of  a  residual  stressed 
thin  film.  The  details  of  the  application  can  be  found  in  Section  V.C.2,  and 
here  we  will  focus  on  the  solution  of  the  elasticity  problem. 

Of  the  three  edges,  one  is  a  homogeneous  beam  and  the  other  two  are 
composite  beams.  The  positions  of  neutral  axes  for  the  two  composite 


104 


J.  W.  Hutchinson  and  Z.  Suo 


Fig.  25.  A  bilaver  with  a  crack  off  the  interface.  The  neutral  axes  for  the  two  composite 
layers  are  indicated. 
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where  P  and  M  are  linear  combinations  of  edge  loads: 


P  =  />,  -  C,P3  -  C\M>  h,  M  =  Mt  -  C\  A7, , 

C,  =  41  •  c:  =  ‘-T  “  A)  -  -  A>>1’  c>  =  7  • 

.4  /  / 

and  the  geometric  factors  are 

1  1.1,  ,.[A1  +  (^-cc1)/2]2  1  1 


sin )’  =  A,  +  (4  ~  Ci)/2 


(3.32) 


The  angle  w  as  a  function  of  a,  ft,  £,  and  L\  is  extracted  from  a  numerical 
solution,  and  is  tabulated  in  Suo  and  Hutchinson  (1989b). 


C.  A  Bilayer  Held  between  Rigid  Grips 

Figure  26  shows  a  bilayer  with  thickness  h  and  H  constrained  between 
grips.  Each  layer  is  taken  to  be  isotropic.  The  constraint  is  assumed  to  be 
perfectly  rigid  so  that  no  separation  nor  sliding  take  place  between  the 
bilayer  and  grips.  Both  layers  may  be  subject  to  residual  stress  in  the  layer 
direction,  but  it  will  not  affect  the  singular  field,  and  will  therefore  be 
ignored.  An  interface  crack  is  driven  by  the  relative  translation ,  U  and  V, 
of  the  two  grips.  The  problem  of  a  homogeneous  layer  with  a  crack  running 
on  the  mid-plane,  i.e.,  h  =  H,  has  been  solved  analytically  (Rice,  1968).  A 
gripped  epoxy/glass  bilayer  has  recently  been  used  by  Liechti  and  Chai 
(1990b)  to  study  mixed  mode  interfacial  fracture  resistance;  see  also  Section 
II. C. 4.  The  specimen  calibration  for  a  wide  range  of  bimaterials  are 
described  in  the  following. 

The  debonded  layers  far  behind  the  crack  tip  are  stress-free,  while  the 
bonded  layer  far  ahead  is  under  a  uniform  strain  state.  An  energetic 
accounting  shows  that 


where  E  =  2u(\  -  v)/(l  -  2v)  for  plane  strain,  and  E  s=  2/i/(l  -  v)  for 
plane  stress. 


0)  (degrees) 
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Fig.  26.  The  insert  shows  a  bilayer  held  between  two  rigid  grips,  and  the  crack  is  driven  by 
the  relative  translation  of  the  two  grips.  The  numerical  solution  of  the  angle  cu  in  Eq.  (3.34) 
is  plotted. 


The  mode  mixity  may  be  controlled  by  the  relative  proportion  of  the  two 
grip  translations.  More  precisely,  the  interfacial  stress  intensity  factor  is 
given  by 


K 


=  /TV" 


V 

V2 


+ 


(3.34) 


This  is  derived  using  (3.33)  and  the  Irwin-type  relation  (2.29).  AH  quantities 
in  the  equation  have  been  defined  previously  except  for  the  angle  a>,  which 
is  a  function  of  nx/ni ,  v, ,  v2 ,  and  h/H.  The  problem  contains  displacement 
boundary  conditions,  so  that  in  principle  the  two  Dundurs’  parameters  are 
insufficient  to  characterize  the  bimaterial.  However,  it  has  been  confirmed 
numerically  (Beuth,  1991)  that,  once  the  Dundurs’  parameters  are  fixed,  the 
solution  is  almost  independent  of  the  third  free  variable.  Finite  element  cal¬ 
culations  are  done  for  the  case  H  =  h  and  the  results  are  plotted  in  Fig.  26. 
Linear  interpolation  is  recommended  for  values  between  (3  =  0  and  (3  =  a/4. 
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Scales  play  a  fundamental  role  in  the  development  of  :he  fracture 
mechanics,  as  in  any  branch  of  continuum  science.  Classical  examples  are  the 
notions  of  small-scale  yielding,  homogenization  of  composites  or  damage 
response.  Here,  we  try  to  demonstrate,  by  a  concrete  example,  hov  inter¬ 
face  fracture  mechanics  may  be  applied  at  different  scales.  Consider  two 
blocks  of  substrates  joined  by  a  thin  adhesive  layer.  One  is  asked  to  study 
the  toughness  of  the  assembly.  The  problem  may  be  tackled  at  two  scales. 

At  a  relatively  macroscopic  level,  one  may  think  of  this  as  an  interface 
fracture  process  between  the  two  substrates,  treating  the  adhesive  as  a  small 
scale  feature.  At  such  a  level,  the  two  substrates  explicitly  enter  the  scheme 
of  interface  fracture,  but  the  role  of  the  adhesive,  a:  well  as  damage 
processes  in  it,  is  contained  in  the  microscopically  measured  toughness. 
This  evaluation  process  has  been  used  in  the  acacsion  community  for  years, 
except  that  the  two  substrates  are  usually  identical,  so  that  only  the  mixed 
more  fracture  mechanics  of  homogeneous  materials  need  be  invoked. 
Obviously  interface  fracture  mechanics  is  ideally  suited  to  study  the 
adhesion  of  different  substrates. 

At  a  more  microscopic  level,  one  may  study  the  cracking  along  the 
interface  between  the  adhesive  and  one  of  the  substrates.  Interface  fracture 
mechanics  can  be  used  provided  the  crack  stays  along  the  interface  and 
other  damage  processes  are  confined  in  a  crack  tip  core  region  that  is  small 
compared  with  the  thickness  of  the  adhesive.  These  requirements  can  be 
realized  if  the  interface  is  brittle  enough.  Mathematically,  some  well- 
defined  small-scale  features  may  be  analyzed  using  a  boundary  layer 
approach.  A  few  examples  related  to  multilayers  are  collected  in  this 
section.  Applications  will  be  discussed  in  Section  VIII. 

1 .  A  Sub-interface  Crack 

Consider  a  crack  running  near  an  interface  (Fig.  27).  The  distance 
between  the  interface  and  crack,  h,  is  small  compared  to  ail  other  in-plane 
lengths.  The  overall  geometry,  viewed  at  a  scale  much  larger  than  h,  can  be 
regarded  as  an  interface  crack,  so  that  the  actual  load  and  geometry  can  be 
represented  by  the  complex  stress  intensity  factor  K  appropriate  for  an 
interface  crack.  Near  the  crack  tip,  the  stress  field  is  that  of  a  mixed  mode 
crack  in  a  homogeneous  material,  parameterized  by  A',  and  A',, .  Hutchinson 
et  al.  (1987)  provided  a  connection  between  the  two  sets  of  the  stress 
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Fig.  27.  A  sub-interface  crack.  The  spacing  h  is  much  smaller  than  the  overall  specimen 
dimension.  The  remote  and  local  stress  intensity  factors  are  connected  by  Eq.  (3.36),  and  the 
phase  shift  <t>H  is  plotted. 

intensity  factors,  and  used  it  to  study  the  existence  of  mode  I  trajectory 
paralleling  the  interface. 

The  local  and  global  energy  release  rates  are  identical,  namely 

a  =  +  Kit)  =  |*f.  (3.35) 

E2  £* 

This  relation  gives  the  energy  release  rate  at  the  crack  tip,  provided  the 
remote  K  is  known.  Observe  that  the  magnitudes  of  the  two  sets  of  stress 
intensity  factors,  Kx  +  iKn  and  K,  are  directly  related  by  (3.35).  They  can 
differ  only  by  a  phase  shift,  designated  as  <t>H,  so  that 

(1  —  B2\l/2 

KW*.  (3.36) 

The  phase  shift  <t>H ,  ranging  from  - 15°  to  5°,  is  a  function  of  the  Dunduts’ 
parameters.  The  numerical  solution  is  plotted  in  Fig.  27,  and  a  more 
extensive  tabulation  can  be  found  in  the  original  paper. 

2.  An  Interfacial  Crack  in  a  Sandwich 

Any  homogeneous  fracture  specimen  may  be  converted  to  measure 
interface  toughness  by  sandwiching  a  thin  layer  of  second  material.  The 
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Fig.  28.  An  interface  crack  in  a  sandwich.  The  remote  and  local  stress  intensity  factors  are 
connected  by  Eq.  (3.38),  and  the  phase  shift  cd  is  plotted. 


generic  set-up  is  depicted  in  Fig.  28.  An  interlayer  of  material  2  is  embedded 
in  a  homogeneous  body  of  material  1 ,  with  a  pre-existing  crack  lying  along 
one  of  the  interfaces  (upper  interface  here).  Each  material  is  taken  to 
be  isotropic  and  linearly  elastic.  A  solution  described  in  the  following, 
obtained  by  Suo  and  Hutchinson  (1989a),  provides  the  basis  for  a  variety  of 
sandwich  specimens;  an  example,  a  Brazil-nut  sandwich,  will  be  discussed  in 
Section  IV.C. 

The  problem  is  asymptotic  in  that  the  reference  homogeneous  specimen  is 
infinite  and  the  crack  is  semi-infinite,  as  is  appropriate  when  the  layer 
thickness  h  is  very  small  compared  with  all  other  in-plane  length  scales.  The 
crack  tip  field  of  the  homogeneous  problem  (without  the  layer)  is  prescribed 
as  the  far  field  in  the  asymptotic  problem.  Thus,  the  far  field  is  character¬ 
ized  by  Kx  and  Ku ,  induced  by  the  loads  on  the  reference  homogeneous 
specimen.  The  interface  crack  tip  field  is  characterized  by  the  (complex) 
interfacial  stress  intensity  factor  K.  A  relation  is  developed  in  what  follows 
that  connects  these  two  sets  of  stress  intensity  factors,  allowing  conversion 
of  any  homogeneous  specimen  to  a  sandwich  without  further  calibration. 

The  global  and  local  energy  release  rates  are  the  same; 


Ei 


(Kf  +  Kn)  = 


1  - 


E* 


w 


i2 


(3.37) 
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Considerations  similar  to  those  of  the  previous  subsection  give 

K  =  \ki  +  iKn)e‘u.  (3.38) 

From  numerical  calculations,  the  angle  shift  a >,  which  is  due  exclusively  to 
the  moduli  dissimilarity,  ranges  between  5°  to  - 15°,  depending  on  a  and  /?. 
The  solution  is  plotted  in  Fig.  28;  other  cases  are  tabulated  in  Suo  and 
Hutchinson  (1989a). 


3.  Parallel  Debond 

When  a  sandwich  layer  is  under  substantial  residual  compression,  debond 
may  take  place  along  the  two  interfaces.  The  phenomenon  was  observed  in 
preparing  A1203— SiC— A1203  laminate  (private  communication  with  A.  G. 
Evans).  The  laminate  was  diffusion  bonded  at  an  elevated  temperature,  but 
debonded  into  three  layers  in  the  cooi-down.  Parallel  cracks  under  uniaxial 
loads  have  been  observed  in  laminates  with  center  notches  or  matrix  cracks. 
The  solution  obtained  by  Suo  (1990b)  is  given  in  the  following. 

It  can  be  shown  with  the  Eshelby  cut-and-paste  technique  that,  as  far  as 
the  stress  intensity  is  concerned,  the  residual  compression  is  equivalent  to  a 
mechanical  load  of  layer  pull-out.  Depicted  in  Fig.  29  is  a  slightly  general¬ 
ized  situation  in  which  an  opening  load  represented  by  AT,“  is  included,  in 
addition  to  the  pull-out  stress  a.  It  is  envisioned  that  the  pull-out  stress  itself 


Fig.  29.  Parallel  debond  of  a  sandwich  layer,  driven  by  the  pull-out  stress  a  and  the  remote 
opening  load  K“. 
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may  not  be  high  enough  to  trigger  debonding,  but  the  structure  debonds 
with  an  additional  remote  mode-I  load. 

To  gain  insight  into  this  setup,  we  ignore  the  moduli  difference  in  this 
preliminary  treatment.  By  an  energetic  argument,  one  obtains  the  energy 
release  rate  at  each  tip  under  combined  loads  o  and  AT: 


G 


1  /AT2  o2h\ 
£\  2  +  4  )■ 


(3.39) 


Hence,  the  interfacial  fracture  energy  can  be  inferred  if  one  measures  o  and 
the  critical  AT  that  trigger  the  debond. 

Recall  the  Irwin  formula  (2.5)  is  applicable  for  each  crack  tip.  Comparing 
the  two  energy  release -rate  expressions,  and  keeping  the  linearity  cf  the 
elasticity  problem  in  mind,  one  obtains  the  local  stress  intensity  factors 


A',  =  -7=  AT  cos  0  +  c'Jh  sin  0, 
v2  2 


Kn  =  --^ATsin4>  +  ^ctn/A  cos  0. 


(3.40) 


The  angle  0  has  to  be  determined  by  solving  the  full  elasticity  problem.  An 
integral  equation  approach  was  used  and  the  solution  was  found  to  be 
0  *  17.5°. 

Consider  the  case  when  Af“  =  0.  The  above  solution  indicates  that  the 
pull-out  stress  induces  a  significant  amount  of  crack  face  opening,  along 
with  the  predominant  sliding.  By  contrast,  residual  tension  (equivalent  to  a 
push-in  mechanical  stress)  induces  a  negative  Ky ,  suggesting  that  debonding 
will  be  a  pure  mode-II  sliding  against  friction.  Therefore,  parallel  debond¬ 
ing  will  more  likely  take  place  for  adhesives  in  residual  compression  than  in 
tension,  provided  other  conditions  are  the  the  same. 

The  solution  can  be  generalized  to  orthotropic  materials  using  the 
concept  of  orthotropy  rescaling.  Suppose  the  entire  material  is  orthotropic 
and  homogeneous.  Two  cracks  run  in  the  principal  axis  1 .  Using  orthotropy 
rescaling,  (3.40)  becomes 


A",/4  A1/8 

V2  S*n  ^  +  2  Vn  av/^cos 


(3.41) 
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TABLE  1 


0(p)  (in  Degrees)  for  Parallel  Debond 


p 

-0.5 

-0.3 

-0.1 

0.1 

0.3 

0.5 

0.7 

0.9 

o 

22.9 

21.6 

20.6 

19.9 

19.2 

18.7 

18.2 

17.8 

p 

i 

2 

mm 

4 

5 

6 

7 

8 

o 

17.5 

15.9 

■9 

14.1 

13.4 

12.9 

12.5 

12.1 

where  n  =  [(1  +  p)/2]i/2.  Now  the  phase  shift  <t>  depends  on  p.  An  integral 
equation  is  solved  numerically,  and  the  results  are  listed  in  Table  1. 


IV.  Laminate  Fracture  Test 

Interlaminar  fracture  resistance  of  multilayers  is  usually  measured  using 
beam-type  specimens.  Fracture  mode  mixity,  ranging  from  opening,  mixed 
mode,  to  shearing,  can  be  controlled  by  the  loading  configuration.  A 
catalog  of  such  specimens  is  presented,  for  application  to  both  orthotropic 
materials  and  bimaterials.  Most  of  these  specimens  have  been  used  by  the 
composite  community  for  decades.  Yet  rigorous,  general  calibrations  are 
available  only  recently.  Delamination  resistance  can  be  enhanced  by  a 
variety  of  bridging  mechanisms.  A  prevailing  issue  is  that  the  bridging-zone 
size  is  usually  several  times  the  lamina  thickness,  so  that  delamination  resist¬ 
ance  is  no  longer  a  material  property  independent  of  specimen  size  and 
geometry.  The  implications  will  be  studied  using  the  Dugdale  model. 


A.  Delamination  Beams 

Beam-type  fracture  specimens  are  most  frequently  used  for  composites, 
adhesive  joints,  and  other  laminated  materials.  Small  scale  features  such  as 
fiber/matrix  inhomogeneity  are  typically  not  explicitly  taken  into  account. 
For  example,  homogenized  elastic  constants  are  used  for  composites.  The 
Irwin-Kies  compliance  calibration  is  still  in  use  for  lack  of  elasticity  solu¬ 
tions.  Empirical  calibrations  obtained  this  way  should  be  valid  only  for  the 
materials  being  tested,  since  they  typically  depend  on  elastic  constants. 
Finite  element  calibration  has  been  used  by  many  authors,  and  previous 
literature  on  the  subject  may  be  found  in  a  volume  edited  by  Friedrich  (1989). 
Guided  by  an  orthotropy  rescaling  concept,  Suo  (1990c)  and  Bao  el  al.  (1990) 
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have  analyzed  many  commonly  used  specimens,  using  either  integral 
equations  or  finite  elements.  Included  were  notched  bars  loaded  in  various 
configurations,  delamination  beams,  and  hybrid  sandwiches.  The  work  of 
Suo  (1990c)  has  been  summarized  in  Section  III.B.2,  which  is  applicable 
for  unidirectional  composites  under  steady-state  loading  configurations. 
Several  other  delamination  beams  analyzed  by  Bao  et  at.  (1990)  will  be 
described  in  the  following. 


1 .  Double  Candler  Beams 


Illustrated  in  Fig.  30  is  a  double  cantilever  beam  made  of  a  unidirectional 
composite  with  fibers  along  the  beam  axis.  The  specimen  is  pure  mode  I, 
and  energy  release  rate  is 


G  = 


12 


( Paf 
h3EL 


(1  +  YrU4h/a)2, 


(4.1) 


where  P  is  force  per  unit  width,  2ft  beam  thickness,  a  crack  length, 
£l  s  1  /bn  is  the  effective  Young’s  modulus  in  fiber  direction,  and  A  and  p 
are  dimensionless  orthotropic  parameters.  These  material  constants  are 
defined  in  Section  II. B.  The  dimensionless  factor  Y  is  approximated  by 

Y{p)  =  0.677  +  0.149(p  -  1)  -  0.013(p  -  l)2.  (4.2) 


These  formulae  are  valid  for  both  plane  stress  and  plane  strain,  for  generally 
orthotropic  materials  within  the  entire  practical  range,  A  W4a/h  >  1  and 
0  <  p  <  5,  and  the  error  is  within  l*7o.  In  particular,  the  preceding  result  is 
valid  for  isotropic  materials  when  p  =  A  =  1 . 

This  calibration  is  obtained  using  finite  elements,  together  with  several 
analytic  considerations.  The  first  term  in  the  bracket  in  (4.1)  reproduces  the 
exact  elasticity  asymptote  as  a/h  -*  <»,  which  may  be  obtained  from  the 


Fig.  30.  A  mode  I  delamination  specimen  (double  cantilever  beam  (DCB)). 
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Fig.  31.  Two  mode  II  delamination  beams:  (a)  end-loaded  split  (ELS);  (b)  end-notched 
flexure  (ENF). 

classical  beam  theory.  The  second  term  in  the  bracket  is  the  first  order 
correction  in  h/a.  A  a  consequence  of  the  orthotropy  rescaling,  the 
consistent  correction,  including  the  elastic  constants  A  and  p ,  is  of  the  form 
(4.1),  where  Y  depends  on  p  only;  see  Suo  et  al.  (1990b). 

2.  End-Loaded  Split  and  End-Notched  Flexure 

Figure  31  shows  two  designs  of  mode  II  specimens.  The  calibration  for 
ELS  is 

G  =  +YX-'/‘‘h/a)2,  (4.3) 

Y(p)  =0.206  +  0.07 B(p  -  1)  -  0.008(p  -  l)2.  (4.4) 

All  comments  in  the  last  subsection  are  valid  here.  To  a  high  accuracy,  the 
calibration  for  ENF  is  identical  to  the  preceding,  as  independently  confirmed 
by  He  and  Evans  (1990b). 

3.  Steady-State  Mixed  Mode  Specimens 

It  is  relatively  difficult  to  design  a  mixed  mode  fracture  specimen  having 
a  fixed  mode  mixity  as  the  crack  grows.  Two  such  specimens  are  depicted  in 
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Fig.  20.  As  the  crack  length  exceeds  about  three  times  the  notch  depth  h , 
both  the  driving  force  and  mode  mixity  become  essentially  independent  of 
the  delamination  length.  The  calibrations  are  listed  in  the  figure.  It  is  not 
necessary  to  measure  crack  size  in  a  fracture  test  with  such  steady-state 
specimens.  Steady-state  delamination  beams  of  other  edge  load  combina¬ 
tions  and/or  of  dissimilar  arm  thicknesses  can  be  specialized  from  the 
general  solution  in  Section  III.B.2. 

4.  Other  Mixed  Mode  Delamination  Beams 

Recall  that  stress  intensity  factors  are  linearly  additive.  One  may  use  the 
basic  solutions  presented  in  the  preceding  to  obtain  calibrations  for  other 
specimens.  Two  examples  are  illustrated  in  Figs.  32  and  33.  The  specimen  in 
Fig.  32a  is  mixed  mode,  and  can  be  solved  by  a  superposition  of  DCB  and 
ELS.  Note  that  both  the  magnitude  of  G  and  the  mode  mixity  change  as  the 
crack  advances.  The  three-point  bend  in  Fig.  33  is  a  superposition  of  the 
four-point  flexure  specimen  and  the  specimen  in  Fig.  32a. 


Fig.  32.  The  nixed  mode  end-notched  split  is  the  superposition  of  the  DCB  and  ELS. 
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Fig.  33.  A  superposition  scheme  for  three-point  shear. 


B.  Interfacial  Fracture  Specimens 

As  discussed  in  Section  II. C,  the  fracture  resistance  of  an  interface 
generally  depends  on  the  mode  mixity.  Thus,  a  toughness  curve,  T(v>),  must 
be  determined  experimentally  to  fully  characterize  a  given  interface.  Two 
strategies  have  been  used  in  practice  to  vary  the  mode  mixity:  multiloads  or 
multispecimens.  The  bilayer  held  between  rigid  grips  discussed  in  Section 
III.C.4  and  Section  IiI.C  is  an  example  of  multiload  specimens.  In  this 
section,  several  other  specimens  are  described. 

1 .  Four-Point  Flexure  of  a  Bilayer 

Figure  34  shows  a  specimen  consisting  of  roughly  the  same  amount  of 
opening  and  sliding.  The  specimen  was  first  analyzed  by  Charalambides  et 
al.  (1989),  and  is  a  special  edge  load  combination  of  the  general  problem  in 
Section  II1.B.4.  Evans  and  coworkers  at  the  University  of  California,  Santa 
Barbara  have  used  this  configuration  to  test  bimaterial  interfaces  (Cao  and 
Evans,  1989),  ceramic  composite  laminates  (Sbaizero  et  al.,  1990),  metallic 
adhesive  joints  (Reimanis  and  Evans,  1990),  and  thin  films  (Hu  and  Evans, 
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Fig.  34.  The  insert  shows  the  UCSB  four-point  flexure  of  a  bilayer.  The  mode  mixity  is 
plotted. 


1989).  The  setups  have  been  collectively  referred  to  as  the  UCSB  four-point 
flexure  specimens. 

When  the  crack  exceeds  a  few  times  the  thickness  of  the  notched  layer,  h, 
it  can  be  considered  as  semi-infinite.  The  energy  release  rate  is  obtained  in 
closed  form: 


where  M  =  PI  is  the  moment  per  unit  width,  and  the  dimensionless  moment 
of  inertia  /  is  given  in  (3.21).  The  loading  phase  is  defined  by  (2.45)  with 
h  as  the  reference  length,  such  that  the  stress  intensity  factor  is 

K  *  |tf|/ruexp(f».  (4.6) 

It  is  plotted  in  Fig.  34  with  /?  =  0. 

Charalambides  et  al.  (1990)  carried  out  a  thorough  analysis  of  several  com¬ 
plexities  of  the  four-point  flexure.  One  complication  concerns  the  usidual 
stress  in  bilayers  induced  in  fabrication,  which  would  affect  both  energy 
release  rate  and  loading  phase.  Observe  that  the  complex  stress  intensity 
factors  due  to  the  bending  moment  and  residual  stress  can  be  linearly 
superimposed,  and  both  are  the  special  cases  of  the  general  problem  in 
Section  III.B.4.  The  latter  case  will  also  be  treated  explicitly  in  Section  V.D. 


2.  Edge-Notched  Bend 

A  predominantly  opening  specimen  is  depicted  in  Fig.  35.  Without  loss  of 
generality,  one  can  choose  material  1  to  be  relatively  rigid,  so  that  the 
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Relative  Crack  Depth  a/W 


Fig.  35.  Calibration  of  the  edge-notched  bend  of  a  bimaterial  bar. 


Dundurs  parameter  satisfies  a  >  0.  With  y  defined  by  (2.45)  with  /  =  a,  the 
stress  intensity  factor  is  calibrated  by 

K  =  YTVaa~itei¥.  (4.7) 

Here,  T  is  the  nominal  bending  stress,  related  to  the  moment  per  unit  width 
M  by 

T  =  6M/W2,  (4.8) 

and  Y  is  the  real,  positive  calibration  factor. 

Both  Y  and  y  are  dimensionless  functions  of  a,  P,  and  a/W.  The  finite 
element  results  are  plotted  in  Fig.  35  (O’Dowd  et  al.,  1990).  Observe  that 
the  magnitude  factor  Y  is  nearly  independent  of  elastic  mismatch.  The 
loading  phase  y/  varies  between  0°  to  10°,  depending  on  the  elastic 
mismatch. 
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3.  Edge-Notched  Shear 

Calibration  is  also  available  for  the  specimen  shown  in  Fig.  36  {O’Dowd 
et  al .,  1990).  The  loading  phase  is  controlled  by  the  offset  s/W.  The  stress 
intensity  factor  is 

K  =  YT\aa-ueiv , 

where  ig  is  again  defined  by  (2.45)  with  /  =  a,  and 

T  ( A  -  B)P 

(A  +  B)W  ‘ 

The  dimensionless  functions  Y  and  y/  are  plotted  in  Fig.  36. 


(4.9) 
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Fig.  36,  Calibration  of  the  edge-notched  shear  of  a  bimaterial  bar 
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C.  Brazil-Ni't  Sandwiches 

Any  homogeneous  specimen  can  be  converted  to  an  interfacial  specimen 
by  sandwiching  a  thin  layer  of  a  second  material  between  split  halves  of  the 
specimen.  The  general  setup  is  analyzed  in  Section  1I1.D.2.  As  an  example, 
here  we  sandwich  the  Brazil  nut  with  a  layer  of  second  material,  and  a  crack 
is  left  on  one  of  the  interfaces  (Fig.  37).  The  specimen  has  been  developed 
to  determine  interfacial  toughness  by  Wang  and  Suo  (1990). 

A  remarkable  feature  common  to  all  thin-laver  sandwiches  is  that  the 
residual  stress  in  the  layer  does  not  drive  the  crack,  because  the  strain  energy 
stored  in  the  layer  due  to  residual  stress  is  not  released  in  the  process  of 
cracking.  Thus,  one  does  not  have  to  measure  the  residual  stress  to  deter¬ 
mine  toughness.  On  the  other  hand,  as  discussed  in  Section  VIII,  excessive 


Fig.  37.  Driving  force  and  mode  mixity  of  the  Brazil-nut  sandwich. 
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residual  stress  may  cause  complications  such  as  crack  tunneling  and 
kinking,  so  it  should  be  avoided. 

1 .  Homogeneous  Brazil  Nuts 

A  homogeneous  Brazil  nut  is  a  disk  of  radius  a ,  with  a  center  crack  of 
length  2/  (as  illustrated  in  Fig.  37  but  without  the  interlayer),  which  has 
been  used  for  mixed  mode  testing  of  brittle  solids  for  years.  The  loading 
phase  is  controlled  by  the  compression  angle  8:  It  is  mode  1  when  8  -  0°, 
and  mode  II  when  6  «  25°.  The  stress  intensity  factors  are 

A",  =  flPa~u2,  Ku  *=  ±fuPa~xn,  (4.11) 

where  the  plus  sign  is  for  tip  A,  and  minus  for  B.  The  nondimensional 
calibration  factors  /,  and  /„  are  functions  of  8  and  l/a ,  and  available  in 
fitting  polynomial  forms  in  Atkinson  et  al.  (1982). 

Using  the  Irwin  relation  (2.5),  the  energy  release  rate  is 

(A2  +f}])P2/a£s,  (4.12) 

where  £s  is  plane  strain  tensile  modulus  for  the  substrate.  The  loading 
phases  at  tips  A  and  B  are 

tan  1(Kn/Ki)  =  ±tan  (4.13) 

respectively.  Equations  (4.12)  and  (4.13)  are  plotted  in  Fig.  37. 

2.  Sandwiched  Brazil  Nuts 

A  sandwich  is  made  by  bonding  two  halves  with  a  thin  layer  of  a  second 
material.  Nonsticking  mask  is  supplied  on  the  prospective  crack  surface 
prior  to  bonding.  When  the  layer  thickness  h  is  much  smaller  than  other 
in-plane  macroscopic  lengths,  the  energy  release  rate  can  still  be  calculated 
from  (4.12).  This  is  true  because  of  the  conservation  of  the  ./-integral,  and 
because1  the  perturbation  due  to  the  thin  layer  is  vanishingly  small  in  the  far 
field. 

The  mode  mirity  y,  defined  by  (2.45)  with  /  as  the  reference  length,  is 
shifted  from  that  for  the  homogeneous  specimen,  in  accordance  with 

y  =  ±  tan" '(/„//,)  +  to  +  c\n(l/h).  (4.14) 

Here,  u>,  plotted  in  Fig.  28,  is  the  shift  due  to  elastic  mismatch  (3.38),  and 
the  last  term  is  the  shift  due  to  the  oscillation  index  e,  (2.49). 
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D.  Delamination  /?-Curves 
1 .  Large-Scale  Bridging 

Over  the  last  decade,  it  has  become  increasingly  evident  that  the 
toughness  of  brittle  materials  can  be  enhanced  by  a  variety  of  bridging 
mechanisms.  The  mechanics  language  that  describes  this  is  resistance  curve 
behavior  (/?- curves):  Toughness  increases  as  crack  grows.  Attention  here  is 
focussed  on  the  delamination  of  unidirectional  or  laminated  composites, 
where  cracks  nominally  propagate  in  planes  parallel  to  fibers.  A  comparative 
literature  study  shows  that  for  both  polymer  and  ceramic  matrix  com¬ 
posites,  bridging  is  usually  due  to  intact  fibers  left  behind  the  crack  front, 
while  the  crack  switches  from  one  fiber-matrix  interface  to  another  as  it 
propagates.  Additional  resistance  for  polymer  matrix  composites  comes 
from  damage  in  the  form  of  voids,  craze,  or  micro-cracks.  Three- 
dimensional  architecture  of  threading  fibers  may  also  give  rise  to  substantial 
fracture  resistance. 

As  the  prerequisite  for  these  bridging  mechanisms,  significant  damage 
must  accumulate  ahead  of  the  pre-cut  tip  as  an  additional  energy  dissipater. 
In  laminates,  for  example,  the  length  over  which  fibers  bridge  the  crack  is 
typically  several  times  lamina  thickness.  The  significance  of  an  R -curve  as 
a  material  property  becomes  ambiguous,  since  the  R- curve  now  depends  on 
specimen  size  and  geometry.  The  intent  of  this  section  is  to  describe  several 
generic  features  unique  to  delamination  /^-curves,  as  identified  in  Suo  et  al. 
(1990a);  references  on  the  subject  can  be  found  in  the  original  paper. 

2.  Essential  Features  of  Delamination  R-curves 

Consider  a  beam  with  a  pre-cut,  loaded  at  the  edges  by  moments  (Fig.  38). 
The  damage  zone  size  L  can  be  comparable  to  or  larger  than  beam  thickness 
h,  but  the  beam  and  pre-cut  are  much  longer,  so  that  the  geometry  is  fully 


M 


Fic.  38.  A  mode  I  delamination  beam,  with  a  damage  zone  as  an  additional  energy 
dissipater.  The  geometry  is  specified  by  L/h. 
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Fig.  39.  Two  generic  features  of  delamination  R -curves.  The  plateau  G „  is  independem  of 
the  beam  thickness  h.  The  steady-state  damage  zone  Z.1S  size  increases  with  h. 

characterized  by  the  ratio  L/h.  The  material  is  assumed  to  be  elastically 
isotropic  and  homogeneous,  and  plane  strain  conditions  prevail.  The 
nominal ,  or  global,  energy  release  rate  is  defined  as  the  ./-integral  over  the 
external  boundary  as  given  by  Rice  (1968): 

G  =  CM2,  C  =  12(1  -  v2)/Eh\  (4.15) 

Here,  M  is  the  applied  moment  per  unit  width,  C  the  beam  compliance,  2 h 
the  thickness,  E  the  Young’s  modulus,  and  v  the  Poisson’s  ratio.  The 
specimen  has  a  steady-state  calibration:  The  global  energy  release  rate  does 
not  depend  on  crack  size,  nor  does  it  depend  on  any  information  of  the 
damage  zone  (size,  constitutive  law,  etc.). 

Phenomenological  delamination  i?-curve  behaviors  are  shown  schemati¬ 
cally  in  Fig.  39.  First,  focus  on  a  /?-curve  measured  using  a  beam  of  a  given 
thickness,  say,  hx  in  the  Figure.  The  specimen  can  sustain  the  increasing 
moment,  without  appreciable  damage  at  the  pre-cut  front,  up  to  a  critical 
point  corresponding  to  G0 .  Subsequently,  the  damage  zone  size  L  increases 
with  the  applied  moment,  leading  to  an  increasing  curve  of  resistance  CR. 
The  damage  zone  may  attain  a  steady-state:  It  maintains  a  self-similar 
opening  profile  and  a  constant  length  LiS,  translating  in  the  beam,  leaving 
behind  the  crack  faces  free  of  traction.  Correspondingly,  a  plateau  Gss 
would  appear  on  the  R -curve. 

To  proceed  further,  the  Dugdale  (1960)  model  is  invoked,  which,  in  its 
generalized  form,  simulates  the  homogenized  damage  reponse  with  an  array 
of  continuously  distributed,  nonlinear  springs.  Specifically,  at  each  point  in 
the  damage  strip,  the  closure  traction  o  depends  locally  on  the  separation  6 
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according  to 

o  =  o(3).  (4.16) 

The  functional  form  is  related  to  the  nature  of  damage,  but  is  assumed  to 
be  identical  for  every  point  in  the  damage  strip,  and  independent  of  the 
specimen  geometry.  A  maximum  separation  30  is  specified,  beyond  which 
the  closure  traction  vanishes.  The  spring  laws  may  be  measured  or  modeled 
using  simplified  systems.  They  may  also  be  inferred  from  experimental 
R -curves,  as  will  be  discussed. 

For  an  arbitrary  spring  law,  the  following  energy  balance  is  due  to  the 
7-integral  conservation  (Rice,  1968): 

G  =  G0  +  1  o(3)  d3,  (4.17) 

Jo 

where  S,  referred  to  as  the  end-opening  of  the  damage  zone,  is  the  separa¬ 
tion  at  the  pre-cut  tip.  Here  and  later,  we  will  not  distinguish  the  driving 
force  G  and  the  resistance  GR ,  as  they  can  be  judged  from  the  context.  The 
two  energy  release  rates  G  and  G0  will  be  referred  to  as  global  and  local , 
respectively.  The  global  energy  release  rate  represents  the  supplied  energy, 
which  is  related  to  the  applied  moment  via  (4.15);  the  local  one  is  the  energy 
dissipated  at  the  damage  front.  The  difference  given  by  (4.17)  is  the  energy 
to  create  the  damage. 

The  steady-state  resistance  Gss  is  attained  when  the  end-opening  reaches 
the  critical  separation,  3  =  30.  Thus,  from  (4.17),  G„  equals  the  sum  of  G0 
and  the  area  under  the  spring  law.  The  physical  significance  is  that  the 
plateau  G„  does  not  depend  on  the  beam  thickness,  and  is  therefore  a 
property  for  a  given  composite  laminate.  However,  it  is  not  yet  clear  how 
long  the  damage  strip  will  be  before  the  steady  state  is  attained.  The  steady- 
state  damage-zone  size  LiS  indicates  the  “quality”  of  a  bridging  mechanism: 
Toughness  gained  from  too  long  a  damage  zone  may  not  be  useful  in 
practice.  Qualitatively,  a  thicker,  stiffer,  beam  is  more  constrained  for 
deflection,  and  thus  exhibits  larger  LSi.  These  essential  features  of  the 
delamination  R- curves  are  indicated  in  Fig.  39. 

Equation  (4.17)  suggests  a  way  to  determine  the  damage  response.  By 
continuously  measuring  the  end-opening  5,  and  by  using  the  experimentally 
determined  R -curve,  the  spring  law  can  be  inferred  by  differentiating  (4.17): 

o(3)  *  3Gr/9<J.  (4.18) 

The  intrinsic  resistance  G0  is  assumed  to  be  independent  of  the  damage 
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accumulation.  This  simple  method,  which  bypasses  the  complexities  of 
large-scale  bridging,  is  one  of  the  advantages  of  specimens  with  steady-state 
calibrations.  Large-scale  bridging  may  be  used  as  an  experimental  probe  to 
study  localized  (planar)  damage  response  such  as  polymer  craze  and  inter¬ 
face  separation,  as  uniform  separation  over  a  sample  may  be  difficult  to 
accomplish  in  reality  because  of  the  instabilities  triggered  by  inhomogeneities 
or  edge  effects. 


3.  Rigid  Plastic  Damage  Response 

To  gain  some  quantitative  feel,  consider  a  two-parameter  damage 
response:  The  closure  traction  is  a0  when  S  <  <50,  and  vanishes  when 
S  >  <50 .  The  steady-state  toughness  is 

Gss  =  G0  +  a0d0.  (4.19) 

The  end-opening  and  crack  tip  stress  intensity  factor  are  given  by 

5  =  al}  x/CG  -  L*Co0 ,  (4.20a) 

x/G  =  x/G^  +  sfCLzo0 ,  (4.20b) 

* 

where  the  dimensionless  number  a  depends  on  L/h  only,  and  the  finite 
element  results  are  listed  in  Table  2. 

The  R -curve  defined  by  Eq.  (4.20b)  is  plotted  on  Fig.  40  in  a  dimension¬ 
less  form.  The  plateau  Gss  in  (4.19)  should  be  a  horizontal  line  independent 
of  h  and  L  (not  shown  in  the  figure).  From  material  characterization  point 
of  view,  an  inverse  problem  is  of  much  more  interest:  how  to  infer  the 
model  parameters  from  a  given  experimental  R-c urve.  The  quantities  G0t 
Gss,  and  Lss  can  usually  be  read  off  from  the  R- curve.  Using  these,  the 
model  parameters  a0  and  <50  can  be  inferred  from  (4.20). 

A  family  of  damage  responses  including  softening  and  hardening  have 
been  analyzed  in  Suo  et  al.  (1990a).  The  effect  of  mode  mixity  has  also  been 
discussed.  A  parallel  experimental  investigation  has  been  carried  out  by 

TABLE  2 
a{L/h) 

L/h  0.S  1.0  1.5  2.0  3.0  3.5  4.0  10.0  « 

a  4.89  2.60  2.01  1.74  1.58  1.48  1.35  1.14  1.00 
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Fig.  40.  Dimensionless  ^-curves  predicted  using  the  rigid  plastic  damage  response 
(mode  I). 

Spearing  and  Evans  (1990)  with  a  unidirectional  ceramic  composite.  The 
experimental  data  and  the  model  show  very  similar  behavior,  suggesting  that 
the  model  incorporates  the  controlling  features  of  the  toughening  mechanism. 


V.  Cracking  of  Pre>tensioned  Films 

Thin  films  of  metals,  ceramics  and  polymers,  are  typically  subject  to 
appreciable  residual  stress,  which  for  ceramic  systems  can  be  on  the  order 
of  a  giga-pascal.  Such  stress  can  cause  cracking  of  the  films.  Films  under 
residual  tension  and  compression  will  be  considered  in  this  and  the  next 
sections,  respectively.  In  this  section,  commonly  observed  fracture  patterns 
in  pre-tensioned  films  are  first  reviewed,  together  with  a  discussion  of  the 
governing  parameters.  These  crack  patterns  are  then  analyzed  in  subsequent 
subsections,  with  cracking  in  films,  substrates,  and  along  interfaces  treated 
independently.  The  values  of  a  nondimensional  driving  force  Z  will  be 
documented  to  assist  the  practitioners  of  the  field.  The  last  subsection 
presents  a  speculative  analysis  of  thermal  shock  spalling. 
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Fig.  41.  A  pre-tensioned  film  is  deposited  on  a  substrate. 


A.  Controlling  Quantities  and  Failure  Modes 

Illustrated  in  Fig.  41  is  a  film  of  thickness  A  on  a  substrate.  Both  materials 
are  taken  to  be  isotropic  and  linearly  elastic,  with  elastic  moduli  and 
thermal  expansion  coefficients  (£f ,  v{,  a{)  and  (£s,  vs>  as),  respectively. 
Elasticity  mismatch  may  be  characterized  by  the  two  Dundurs  parameters  a 
and  0  defined  in  (2.21);  a  >  0  when  film  is  stiffer  than  substrate.  A  crack 
will  grow  as  the  driving  force  G  attains  the  fracture  resistances  Tf,  T,,  T;, 
depending  on  whether  the  crack  is  propagating  in  the  film,  substrate,  or 
along  the  interface.  The  mode  I  fracture  resistance  is  usually  appropriate 
for  films  and  substrates,  but  mixed  mode  resistance  must  be  used  for 
interfaces. 

1 .  Driving  Force  Number  and  Critical  Film  Thickness 

To  help  visualize  the  cracking  progression,  the  residual  stress  is  assumed 
to  be  due  entirely  to  thermal  mismatch.  However,  with  proper  interpreta¬ 
tion,  most  of  our  results  would  be  valid  for  stress  due  to  other  sources.  The 
film-substrate  is  stress-free  at  a  high  temperature  T0 .  Upon  cooling  to  the 
room  temperature  Tt ,  the  contraction  strains  in  the  film  and  substrate,  were 
they  unbonded,  would  differ  by  (af  -  as)(7J,  -  Tr).  A  biaxial  misfit  stress  is 
defined  accordingly: 

o  —  (off  —  as)(7-0  -  Tt)Ef/(l  -  vf).  (5.1) 


Notice  a  >  0  when  af  >  a$.  This  stress  is  large:  Typically,  Ea  s  1  MPa/K 
for  most  materials.  For  example,  the  stress  would  be  of  order  1  GPa  if  the 
temperature  drops  1000  K  (this  is  common  in  processing  ceramic  systems). 
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a  substrate. 

The  thermal  stress  field  can  be  evaluated  by  an  Eshelby-type  superposition. 
As  an  example,  consider  a  thin  film  decohering  from  ?.  substrate,  driven  by 
a  biaxial  misfit  strain  (Fig.  42).  Problem  (a)  is  trivial:  the  misfit  strain  is 
negated  by  a  mechanical  strain  corresponding  to  the  tensile  stress  a;  the  film 
is  under  a  uniform  biaxial  stress,  and  the  substrate  is  stress-free.  In  problem 
(b),  a  pressure  of  magnitude  a  is  applied  on  the  edge  of  the  film,  but  no 
misfit  strain  is  present.  The  superposition  recovers  the  original  problem, 
with  misfit  strain  but  without  edge  load.  Since  no  stress  singularity  is 
present  in  (a),  the  crack  driving  force  is  entirely  due  to  (b).  The  latter  is  a 
standard  elasticity  problem,  which  requires  numerical  analysis. 

A  unifying  dimensionless  number  Z  is  defined  such  that  the  energy  release 
rate  for  a  crack  is 

G  =  Za2h/£{ .  (5.2) 

Note  that  the  elastic  strain  energy  stored  in  a  unit  area  of  the  film  is 
(1  -  Vf)o2h/Ef.  The  number  Z  is  a  dimensionless  driving  force,  or  order 
unity,  depending  on  the  cracking  pattern  and  elastic  mismatch.  The  prac¬ 
tical  significance  of  this  dimensionless  number  was  first  documented  by 
Evans  et  a!.  (1988).  Common  cracking  patterns  are  sketched  in  Fig.  43, 
together  with  their  Z- values,  where  the  film-substrate  system  is  taken  to  be 
elastically  homogeneous,  and  the  substrate  semi-infinite. 

Equation  (5.2)  provides  a  design  limit.  Given  the  mechanical  properties 
and  misfit  stress,  a  specific  cracking  pattern  is  inhibited  if  the  film  is  thinner 
than  a  critical  thickness ,  given  by 

hc  =  TEf/Za2,  (5.3) 

where  T  is  the  relevant  fracture  resistance.  The  following  example  illustrates 
a  routine  application  using  the  information  gathered  in  this  section. 
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Cracking  Patterns  Q  =  z a2h/Ef 


Surface  Crack 
Z  =  3.951 


Channeling 
Z-  1.976 


Substrate  Damage 
Z  =  3.951 


Spalling 
Z  =  0.343 


Debond 


1 .028  (initiation) 
0.5  (steady  -  state) 


Fic.  43.  Commonly  observed  cracking  patterns.  The  dimensionless  driving  force  for  each 
pattern  is  listed,  assuming  that  the  film-substrate  is  elastically  homogeneous,  and  the  substrate 
is  infinitely  thick. 
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Consider  channeling  cracks  in  a  glass  film  coated  on  a  thick  Si02  substrate. 
Suppose  rf  =  7  J/m2,  £f  =  70GPa,  o  =  50  MPa.  One  reads  from  Fig.  43 
that  Z  =  1 .976,  which  is  appropriate  since  glass  and  Si02  have  similar  elastic 
moduli.  The  critical  film  thickness  computed  from  (5.3)  is  hc  =  100 /urn. 
The  channel  network  is  not  anticipated  if  the  film  is  thinner  than  lOO/mn. 

2.  Cracking  Patterns 

Let  us  go  through  Fig.  43  to  define  the  various  cracking  modes.  A  surface 
crack  is  nucleated  from  a  flaw,  and  arrested  by  the  interface.  Yet  the  stress 
is  not  high  enough  for  the  crack  to  channel  through  the  film.  Since  flaws  are 
necessarily  isolated,  one  would  see  stabilized,  unconnected  slits.  The  driving 
force  available  for  surface  cracks  is  high,  as  indicated  by  the  large  value  of 
Z.  Isolated  cracks  are  detrimental  for  some  applications,  such  as  corrosion 
protection  coatings,  but  tolerable  for  others. 

The  channeling  process  is  unstable:  Once  activated,  it  would  never  arrest 
until  it  encounters  another  channel  or  an  edge.  Consequently,  a  connected 
channel  network  would  emerge,  surrounding  islands  of  the  intact  film.  Such 
cracking  may  not  be  acceptable  for  most  applications,  but,  for  example,  is 
common  in  glaze  on  fine  pottery,  and  in  pavement  of  roads. 

Cracks  in  a  film  can  propagate  further  to  cause  substrate  damage.  This 
Z-value  is  the  largest  on  the  list.  Such  a  crack  may  be  stabilized  at  a  certain 
depth,  since  the  misfit  stress  is  localized  in  the  film.  However,  the  crack  may 
divert  to  run  parallel  to  the  interface,  leading  to  the  next  cracking  pattern. 

Substrate  spalling  is  an  intriguing  phenomenon:  The  crack  selects  a  path 
at  a  certain  depth  parallel  to  the  interface,  governed  by  Kn  =  0.  This  is  not 
a  localized  failure  pattern  in  that  extensive  flakes  can  be  spalled  off. 
Fortunately,  the  Z-value  for  spalling  is  quite  low.  If  a  small  amount  of 
substrate  damage  is  acceptable,  one  gains  substantial  flexibility  in  design. 

Debonding  may  initiate  from  edge  defects  or  channel  bottoms.  The  latter 
can  be  stable:  The  driving  force  for  initiation  is  higher  than  that  for  the  long 
debond.  This  fact  is  exploded  to  introduce  pre-cracks  for  certain  types  of 
fracture  specimens,  such  as  the  UCSB  four-point  flexure  specimen. 

In  the  following  sections,  these  failure  modes  will  be  examined  in  some 
detail.  Emphasis  is  placed  on  the  relevant  elasticity  problems  that  lead  to 
estimates  of  the  driving  force  number  Z.  Experimental  efforts  will  be  cited 
in  passing.  The  writers  hope  this  catalog  will  be  used  critically  by  experi¬ 
mentalists  in  various  disciplines,  thereby  allowing  the  catalog  to  be 
validated  or  modified. 
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B.  Cracking  in  Films 

Imagine  a  process  with  increasing  tensile  stress  in  the  film,  for  example, 
the  cooling  process.  As  illustrated  in  Fig.  43,  a  surface  flaw  is  activated  by 
the  tensile  stress,  grows  towards  the  interface,  and  then  arrests  if  the 
substrate  and  interface  are  tough.  With  further  stress  increase,  the  crack 
may  channel  through  the  film.  The  two  stages  will  be  treated  separately  in 
the  following. 


1.  Surface  Cracks 

We  model  the  situation  by  a  plane  strain  crack;  see  the  insert  in  Fig.  45. 
This  is  appropriate  for  an  initial  surface  flaw  of  length  several  times  h,  but 
may  not  be  valid  for  an  equiaxial  flaw.  The  latter  is  studied  by  He  and 
Evans  (1990a)  but  is  omitted  here.  The  plane  strain  problem  has  been  solved 
by  Gecit  (1979)  and  Beuth  (1990).  The  following  paragraph  is  a  digression 
to  a  few  mathematical  considerations  that  capture  the  main  features  of  the 
solution,  and  which  may  be  skipped  without  discontinuity  in  the  content. 

The  dimensionless  stress  intensity  factor  K/afh  depends  only  on  the 
relative  crack  depth  a/h  and  Dundurs’  parameters  a  and  /?.  For  small  a/h, 
regardless  of  the  elastic  mismatch,  the  stress  intensity  factor  merges  to  that 
of  an  edge  crack  in  a  semi-infinite  space,  i.e.,  K  -*  1  A2\5\fnao  as  a/h  -*  0. 
Asymptotic  behavior  for  another  limiting  case,  a/h  - *  1 ,  can  be  obtained  by 
invoking  the  Zak-Williams  singularity:  the  stress  singularity  for  a  crack  per¬ 
pendicular  to,  and  with  the  tip  on,  the  interface.  Instead  of  the  square  root 
singularity,  the  stresses  near  such  a  crack  tip  behave  like  a y  -  /?r"*/y(0), 
where  (r,  6)  is  the  polar  coordinate  centered  at  the  tip,  and  th  tfu  are  dimen¬ 
sionless  angular  distributions.  The  scaling  factor  K  plays  a  part  analogous 
to  the  regular  stress  intensity  factor,  but  having  different  dimensions: 
(stress]  [length]*.  The  singularity  exponent  s  (0  <  5  <  1)  depends  on  elastic 
mismatch,  and  is  the  root  to 

COS(S7T)  -  2-j— j  (1  -  s)2  +  y— ^ j  =  0-  (5.4) 

The  numerical  solution  of  s  is  plotted  in  Fig.  44.  For  a  crack  that  penetrates 
the  film,  R  —  oh\  with  the  pre-factor  dependent  on  a  and  B  only.  As 
a/h  -*  1  but  with  the  crack  tip  still  within  the  film,  the  stress  field  away 
from  the  small  ligament  (h  -  a)  would  not  feel  such  a  detail,  and  behaves 
as  if  the  crack  tip  were  just  on  the  interface,  governed  by  K.  Dimensional 
considerations  require  the  stress  intensity  factor  K  to  be  related  to  the  far 
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a/h 

Fig.  45.  Driving  force  available  for  an  edge  crack  at  various  depths  a/h. 


field  K  according  to  K  ~  K(h  -  a)l/2~s.  Combination  of  the  preceding 
gives  K/o'lh  ~  (1  -  a/h)in~*  as  a  h. 

Motivated  by  these  considerations,  Beuth  fitted  his  numerical  solution 
with 

K/a<h  =  1.1215 (iar/ /i) 1  /2(  1  -  a/h)x/2~\  1  +  Xa/h),  (5.5) 

where  A  is  taken  to  be  independent  of  a/h,  and  is  chosen  such  that  the 
formula  agrees  with  the  full  numerical  solution  at  a/h  =  0.°8;  the  results 
are  plotted  in  Fig.  44b.  The  error  of  (5.5)  is  within  a  few  percent  for 
intermediate  a/h.  Equation  (5.5)  is  plotted  in  Fig.  45  in  terms  of  the  dimen¬ 
sionless  energy  release  rate.  The  energy  release  rate  starts  from  zero  for 
shallow  flaws.  As  the  crack  approaches  the  interface,  it  drops  to  zero  for 
relatively  compliant  films  (a  <  0),  but  diverges  to  infinity  for  stiffer  films 
(or  >  0). 

One  needs  a  priori  knowledge  of  flaw  size  to  predict  a  failure  stress  or  the 
maximum  tolerable  film  thickness.  In  practice,  a  plausible  flaw  depth  may 
be  assumed  according  to  the  “quality”  of  the  film.  Taking,  say,  a/h  -  0.8, 
one  can  obtain  the  nondimensional  driving  force  Z  from  Fig.  45  for  a 
known  elastic  mismatch.  The  flaws  will  not  be  activated  if  the  dimensionless 
fracture  resistance  satisfies  TfE{/o2h  >  Z. 
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Observe  that  for  relatively  compliant  films,  the  driving  force  attains  a 
maximum  at  an  intermediate  depth.  The  practical  significance  is  that  no 
flaws,  regardless  of  initial  depth,  can  be  activated,  provided  the  dimen¬ 
sionless  resistance  T (Ef/a2h  is  greater  than  the  maximum.  Such  a 
maximum,  depending  on  the  elastic  mismatch  a  and  /?,  provides  a  fail-safe 
bound  for  relatively  compliant  films. 

2.  Cracks  Channeling  through  a  Film 

Figure  46  shows  a  crack  channeling  through  the  film.  Complications  such 
as  substrate  penetration,  interface  debond,  and  channel  interaction  are 
assumed  not  to  occur  for  the  time  being.  At  each  instant  of  the  growth,  the 
channel  front  self-adjusts  to  a  curved  shape,  such  that  energy  release  rate  at 
every  point  on  the  front  is  the  same.  The  elasticity  problem  is  three- 
dimensional  in  nature,  and  an  accurate  solution  would  require  iteration  of 
the  front  shape.  After  the  length  exceeds  a  few  times  the  film  thickness,  the 
channel  asymptotically  approaches  a  steady-state:  the  entire  front  maintains 
its  shape  as  it  advances;  so  does  <5(z),  the  cross-section  profile  in  the  wake, 
which  attains  the  shape  of  a  plane  strain  through-crack.  The  steady-state 
cracking  is  analogous  to  that  discussed  in  Section  II1.A.1. 


Fig.  46.  The  insert  shows  a  crack  channeling  across  the  film,  driven  by  the  tensile  stress  in 
the  film.  The  available  energy  at  the  channel  front  is  plotted  for  various  elastic  mismatch. 


Mixed  Mode  Cracking  in  Layered  Materials 


135 


In  the  steady  state,  the  energy  release  rate  at  the  channel  front  can  be 
evaluated  using  two  plane  problems— that  is,  by  subtracting  the  strain 
energy  stored  in  a  unit  slice  far  behind  of  the  front,  from  that  far  ahead. 
The  calculation  does  not  require  the  knowledge  of  the  front  shape. 
Alternative  formulae  have  been  developed  with  this  idea.  One  is 

1  f* 

Css  =  2 h  \QSiz)o{z)dz-  (5.6) 

Two  plane  problems  are  involved:  the  stress  distribution  on  the  prospective 
cra^k  plane  before  cracking,  6{z),  which,  for  the  present  situation,  equals 
uniform  misfit  stress  o,  and  the  displacement  profile  for  a  plane  strain 
crack,  S(z).  This  is  particularly  convenient  for  numerical  computation. 

A  second  formula  is 

G$s  =  ±f  G(a)<to,  (5.7) 

where  G(a)  is  the  energy  release  rate  of  a  plane  strain  crack  of  depth  a  in 
Fig.  45.  A  mathematical  interpretation  is  that  G„  is  the  average  of  energy 
release  rates  for  through-cracks  at  various  depths.  Both  formulae  are  valid 
for  films  and  substrates  with  dissimilar  elastic  moduli. 

As  an  example,  suppose  the  film-substrate  is  elastically  homogeneous, 
and  the  substrate  occupies  a  semi-infinite  space.  The  corresponding  plane 
strain  problem  is  an  edge  crack  in  a  half  plane,  with  energy  release  rate 
G(a )  =  3.952<t 2a/£  (Tada  et  aL,  1985).  The  integral  (5.7)  gives  G„  = 
\.916o2h/E.  This  pre-factor  is  listed  in  Fig.  43. 

Beuth  (1990)  carried  out  an  analysis  of  a  thin  film  on  a  semi-infinite 
substrate  with  dissimilar  elastic  moduli.  The  result  is  reproduced  in  Fig.  46. 
If  the  dimensionless  toughness  rfE{/o2h  is  below  the  curve,  a  channel 
network  is  expected.  Observe  that  a  compliant  substrate  (a  >  0)  provides 
less  constraint,  inducing  higher  driving  force  for  channeling. 

The  channeling  cracks  were  studied  analytically  by  Gille  (1985)  using  the 
numerical  solutions  available  at  that  time,  and  subsequently  by  Hu  and  Evans 
(1988)  with  a  combination  of  calculations  and  experiments.  The  concept  has 
been  extended  as  a  fail-safe  bound  for  cracking  in  multilayers  (Suo,  1990b;  Ho 
and  Suo,  1990;  Ye  and  Suo,  1990;  Beuth,  1990).  Applications  include  thin 
films,  reaction  product  layers,  adhesive  joints,  and  hybrid  laminates. 

3.  Multiple  Channeling 

The  preceding  technique  can  be  extended  to  study  interaction  among 
channels.  Suppose  the  biaxial  stress  is  biased  so  that  parallel  channels 


136 


J.  W.  Hutchinson  and  Z.  Suo 


i 


JL 

h 

T 


i 


Fig.  47.  Interaction  of  multiple  channels. 


develop  in  one  direction;  see  the  inserts  in  Fig.  47.  For  simplicity,  attention 
is  restricted  to  an  elastically  homogeneous  system  with  a  semi-infinite 
substrate. 

Consider  a  periodic  set  of  edge  cracks  of  depth  a ,  spacing  L ,  and  subject 
to  an  opening  stress  o.  The  energy  release  rate  at  each  crack  tip,  G(a),  is 
found  in  Tada  et  al.  (1985)  in  a  graphic  form,  which  is  then  Fitted  by  a 
polynomial.  Based  on  this  information,  energetic  accounting  gives  the 
driving  force  for  cracks  channeling  in  the  film. 

The  strain  energy,  per  crack,  gained  in  creating  a  set  of  cracks  of  depth  h  is 

U  *  f  G(a)  da  -  fo2h2/E,  (5.8) 

where  the  dimensionless  factor  /  depends  on  the  crack  density  h/L.  The 
results  obtained  by  a  numerical  integration  are  plotted  in  Fig.  47.  If  these 
cracks  are  equally  extended  in  the  channeling  direction,  the  energy  release 
rate  at  each  front  is  Gts  -  U/h  -  fa2h/E.  Thus,  /  is  the  dimensionless 
driving  force  for  this  situation.  Thouless  (1990a)  has  employed  this  solution 
in  his  discussion  of  crack  spacing  in  thin  films. 

Next,  consider  the  situation  in  Fig.  47  where,  at  a  certain  stage  of  loading, 
the  cracks  of  spacing  2 L  have  already  channeled  across  the  film,  and  the 
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tensile  stress  in  the  film  has  therefore  been  partially  relieved.  With  further 
increase  of  the  loading,  a  new  set  of  cracks  are  nucleated  and  grow  half-way 
between  the  existing  channels.  The  energy  release  rate  at  the  front  of  the 
growing  cracks  should  be  computed  from 

Gss  =  (2Ul  -  U2L)/h  =  [2 f(h/L)  -f(h/2L)]clh/£.  (5.9) 

This  is  derived  from  the  strain  energy  difference  far  behind  and  far  ahead 
of  the  channeling  fronts. 

The  result  is  also  plotted  in  Fig.  47.  Given  the  mechanical  properties  and 
with  the  identification  Gss  =  Tf,  the  plot  may  be  viewed  as  a  relation 
between  the  stress  level  and  the  channel  density.  Notice  we  have  assumed 
that  new  cracks  can  always  be  readily  nucleated  half-way  between  existing 
channels.  This  might  overestimate  the  crack  density  for  a  given  stress  level. 
An  analysis  with  aspects  similar  to  the  preceding  has  also  been  carried  out 
independently  by  Delannay  and  Warren  (1991). 


C.  Substrate  Cracking 

Substrate  damage  may  originate  from  edges  or  existing  channel  cracks  in 
the  Film.  The  two  substrate  cracking  patterns  in  Fig.  43  are  studied  in  this 
section.  Observe  that  the  Z-vaiues  for  the  two  patterns  differ  by  an  order  of 
magnitude. 


1 .  Substrate  Damage  Caused  by  Cracks  in  Films 

Suppose  the  channel  cracks  in  the  film  have  developed  at  some  stage 
during  the  cooling  but  have  not  yet  grown  into  the  substrate,  either  because 
the  substrate  is  much  tougher  or  because  sufficiently  large  substrate  surface 
defects  are  not  readily  available.  The  issue  is  whether  these  cracks  would 
propagate  into  the  substrate  upon  further  cooling.  The  problem  has  been 
studied  by  Ye  and  Suo  (1990),  and  the  main  results  are  summarized  here. 

The  driving  force  for  a  plane  strain  crack  into  a  substrate  was  analyzed 
using  finite  elements,  and  the  results  are  plotted  in  Fig.  48.  Observe  that  the 
driving  force  decays  for  deep  cracks,  implying  stable  propagation.  For 
relative  compliant  films  (a  <  0),  the  driving  force  starts  from  zero  at  the 
interface,  and  attains  a  maximum  at  very  small  depths.  It  is  difficult  for 
finite  elements  to  resolve  these  details,  so  the  trend  is  sketched  by  dashed 
lines. 
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Fig.  48.  Energy  release  rate  for  a  plane  strain  crack  with  the  tip  in  the  substrate. 

The  plane  strain  model  is  not  quite  correct,  since  cracks  must  be  re- 
nucleated,  in  a  three-dimensional  fashion,  from  a  surface  flaw  on  substrate. 
The  insert  of  Fig.  49  shows  a  crack  growing  laterally  under  an  existing 
channel  in  the  film.  The  crack  arrests  at  a  certain  depth  because  of  the  decay 
of  the  available  driving  force.  The  energy  release  rate  at  the  growing  front 


Fig.  49.  Energy  release  rate  for  a  crack  propagating  under  a  channel  in  the  film. 
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may  be  computed  from 

1  [* 

Gss  = - -  G(a')da'.  (5.10) 

a  -  h  )H 

Again,  this  is  derived  from  energy  accounting.  The  integral  is  evaluated 
using  the  preceding  plane  strain  results,  and  the  results  are  summarized  in 
Fig.  49.  The  plot  may  be  used  as  a  damage  tolerance  map:  Given  a  damage 
tolerance  a/h,  one  can  read  the  design  number  Z.  Take  the  curve  for 
a/h  =  1 .2  as  an  example.  Provided  the  dimensionless  substrate  toughness 
T^Ef/ho1  is  above  the  curve,  no  channel  with  depth  a/h  >  1.2  is  antici¬ 
pated.  This  holds  true  even  if  the  initial  flaws  are  deeper  than  1.2,  as  long 
as  they  are  not  channels  themselves.  Observe  that  the  elastic  mismatch  plays 
a  significant  role.  A  relatively  compliant  substrate  would  provide  less 
constraint,  leading  to  larger  driving  force. 

The  so-called  T-stress  in  (2.1)  has  also  been  computed  by  Ye  and  Suo  and 
is  found  to  be  positive,  unless  the  film  is  much  stiffer  than  the  substrate  and 
the  crack  depth  is  small.  As  shown  by  Cotterell  and  Rice  (1980),  a  positive 
T-stress  results  in  a  tendency  for  a  straight  mode  I  crack  to  veer  off  to  one 
side  or  the  other.  Further  discussion  of  crack  path  stability  in  a  related 
context  is  given  in  Section  VIII. C.  Here,  we  simply  note  that  the  substrate 
crack  will  have  a  strong  tendency  to  branch  into  a  path  parallel  to  the 
interface,  a  cracking  pattern  to  be  discussed  next. 

2.  Spalling  of  Substrates 

Cracks,  originating  from  either  defects  in  the  film  or  at  the  edge,  have  a 
strong  tendency  to  divert  into  the  substrate,  should  the  latter  be  brittle,  and 
follow  a  trajectory  parallel  to  the  interface;  see  Fig.  43.  The  key  insight  was 
provided  by  Thouless  et  al.  (1987)  in  a  coordinated  experimental  and 
theoretical  investigation.  Their  initial  intent  was  to  model  the  impact  of  ice 
sheets  on  offshore  structures.  The  experiments  were  conducted  with  PMMA 
and  glass  plates,  loaded  on  the  edges.  Spalling  cracks  were  found  to  follow 
a  trajectory  parallel  to  the  surface,  with  depth  governed  by  the  criterion 
Ku  =  0.  (See  also  Thouless  and  Evans,  1990.) 

These  authors  remarked  to  the  effect  that  this  mechanism  would  operate 
in  the  edge  spalling  of  pre-tensioned  films,  previously  observed  by  Cannon 
et  al.  (1986).  As  schematically  shown  in  Fig.  43,  the  crack  initiates  at  the 
edge,  extends  along  the  interface  for  typically  about  two  times  film 
thickness,  then  kinks  into  the  substrate,  and  finally  runs  parallel  to  the 
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interface  at  a  depth  of  a  few  times  the  film  thickness.  In  this  case,  the  under¬ 
lying  mechanics  is  the  same  for  giant  ice  sheets  as  for  micro-electronic  films. 

Thorough  investigations  on  pre-tensioned  films  have  been  conducted, 
experimentally  and  analytically,  by  Hu  et  al.  (1988),  Hu  and  Evans  (1988), 
Drorv  et  al.  (1989),  Suo  and  Hutchinson  (1989b),  and  Chiao  and  Clarke 
(1990).  Focus  here  is  on  the  steady-state  spalling,  with  the  transient  stage 
ignored,  since  the  former  provides  a  well-defined  design  limit.  In  the  follow¬ 
ing,  the  essential  mechanics  will  be  elucidated  using  a  simple  system,  and 
results  will  be  cited  for  more  general  cases.  The  analysis  is  arranged 
separately  for  spalling  originating  from  edges  or  channel  cracks  (planar 
geometry),  and  from  holes. 

a.  Planar  Geometry 

Inserted  in  Fig.  50  is  a  long  crack  at  a  depth  d  in  the  substrate,  driven  by 
the  residual  tension  in  the  film.  Plane  strain  conditions  are  assumed.  The 
film  is  attached  to  a  semi-infinite  substrate  with  the  same  elastic  moduli. 
Results  without  these  restrictions  will  be  cited  later.  The  equivalent  edge 
force  and  moment  due  to  a  are 

P  —  oh,  M  -  oh(d  -  h)/2.  (5.11) 


Fig.  50.  The  insert  shows  a  spalling  crack.  The  plo  ts  the  mode  mixity  for  crack  at  various 
depths. 
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Specialized  from  (3.12),  the  stress  intensity  factors  are 

Kfafh  =  (h/2d)V2[cosco  +  \  3(1  -  h/d)  sin  co],  (5.12) 

Kn/a\h  =  (h/2dy 2[sin  co  -  V3(l  -  h/d)  cos  co}.  (5.13) 

where  co  =  52.07°.  The  mode  mixity  <//  =  tan'^Ay/Aj)  is  plotted  as  a 

function  of  crack  depth  in  Fig.  50.  Notice  A„  >  0  for  small  depth,  but 

Aj,  <  0  for  large  depth  and,  consequently,  a  pure  mode  I  trajectory  exists 
at  an  intermediate  depth. 

This  steady-state  spalling  depth  diS  is  determined  from  (5.13)  with 
K„  =  0.  Thus, 

dss  =  3.86  h.  (5.14) 

The  steady-state,  mode  I  energy  release  rate  can  now  be  readily  evaluated 
from  (5.12),  which  gives 

Gss  =  0.343o2/j/£.  (5.15) 

This  pre-factor  was  cited  in  Fig.  43. 

Suo  and  Hutchinson  (1989b)  carried  out  an  extensive  analysis  to  include 
elastic  mismatch  and  finite  thickness  of  the  substrate.  The  general  solution 
for  arbitrary  edge  loads  is  summarized  in  Section  III.B.5.  The  results  for 
spalling  cracks  caused  by  the  residual  stress  in  the  film  are  reproduced  in 
Fig.  51.  Observe  that  the  spalling  depth  depends  strongly  on  both  elastic 
mismatch  and  substrate  thickness.  However,  the  dimensionless  stress 
intensity  factor  is  insensitive  to  the  substrate  thickness  as  long  as  H/h  >  10. 

There  has  been  no  formal  proof  that  the  spalling  trajectory  is  configura¬ 
tionally  stable.  One  heuristic  explanation,  as  shown  in  Fig.  51,  is  that 
Kn  >  0  when  d  <  dss,  implying  that  a  crack  above  diS  would  be  driven 
down.  Analogously,  a  crack  below  dK  would  be  driven  up. 

b.  Spalling  from  Circular-Cut 

Figure  52  shows  an  axial-section  of  a  spalling  crack  emanating  from  the 
edge  of  a  circular-cut  in  the  film,  driven  by  residual  tensile  stress  in  the  film. 
In  general,  a  hole  in  a  pre-tensioned  film  acts  like  a  stress  raiser.  However, 
it  differs  from  an  open  hole  in  a  plate  in  that,  for  the  former,  cracking  is 
usually  confined  within  a  few  times  hole  radius.  Other  cracking  modes 
around  holes  include  channel  cracks  in  films  and  decohesion  of  interfaces. 
The  latter  will  be  treated  in  the  next  section. 

As  indicated  in  Fig.  52,  the  hole  radius  is  b0,  and  the  crack  extends  to  a 
radius  b.  For  simplicity,  the  elastic  moduli  for  the  film  and  substrate  are 
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Fig.  51.  Spalling  results  for  film-substrate  of  dissimilar  elastic  constants  and  finite 
substrate.  Both  mode  I  stress  intensity  factor  for  the  steady-state  propagation  and  the  depth  of 
the  crack  path  are  given. 


Fig.  52.  An  axial-section  of  spalling  from  the  edge  of  a  circular-cut. 
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taken  to  be  the  same,  and  the  substrate  semi-infinite.  The  equivalent  edge 
force  P  and  moment  M,  per  unit  length,  are  still  given  by  (5.11).  The  stress 
state  in  the  annulus  between  b0  and  b  can  be  determined  by  the  classical 
plate  theory,  with  the  outer  boundary  clamped.  The  analysis  shows  that  tne 
moment  and  force  at  the  crack  front  are  modified  by  a  factor: 


M(b)  =  M/k,  P(b)  =  P/k,  (5.16) 

where 

k  =  i[(l  +  v)  +  (1  -  v)(b/b0)2].  (5.17) 


These  loads  are  indicated  in  Fig.  52. 

The  results  of  Section  III.B.l.d  are  applicable  with  moment  and  force 
M(b)  and  P(b)  used.  In  particular,  the  energy  release  rate  is  modified  by 
factor  k2,  i.e.. 


A  =  Ed. 


(5.18) 


This  result  can  also  be  derived  by  an  energetic  accounting,  i.e., 

G  =  (2 nb)~l  dU/db, 


where  U  is  the  strain  energy  stored  in  the  clamped  circular  plate.  From  this 
latter  approach,  it  would  be  clear  that  the  solution  is  the  exact  asymptote  as 
( b  -  b0)/h  oo. 

The  stress  intensity  factors  (5.12)  and  (5.13)  are  modified  accordingly  by 
a  factor  of  k.  Thus,  the  steady-state  depth  dss  is  independent  of  b/b0 ,  and 
is  identical  to  the  plane  strain  result  (5.14).  The  mode  I  driving  force  for 
spalling  now  becomes 


G  = 


0.343<72/j 

k2E 


(5.19) 


Since  k  increases  with  b/b0 ,  the  spalling  crack  from  a  circular-cut  would 
usually  arrest. 


D.  Interface  Debond 

Pre-tensioned  films  are  susceptible  to  decohesion  or,  more  precisely, 
de-adhesion,  from  substrates.  Flaw  geometry  plays  an  important  role: 
Debonding  emanating  from  an  edge  defect,  a  hole,  or  a  through-cut  would 
behave  differently.  Analytical  results  for  the  first  two  geometries  will  be 
summarized,  and  the  third  can  be  found  in  Jensen  et  al.  (1990). 
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1 .  Decohesion  from  Edges  or  Channels 


Figure  53  illustrates  a  pre-tensioned  film  debonding  from  a  substrate.  The 
edge  load  is  a  special  combination  of  that  studied  in  Section  III.B.4,  and  the 
notation  there  is  followed.  The  misfit  stress  is  equivalent  to  the  mechanical 
loads  (see  Fig.  26): 

P,  -  P3  *  oh,  M3  =  (1/2  +  \/rj  -  &)oh2,  Mx  =  0.  (5.20) 
Specialized  from  Eq.  (3.22),  the  energy  release  rate  is 


1(1/2  +  l/rj  -  A)2 
1 


(5.21) 


The  loading  phase  y  is  defined  by  K  -  \K\h~ic  exp(iy),  as  is  consistent 
with  the  convention  in  (2.45)  with  /  =  h.  Both  the  driving  force  and  mode 
mixity  are  plotted  in  Fig.  53.  Observe  that  the  decohesion  process  is 
inherently  mixed  mode,  consisting  of  somewhat  more  sliding  than  opening. 
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The  effect  of  the  substrate  thickness  on  the  driving  force  is  significant  when 
the  film  is  stiff. 

Argon  et  al.  (1989)  have  used  the  residual  stress  as  a  driving  force  to 
measure  interface  toughness.  The  result  in  this  section  can  also  be  used  to 
calibrate  the  residual  stress  effect  on  some  interface  fracture  specimens, 
e.g.,  the  UCSB  four-point  flexure  specimen.  The  complex  interfacial  stress 
intensity  factor  is  a  superposition  of  the  contribution  from  residual  stress 
and  that  from  mechanical  load. 


2.  Decohesion  from  a  Hole 


Figure  54  illustrates  a  decohesion  crack  emanating  from  the  edge  of  a 
hole  in  a  pre-tensioned  film.  Results  developed  in  Section  C.2.b  for 
substrate  spalling  are  still  valid  here.  In  particular,  the  energy  release  rate  is 
given  by 


G  = 


ho2 
2 £{k2  ’ 


(5.22) 


where  k  is  given  by  Eq.  (5.17).  The  result  is  now  valid  for  films  and 
substrates  with  dissimilar  elastic  constants,  but  the  substrate  is  still  assumed 
to  be  much  thicker  than  the  film.  The  mode  mixity  is  independent  of  b/b0 
when  ( b  -  b0)/h  is  sufficiently  large,  and  is  identical  to  the  plane  strain 
results  (Fig.  53,  h/H  =  0). 

Decohesion  from  a  circular-cut  is  stable  and  has  been  used  to  determine 
interface  toughness  by  Farris  and  Bauer  (1988)  and  Jensen  et  al.  (1990). 
This  is  particularly  feasible  when  the  film  is  transparent,  so  that  the 
decohesion  radius  b  can  be  readily  measured. 


Fig.  S4.  An  axial-section  of  a  decohesion  annulus  originated  from  an  edge  of  a  circular-cut. 
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Fig.  55.  A  model  for  thermal  shock  spalling. 


E.  Thermal  Shock  Spalling 
1.  An  Idealized  Model 

Consider  a  block  of  brittle  material  with  a  thin,  pre-tensioned,  surface 
layer.  Spalling  is  possible  if  the  residual  stress  has  a  negative  gradient  with 
depth.  An  example  is  depicted  in  Fig.  55.  A  semi-infinite  body  is  initially 
immersed  in  a  heat  bath  of  temperature  T0,  so  that  a  uniform  temperature 
is  established  in  the  body.  Upon  the  removal  of  the  block  from  the  bath,  the 
surface  temperature  is  assumed  to  drop  instantaneously  to  the  room 
temperature  Tr.  A  biaxial  tensile  residual  stress  thus  develops  in  a  surface 
layer,  as  shown  schematically  in  Fig.  55.  The  equivalent  edge  force  and 
moment  are  also  indicated.  The  stress  profile  changes  with  the  time,  and  so 
does  the  ratio  M/P. 

The  problem  features  a  dimensionless  number 

{  =  h/yfta^,  (5.23) 

where  h  is  the  depth  of  the  crack  parallel  to  the  surface,  aD  the  thermal 
diffusivity,  and  t  the  time  elapsed  after  the  removal  of  the  heat  source.  At 
any  given  time,  a  mode  I  crack  path  parallel  to  the  surface  is  available — that 
is,  a  number  £ss  exists  where  Kn  =  0.  However,  for  small  /,  the  depth  h  is 
correspondingly  small,  and  therefore  the  strain  energy  stored  in  such  a  thin 
layer  is  insufficient  to  drive  the  spalling.  Consequently,  a  certain  time  elapse 
is  needed  before  spalling.  The  following  is  an  attempt  to  quantify  these 
considerations. 


2.  Spalling  Depth  and  Time  Elapse 

Consider  first  the  temperature  and  stress  field  prior  to  cracking.  At  a 
given  time  t  after  the  removal  from  the  heat  bath,  the  temperature  at  a 
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depth  z  is 

T(z,t)  =  T0  +  ( Tt  -  T0)  erfc (z/2xiaD).  (5.24) 

The  biaxial,  tensile,  thermal  stress  field  varies  with  the  depth  and  time,  in 
accordance  with 

ax  =  oy  =  a(z,t)  =  o0  erfc(z/2v/o:D),  (5.25) 

where 

a0  =  aE(T0  -  T,)E/(  1  -  v),  (5.26) 

and  aE  is  the  thermal  expansion  coefficient.  These  are  classical  solutions, 
which  may  be  extracted  from  standard  textbooks. 

Next  consider  the  half  space  with  a  spalling  crack  (Fig.  55).  The  resultant 
force  and  moment  can  be  expressed  as 

P  =  Io0h ,  M  =  (\I  -  J)o0h2,  (5.27) 

where 

1  1  ff 

1(0  =  -  I  erfc(u/2)d«,  J(0  =  -j  w  erfc(w/2)  du.  (5.28) 
s  Jo  s  Jo 

The  stress  intensity  factors  can  be  calculated  from  Section  III.B.l.d. 

The  number  £  corresponding  to  a  mode  I  trajectory  is  determined  by 
enforcing  Ku  =  0.  The  problem  involves  a  nonlinear  algebraic  equation, 
and  the  numerical  solution  gives 

hss  —  6.82  V/aj).  (5.29) 

The  corresponding  mode  I  stress  intensity  factor  is 

=  0.190c70V^.  (5.30) 

Given  the  toughness  and  stress  level,  the  depth  his  may  be  predicted  from 
(5.30),  and  the  time  elapse  for  spalling  can  then  be  estimated  from  (5.29). 
Observe  that  the  spalling  depth  is  independent  of  the  thermal  diffusivity,  as 
a  feature  of  this  idealized  model.  As  an  example,  consider  a  glass  with 
A\c  =  0.7MPam1/2,  o0  =  100  MPa,  aD  =  0.7  x  10_6m2/s.  The  predicted 
crack  dtpth  is  hs%  =  1.4  mm,  and  the  time  to  spalling  is  (  =  6  x  10~2s. 
This  tiny  time  elapse  is  possibly  an  outcome  of  the  idealized  temperature 
boundary  condition  that  has  been  adopted. 


VI.  Buckle-Driven  Delamination  of  Thin  Films 

In  many  film/substrate  systems,  the  film  is  in  a  state  of  biaxial  compres¬ 
sion.  Residual  compression  has  been  observed  in  thin  films  that  have  been 
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Fig.  56.  The  photograph  on  the  left  from  Argon  ei  at.  (1989)  shows  a  SiC  film  on  a  Si 
substrate  delaminating  as  a  wavy  circular  blister.  On  the  right  is  a  photograph  supplied  by 
M.  D.  Thouless,  which  shows  examples  of  the  straight-sided  blister  and  t.te  telephone  cord 
blister  occurring  in  a  multilayered  film  delaminating  from  a  glass  substrate. 


sputtered  or  vapor  deposited  and  it  can  arise  from  thermal  expansion  mis¬ 
match.  Some  remarkable  failure  modes  of  such  systems  have  been  observed, 
examples  of  which  are  shown  in  Fig.  56.  These  pictures  reveal  regions  where 
the  film  has  been  buckled  away  from  the  substrate.  Various  shapes  of  the 
buckled  regions  evolve,  including  long  straight-sided  blisters,  circular  blisters 
with  and  without  wavy  edges,  and  the  so-called  telephone  cord  blister,  which 
is  perhaps  the  most  common  morphology.  The  failure  entails  the  film  first 
buckling  away  from  the  substrate  in  some  small  region  where  adhesion  was 
poor  or  nonexistent.  Buckling  then  loads  the  edge  of  the  interface  crack 
between  the  film  and  the  substrate,  causing  it  to  spread.  The  failure 
phenomenon  couples  buckling  and  interfacial  crack  propagation.  The 
straight-sided  blister  grows  at  one  of  its  ends.  The  telephone  cord  blister 
grows  at  its  end  as  if  a  worm  were  tunneling  beneath  the  film. 

This  sec'ion  presents  an  analysis  of  the  straight-sided  and  circular  blisters 
and  concludes  with  some  speculation  about  the  origin  of  the  telephone  cord 
morphology.  It  will  be  seen  that  a  key  aspect  of  the  phenomena  is  the  mixed 
mode  fracture  behavior  of  the  interface,  wherein  T(y/)  increases  sharply 
with  increasing  mode  2. 

Formulas  relating  the  energy  release  rate  of  the  interface  crack  to  the 
buckling  parameters  were  derived  for  one-dimensional  ply  buckles  on  the 
surface  of  laminated  composites  by  Chai  et  al.  (1981).  Essentially  identical 
results  were  obtained  by  Evans  and  Hutchinson  (1984)  and  Gille  (1985)  for 
the  thin-film  problem.  The  energy  release  rate  for  the  circular  blister  in 
biaxially  compressed  films  was  given  by  Evans  and  Hutchinson  (1984)  and 
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Yin  (1985).  The  significance  of  the  mixed  mode  character  of  the  interface 
crack  tip  was  apparently  first  appreciated  by  Whitcomb  (1986),  who  showed 
that  the  crack  tip  becomes  predominately  mode  2  as  a  one-dimensional  ply 
buckle  spreads.  His  observation  was  essential  to  explain  why  the  buckles  do 
not  keep  spreading  along  their  edges  under  constant  overall  load— that  is, 
why  the  buckles  have  a  characteristic  width.  Whitcomb  was  concerned  with 
compressive  failure  modes  in  layered  composites.  Here,  the  concern  will  be 
with  thin  films  under  equi-biaxial  compression,  but  a  number  of  the  results 
and  conclusions  carry  over  directly  to  ply  delamination.  Storakers  (1988) 
and  Rothschilds  et  al.  (1988)  deal  with  various  aspects  of  buckling  and 
delamination  in  composites,  and  these  authors  cite  relevant  literature  in  the 
composites  arena. 

This  section  starts  with  a  one-dimensional  analysis  of  the  infir.telv  long 
straight -sided  blister,  closely  paralleling  the  analysis  of  Whitcomb  (1986). 
Given  the  availability  in  Section  III.B.4  of  the  relationships  between  the 
interface  stress  intensity  factors  and  the  moment  and  resultant  force  change 
at  the  edge  of  the  buckle,  the  one-dimensional  analysis  can  be  carried  out  in 
closed  form.  The  analysis  of  the  circular  blister,  which  requires  some 
numerical  work,  is  presented  next.  The  two  sets  of  results  are  then  com¬ 
bined  in  an  analysis  of  steady-state  propagation  of  a  straight-sided  blister. 
The  steady-state  problem  gives  perhaps  the  sharpest  insights  into  design 
constraints  on  compressed  films. 


A.  The  One-Dimensional  Blister 

Consider  an  x-independent  segment  of  the  straight-sided  blister  shown  in 
Fig.  57.  The  film  is  taken  to  be  elastic  and  isotropic  with  Young’s  modulus 
£, ,  Poisson’s  ratio  v, ,  and  thickness  h.  The  substrate  is  also  assumed  to  be 
isotropic  but  with  modulus  E2  and  Poisson’s  ratio  v2.  The  substrate  is 
modeled  as  being  infinitely  deep.  The  film  is  assumed  to  be  unattached  to 
the  substrate  in  the  strip  region  -b  ■<  y  <  b.  A  plane  strain  interface  crack 
of  width  2b  exists  between  the  film  and  the  substrate. 

The  unbuckled  film  is  assumed  to  be  subject  to  a  uniform,  equi-biaxial 
compressive  in-piane  stress,  oxx  =  oyv  =  -a.  In  the  unbuckled  state,  the 
stress  intensity  factors  at  the  crack  tips  vanish.  Only  when  the  film  buckles 
away  from  the  substrate  are  nonzero  stress  intensity  factors  induced.  Under 
the  assumption  that  h  <  b,  the  film  is  represented  by  a  wide,  clamped  Euler 
column  of  width  2b.  The  complex  stress  intensity  factor  K  at  the  right-hand 
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tip  is  related  to  the  moment  M  and  to  the  change  in  resultant  stress  AN  at 
the  right-hand  end  of  the  column  by  the  relationships  given  for  the  2-laver 
problem  in  Section  III.B.4.  Use  of  the  2-layer  solution  to  characterize  the 
crack  tip  field  is  justified  if  h/b  <  1 ,  which  is,  in  any  case,  the  condition  for 
the  validity  of  the  Euler  theory.  In  what  follows,  the  2-layer  solution  is  first 
specialized  for  the  present  applications.  This  solution  is  also  used  in  the 
analysis  of  the  blister  test  discussed  in  Section  VII,  and  should  have  fairly 
wide  applicability.  Then,  the  Euler  solution  is  presented  and  is  coupled  to 
the  2-layer  solution. 


1.  General  Loading  of  an  Edge  Crack  on  the  Interface 
between  a  Thin  Film  and  Substrate 


Let  M  and  AN  be  defined  with  the  sign  convention  in  Fig.  57.  These 
quantities  will  be  identified  with  the  moment/unit  length  and  the  change  in 
resultant  stress  at  the  right  end  of  the  wide  Euler  column.  Specializing  the 
solution  of  Section  III.B.4  to  the  limit  of  the  infinitely  deep  substrate,  one 
finds  for  the  interface  crack: 

G  =  6(1  -  vf)£',_1/j_3(A/2  +  h2  AN2/12),  (6.1) 


**  =  JSjL: 


+  iM 


lm(Kh,e)  _  y/\2M  cos  to  +  h  AN  sin  to 
R e(Kh‘c)  —yf\2M  sin  to  +  h  AN  cos  to 


(6.2) 

(6.3) 


BUCKLED 


LOCAL  LOADING  OF 
INTERFACE  CRACK 


Fig.  57.  Geometry  of  the  one-dimensional  blister,  and  conventions  for  the  elasticity 
solution  characterizing  conditions  near  the  tip  of  an  interface  crack  between  a  thin  film  and  an 
infinitely  thick  substrate.  Top  left:  unbuckled;  bottom  left:  buckled;  right:  local  loading  of 
interface  crack. 
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Here,  co  =  (o(a,J3,  h/H  =  0),  which  is  plotted  in  Fig.  58  for  p  =  0  and 
p  =  a/4.  The  mode  mixity  parameter  y/  is  defined  using  the  film  thickness 
h  as  the  reference  length  /. 

2.  Euler  Column  Solution  and  Coupling 
to  Interface  Edge  Crack  Solution 

The  one-dimensional  deformation  of  the  wide  column  in  Fig.  57  is 
characterized  by  the  y-  and  z-displacements,  V(y)  and  W(y).  These  are 
defined  to  be  zero  in  the  unbuckled  state  with  pre-stress  oxx  =  Oyy  =  -a. 
The  wide  column  is  taken  to  be  characterized  by  von  Karman  nonlinear 
plate  theory  with  fully  clamped  conditions  at  its  edges,  i.e., 

W=  tV,y  =  0  at  y  =  ±b.  (6.4) 

The  change  in  the  y-component  of  the  stretching  strain  measured  from  the 
unbuckled  state  is 

ey  =  V,y  +  $W,y\  (6.5) 

while  the  bending  strain  is  fV,  yy.  With  N,  and  Ny  as  the  resultant  stresses 
and  with  AN,  =  Nx  +  oh  and  A Ny  ~  Ny  +  oh  as  the  changes  in  the 
resultant  stresses  from  the  unbuckled  state,  the  strain  component  ey  is 
related  to  ANy  by 

£>.  =  (!-  v?)  &Ny/{Exh).  (6.6) 

Since  ex  -  0,  AN,  =  v,  ANy .  The  bending  moment  is  related  to  the  bending 
strain  by  My  -  DWtyy,  where  D  -  £]A3/[  12(1  -  vf)]  is  the  bending  stiff¬ 
ness.  In-plane  equilibrium  requires  AN^,  y  =  0.  Therefore,  A Ny  can  be 
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taken  to  be  the  value  at  the  end  of  the  beam,  AA’.  Moment  equilibrium 
requires 

D W, yyyy  -  (AA'  -  oh)Ur,yy  =  0.  (6.7) 


The  solution  to  the  preceding  system  of  equations  is  given  in  (6.8W6.12): 


W  =  +£/?[!  +  cos(7rv/b)], 


(6.8) 

(6.9) 

(6.10) 


The  amplitude  of  the  buckling  deflection,  £,  has  been  defined  such  that 
IV(0)  =  ^h.  It  is  related  to  the  residual  stress  by 


where 

_  77  7T2  El  ( h\2 

°c  b2h  12  (1  -  Vj)  ' 

Here,  ac  is  the  classical  buckling  stress  of  a  clamped-clamped  wide  plate. 
The  residual  compression  in  the  film,  a,  must  exceed  oc  if  the  film  is  to 
buckle  away  from  the  substrate  for  a  given  interface  crack  length  2b.  The 
nondimensional  “loading  parameter”  is  a/oc.  Since  crc  decreases  as  b 
increases,  a/oc  increases  as  b  increases. 

The  energy  release  rate  is  determined  by  substituting  the  expressions  for 
M  and  A N  in  (6.9)  and  (6.10)  into  (6.1),  with  the  result 

G  =  [(1  -  vf)/t/(2£])](<7  -  oc){o  +  3ac).  (6.13) 


(6.11) 

(6.12) 


This  result  is  in  agreement  with  Chai  et  al.  (1981),  Evans  and  Hutchinson 
(1984),  and  Gille  (1985).  Substitution  of  the  same  expressions  into  (6.3) 
gives 


4  cos  to  +  V3£  sin  a> 

tan  if/  - - ~ - . 

-4  sin  u)  +  v3<;  cos  to 


(6.14) 


Recall  that  if/  is  defined  relative  to  the  reference  length  l  =  h,  and  is  given 
here  for  the  crack  tip  at  y  -  +b. 

For  large  c/<7c ,  G  asymptotically  approaches 

G0  =  [(1  -  vf)A/(2£,)]a2. 


(6.15) 
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Fig.  59.  Energy  release  rate  and  buckling  deflection  for  one-dimensional  blister. 


This  is  just  the  strain  energy  per  unit  area  in  the  film,  which  is  available 
when  released  subject  to  the  plane  strain  constraint  ex  =  O.1  The  normalized 
energy  release  rate  is 


(6.16) 


which  is  plotted  in  Fig.  59  together  with  the  buckling  deflection  amplitude 
from  (6.11).  The  interface  crack  length  2b  enters  the  expression  for  G 
through  oc  in  (6.12).  For  a  given  pre-stress  a,  G  approaches  G0  as  b  -*  «; 
it  vanishes  when  <rc  =  cr;  and  it  attains  its  peak  value  4G0/3  at  o/oc  -  3. 
The  fact  that  G  exceeds  G0  is  not  a  violation  of  energy  conservation.  The 
total  energy  released  per  unit  length  of  buckle  (i.e.,  the  integral  of  2 G  with 
respect  to  b)  is  always  less  than  2 G0b,  and  only  approaches  2 G0b  as  b  ». 
The  explicit  expression  is  given  later  in  (6.35). 


’The  strain  energy  per  unit  area  stored  in  the  film  is  [(1  -  v,)/i/£,]cr2.  Reducing  Nv  to  zero 
subject  to  c,  =  0  releases  (6.15)  when  negligible  bending  energy  remains  in  the  film.  The  results 
in  (6.8)-(6. 16)  are  valid  for  residual  stresses  for  any  ax  as  long  as  av  =  -a.  They  apply  not  only 
to  the  thin  film  problem  but  also  to  the  Jt-independent  mode  of  delamination  for  a  surface  ply 
on  a  thick  composite  plate. 
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o3 


V|/  -30° 

-60° 


•90° 

Fig.  60.  Phase  of  loading  «/  at  the  right-hand  crack  tip  for  the  one-dimensional  blister. 

Curves  of  the  mode  mixity  measure  if/  at  the  right-hand  crack  tip  are 
shown  as  a  function  of  <r/crc  in  Fig.  60  for  several  values  of  a,  all  with 
/?  =  0.  Elastic  mismatch  affects  if/  only  through  a>  in  (6.14).  Since  w  is 
relatively  insensitive  to  mismatch  when  =  a/4  (see  Fig.  58),  plots  of  if/ 
versus  o/oc  have  not  been  displayed  for  this  case.  For  o/oc  slightly  above 
unity,  and  thus  small  4,  (6.14)  gives 

tan  if/  =  — cot  cu,  or  if/  =  -((n/2)  -  a>).  (6.17) 

In  the  absence  of  elastic  mismatch,  ca  =  52.1°  and  if/  starts  at  -37.9°.  As 
a/ac  increases  and  as  4  increases,  the  relative  proportion  of  mode  2  to 
mode  1  increases.  The  value  of  <s/aQ  at  which  the  crack  tip  loading  becomes 
pure  mode  2  (i.e.,  if/  =  -90°)  can  be  obtained  from  (6.11)  and  (6.14). 

o/oc  =  1  +  4tan2cu,  (6.18) 

which  is  attained  when  4  -  (4/V3)  tan  co.  Note  that  this  point  where  all 
mode  1  is  lost  is  a  fairly  strong  function  of  elastic  mismatch.  For  no 
mismatch,  cr/oc  =  7.55.  The  strong  increase  in  mode  mixity  as  the  buckle 
spreads  has  important  implications  for  buckle-driven  decohesion,  as  will  be 
discussed  with  the  aid  of  several  interface  toughness  functions  in  the  next 
subsection. 

Before  applying  the  results  of  this  section,  we  note  in  passing  that  the  von 
Karman  nonlinear  plate  equations  accurately  represent  the  buckling  behavior 
as  long  as  h/b  <  1  and  rotations  satisfy  (Wty)2  <  1.  Comparison  of  the 
predictions  from  von  Karman  theory  with  the  more  accurate  elastica,  for 
example,  reveals  that  the  present  predictions  retain  reasonable  accuracy  for 
buckling  deflections  B^(0)  that  do  not  exceed  b/ 3.  Note  from  Fig.  59  or  (6.11) 
that  W(0)  -  3.46 h  when  o/oc  =  10.  Thus,  for  example,  if  h/b  is  less  than 
about  1/H  ,  the  above  predictions  retain  accuracy  for  a/crc  as  large  as  10. 
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3.  Extent  of  Interface  Decohesion : 

The  One-dimensional  Blister  as  a  Model 

There  is  often  some  rate  dependence  associated  with  buckling-driven 
decohesion,  due  most  likely  to  species  in  the  air  gaining  access  to  the  inter¬ 
face  crack  tip,  a  process  akin  to  corrosion  assisted  crack  growth.  The 
discussion  that  follows  will  neglect  any  rate  dependence.  It  will  be  assumed 
that  interface  crack  advance  occurs  when  the  condition  G  =  T(^)  is  reached. 

Consider  first  the  consequences  of  assuming  an  ideally  brittle  interface 
where  the  critical  energy  release  rate  is  mode-independent,  i.e.,  G  =  G,c.  To 
facilitate  the  discussion,  assume  an  initial  decohered  region  of  width  2b, 
exists  on  the  interface,  and  imagine  a  scenario  in  which  biaxial  compressive 
stress  in  the  film  a  is  increased,  due,  for  instance,  to  temperature  change 
when  there  exists  a  thermal  expansion  mismatch  between  the  film  and 
substrate.  For  a  given  set  of  parameters  of  the  system,  plot  curves  of  G/G,c 
versus  b  at  various  levels  of  a  using  the  normalized  curve  in  Fig.  59.  Such 
curves  are  sketched  in  Fig.  61a,  where  the  lowest  curve  corresponds  to  the 
value  of  a  at  which  the  buckling  starts  with  b  =  b,.  Denote  by  o*  the  value 
of  a  associated  with  the  curve  that  intersects  the  fracture  criterion, 
G/Gi  =  1,  at  b  =  bj.  In  the  scenario  in  which  cr  is  increased,  one  would 
observe  buckling  without  decohesion  for  a  between  (crc),  and  cr*.  At  a*, 
crack  advance  would  be  initiated  and  would  necessarily  be  unstable  since 
G/Gi  exceeds  1  as  b  increases.  The  blister  would  spread  dynamically 
without  arrest. 

Alternatively,  suppose  a  level  of  a  exists  below  a*,  say  cr  =  a,  in  Fig.  61a, 
and  suppose  an  external  agent  forces  the  decohered  region  to  expand  until 
b  reaches  the  point  where  G/G\  =  1 .  As  in  the  previous  scenario,  the  crack 
would  expand  unstably  from  that  point  onward.  In  some  previous  work 
(e.g.,  Gille,  1985),  it  has  been  argued  that  the  combination  of  Gf,  b ,  and  a 
lies  on  the  decreasing  portion  of  the  G  versus  b  curve,  thereby  allowing 
stable  crack  growth.  Although  this  is  a  possibility,  this  argument  seems 
implausible  as  a  general  explanation  because  the  drop  from  the  peak  to  the 
asymptote  for  b  <x>  is  small.  In  fact,  G  increases  monotonically  with 
increasing  blister  radius  in  the  case  of  the  circular  blister  discussed  in  the 
next  subsection;  thus,  there  is  no  drop  and  there  would  be  no  arrest  for  that 
geometry. 

The  qualitative  influence  of  the  mode  dependence  of  interface  toughness 
on  the  arrest  of  blister  spreading  can  be  anticipated  from  the  relation 
between  y  and  a/ac  in  Fig.  60.  Neglect  for  the  moment  any  consideration 
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Fig.  61 .  Schematic  of  instability  analysis  of  one-dimensional  blister,  a)  based  on  an  ideally 
brittle  interface  with  propagation  condition  G  =  G,c.  b)  Based  on  G  =  F(v/),  where  T  increases 
with  increasing  \y/\. 

of  /^-effects  in  the  elastic  mismatch,  and  suppose  that  the  toughness  function 
r(y/)  increases  with  increasing  \v\  as  discussed  in  Section  II.  Then,  curves  of 
G/T{y/)  versus  b  at  various  levels  of  o  would  display  the  trends  shown  in 
Fig.  61b.  Given  an  initially  decohered  region  of  width  2 bit  the  blister  would 
spread  dynamically  when  o  attains  <7*,  and  would  arrest  at  b  =  bm.  With 
further  increase  of  <7,  the  blister  would  spread  stably  with  the  condition 
G  =  r(w)  maintained.  Whether  it  would  spread  beyond  the  point  where  (6.18) 
is  attained  depends  on  the  condition  governing  pure  mode  2  crack  growth. 

A  quantitative  prediction  requires  the  specification  of  a  specific  functional 
form  for  T(^).  The  discussion  that  follows  will  use  the  forms  (2.40)  and 
(2.44).  which  are  plotted  in  Figs.  10  and  11,  for  the  purpose  of  illustration. 
They  will  be  used  again  in  the  analyses  of  the  circular  blister  and  the  steady- 
state  growth  of  the  straight-sided  blister.  For  either  form,  let 


T(^)  =  G,C/(V/). 


(6.19) 
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Fig.  62.  Mode-adjusted  crack  driving  force  for  the  one-dimensional  blister  for  two  families 
of  interface  toughness  functions.  No  elastic  mismatch. 

where 

/(^)  =  [1  +  (A  -  l)sin2y/]-1  for  (2.40),  (6.20) 

f(y/)  =  [1  +  (1  -  A)  tan2  y]  for  (2.44).  (6.21) 

Then,  G/f(y/)  can  be  regarded  as  a  mode-adjusted  crack  driving  force  in  the 
sense  that  the  criterion  for  crack  advance  is  G/f(y/)  =  G\.  Curves  of 
normalized  crack  driving  force  are  plotted  in  Fig.  62  for  various  choices  of 
A  for  each  of  the  two  families  of  toughness  functions.  The  curves  are 
obtained  directly  using  (6.16)  and  (6.14),  and  are  shown  for  the  case  of  no 
elastic  mismatch  (a  =  /8  =  0).  Recall  that  in  each  case  the  choice  A  =  1 
reduces  to  the  ideally  brittle  criterion  G  =  Gf,  while  A  =  0  coincides  with 
the  criterion  K}  =  K{  =  {EifG[)wl. 

The  two  families  of  interface  toughness  functions  (6.20)  and  (6.21)  prob¬ 
ably  bracket  toughness  trends  for  a  class  of  material  combinations,  such  as 
those  discussed  in  Section  II,  in  the  sense  that  (6.20)  most  likely 
underestimates  the  rate  of  increase  of  r(^)  with  respect  to  y  near  mode  2 
while  (6.21)  probably  overestimates  that  rate  of  increase.  Depending  on  A 
and  the  other  parameters  of  the  system,  either  arrest  or  unarrested 
spreading  of  the  blister  can  occur  according  to  (6.20).  Arrest  will  always 
occur  according  to  (6.21),  assuming  A  <  1. 

The  effect  of  elastic  mismatch  on  the  normalized  driving  force  is  shown 
in  Fig.  63  for  one  choice  of  A  for  each  of  the  two  toughness  functions,  in 
each  case  for  various  a  with  /?  =  0.  A  stiff  film  on  a  compliant  substrate 
(a  >  0)  enhances  the  peak  crack  driving  force  and  accentuates  its  fall-off 
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Fig.  63.  Effect  of  elastic  mismatch  on  the  mode-adjusted  crack  driving  force  for  the 
one-dimensional  blister:  (a)  based  on  (6.20);  and  (b)  based  on  (6.21). 


with  increasing  b.  When  ^  0,  the  approach  is  similar  to  that  just 
described  except  that  now  the  criterion  for  advance  is  G/f(v)  =  G jc,  where 
if/  is  associated  with  some  material-based  length  /  through  (2.45).  Since  if/  in 
(6.14)  is  defined  for  the  choice  /  =  h,  one  must  take  into  account  the 
relation  (2.49)  between  y/  and  if/  in  determining  the  crack  driving  force. 

B.  The  Circular  Blister 

In  this  section,  the  axisymmetric  counterpart  to  the  one-dimensional 
blister  is  considered.  An  analysis  along  similar  lines  to  that  presented  here 
was  given  by  Chai  (1990)  for  the  special  case  where  no  elastic  mismatch 
exists  between  the  film  and  the  substrate.  The  geometry  for  the  circular 
blister  is  similar  to  that  in  Fig.  57  except  that  the  radius  of  the  buckled 
region  is  taken  to  be  R.  The  analysis  again  couples  a  buckled  plate  repre¬ 
senting  the  circular  decohered  region  of  the  film  with  the  elastic  solution  for 
a  semi-infinite  edge  crack  on  an  interface,  as  depicted  in  Fig.  57  and  as 
presented  in  Section  VI.A.l.  For  the  axisymmetric  geometry,  the  nonlinear 
von  Karman  plate  equations  cannot  be  solved  in  closed  form,  except  asymp¬ 
totically  for  sufficiently  small  buckling  amplitudes.  Numerical  methods 
must  be  used  to  solve  the  equations  for  the  buckled  plate. 

1 .  Governing  Equations 

The  von  Karman  nonlinear  plate  equations  for  axisymmetric  deforma¬ 
tions  of  a  completely  damped  circular  plate  of  radius  R,  thickness  h ,  and 
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subject  to  an  equi-biaxial  compressive  stress  o  in  the  unbuckled  state  are  as 
follows.  Let  r  be  the  distance  from  the  center  of  the  plate  normalized  by  R, 
Nr(r )  the  resultant  radial  in-plane  stress,  AN,(r)  =  Nr{r)  +  oh  the  change  in 
this  component  from  its  value  in  the  unbuckled  state,  and  let  H'(r)  be  the 
vertical  displacement  component.  With 

4>(r)  =  [6(1  -  v]))u2h-'—  (6.22) 


as  a  measure  of  the  rotation,  the  two  equations  of  equilibrium  can  be 
written  in  nondimensional  form  as 


d_ 

dr 


r  '<£>  +  r<j>(d  -  A Nr)  -  0, 


d_  /  3  dAftA 

dr  \  dr  ) 


+  rtf  =  0, 


(6.23) 

(6.24) 


where  S  =  ohR2/D  and  A Nr  -  ANrR2/D.  As  before,  D  =  Ex  /?3/[12(l  -  vf)] 
is  the  bending  stiffness.  The  conditions  at  r  -  0  are  0  =  0  and  d  AN/ dr  =  0. 
The  fully  clamped  conditions  at  r  =  1  require 


<t>  =  0, 


-(r  AN,)- v,  ANr  =  0. 

dr 


(6.25) 


The  energy  release  rate,  interface  stress  intensity  factors,  and  mode  mixity 
parameter  in  (6. 1)— (6.3)  are  evaluated  using  the  bending  moment  and  the 
change  in  resultant  stress  at  the  edge  of  the  plate,  which  are  given  by 


M  =  DhR~z[ 6(1  -  vf)n,/2(rf<*>/dr)r=1, 
AN  =  DR~2(ANr)r=l . 


(6.26) 


2.  Asymptotic  Solution  for  Small  Buckling  Deflections 


Evans  and  Hutchinson  (1984)  derived  a  formula  for  the  energy  release 
rate  using  an  asymptotically  valid  solution  to  the  preceding  system  of 
equations  for  small  buckling  deflections.  That  result  will  be  reproduced 
here  without  derivation  along  with  a  new  companion  result  for  the  mode 
mixity  parameter  y. 

The  classical  buckling  stress  of  a  clamped  circular  plate  is 


1.2235 


2 


(6.27) 
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Where  /u  =  3.8317  is  the  first  nontrivial  zero  of  Jx(.x),  the  Bessel  function  of 
the  first  kind  of  order  one.  The  associated  axisymmetric  mode  is 

W\{r)  =  [0.2871  +  0.7 12970( /rr)]/i,  (6.28) 

where  J0(x)  is  the  Bessel  function  of  the  first  kind  of  order  zero.  The  mode 
is  normalized  such  that  H^fO)  =  h. 

The  asymptotic  solution  is  obtained  by  developing  an  expansion  of  the 
buckling  flection  (and  other  quantities)  in  the  form 

W(r)  =  £WX  +  i  +  -*,  (6.29) 


where  £  is  the  buckling  amplitude.  To  lowest  order,  £  =  S/h,  where  S  is  the 
deflection  at  the  center  of  the  plate.  The  asymptotic  relation  between  £  and 
a /a*  is 


where  c,  =  0.2473(1  +  v,)  +  0.2231(1  -  v?).  The  asymptotic  result  for  the 
energy  release  rate  is 


where  c2  -  [1  +  0.9021(1  -  v,)]"5  and 

Go  =  (1  -  vl)ha2/El 


(6.31) 

(6.32) 


is  the  strain  energy  per  unit  area  stored  in  the  unbuckled  film.*  The  asymp¬ 
totic  relation  between  the  mode  mixity  parameter  for  the  interface  crack 
and  the  buckling  deflection  is 


coscu  +  0.2486(1  +  v,)£sina> 
-sincu  +  0.2486(1  +  Vj)£cosa>’ 


(6.33) 


For  sufficiently  small  f,  y  approaches  (6.17),  just  as  in  the  case  of  the  one¬ 
dimensional  blister.  The  asymptotic  results  are  shown  in  Figs.  64  and  65, 
where  they  are  compared  with  the  results  of  an  accurate  numerical  analysis 
described  next. 


’  The  expression  for  c,  given  here  corrects  the  coefficient  given  by  Evans  and  Hutchinson 
(1984).  Their  derivation  made  use  of  a  result  for  the  initial  post-buckling  behavior  of  a  clamped 
circular  plate  given  in  the  text  by  Thompson  and  Hunt  (1973),  which  does  not  correctly  account 
for  the  Poisson’s  ratio  dependence.  The  present  result  incorporates  the  corrected  solution.  The 
difference  between  c2  and  the  earlier  result  of  Evans  and  Hutchinson  is  less  than  1%  for 
v,  =  0.3. 
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Fig.  65.  Phase  of  loading  y  at  interface  crack  tip  for  the  circular  blister  for  three  levels  of 
elastic  mismatch. 
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Fig.  66.  Mode-adjusted  crack  driving  force  for  the  circular  blister:  a)  based  on  (6.20);  and 
b)  based  on  (6.21). 

3.  Numerical  Solution  for  Arbitrarily  Large  Buckling  Deflections 

An  accurate  finite  difference  method  was  used  to  solve  the  coupled 
ordinary  differential  equations  (6.23)  and  (6.24),  subject  to  the  stated 
boundary  conditions.  Newton  iteration  was  used  to  obtain  a  converged 
solution  for  each  specified  value  of  o/o*.  All  calculations  were  carried  out 
with  vt  =  1/3.  The  results  for  the  quantities  of  interest  are  shown  in  Figs. 
64-66.  The  results  for  G  are  in  agreement  with  calculated  results  of  Yin 
(1985)  and  Chai  (1990),  while  the  present  results  for  ^  for  the  case  of  no 
elastic  mismatch  are  in  accord  with  the  trends  of  G,  and  G2  presented  by 
Chai.  Note  that  the  curve  for  h  AiV/(Vl2A/)  in  Fig.  64  permits  y  to  be 
computed  using  (6.3)  for  any  elastic  mismatch. 

The  energy  release  rate  of  the  interface  crack  increases  monotonically 
with  increasing  R  (decreasing  a*)  for  the  circular  blister,  as  can  be  seen  in 
Fig.  64.  Its  approach  to  G0*  is  very  slow.  At  o/o*  =  50,  G/Gq  s  0.85  (not 
shown  in  plot).  The  asymptotic  formula  (6.31)  is  reasonably  accurate  for 
o/o*  up  to  about  3.  The  asymptotic  formula  (6.30)  for  3/h  retains  its 
accuracy  to  surprisingly  large  values  of  o/o*.  A  plot  of  3/h  is  not  shown, 
but,  with  £  s  3/h ,  (6.30)  overestimates  the  accurate  numerical  result  at 
o/o*  =  10  by  only  1%.  As  in  the  case  of  the  one-dimensional  blister, 
buckling  deflections  that  are  large  compared  to  the  film  thickness  imply 
residual  stresses  that  are  many  times  the  classical  buckling  stress  o*  of  the 
corresponding  plate  of  film.  The  asymptotic  formula  (6.33)  for  v  is  also 
valid  for  values  of  o/o *  up  to  about  2  or  3,  as  can  be  seen  in  Fig.  65. 
However,  if/  does  not  vary  as  strongly  with  o/o*  for  the  circular  blister  as 
for  the  one-dimensional  blister  (c/.  Fig.  60),  a  feature  also  emphasized  by 
Chai  (1990).  In  particular,  the  interface  crack  of  the  circular  blister  does  not 
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attain  pure  mode  2  in  the  ranee  of  a /a*  shown,  as  its  one-dimensional 
counterpart  does.  Even  for  a/a *  as  large  as  50.  some  mode  1  persists  with 
V  =  -84°  for  a  =  P  =  0.  This  feature  may  be  at  the  heart  of  why  growth 
of  the  blisters  is  favored  along  a  curved  front  rather  than  a  straight  one. 

Plots  of  the  normalized  crack  driving  force  G/[Gq/(^)]  are  shown  in 
Fig.  66  for  the  same  two  interface  toughness  functions,  (6.20)  and  (6.21), 
used  to  construct  the  plots  for  the  one-dimensional  blister  in  Fig.  62.  For 
reasons  noted  previously,  the  crack  driving  force  does  not  fall  off  nearly  as 
rapidly  as  the  blister  spreads  as  for  the  one-dimensional  blister.  The  fact 
that  circular  blisters  have  been  observed  for  some  systems  is  indirect 
evidence  for  an  interface  toughness  function  that  increases  sharply  with 
increasing  mode  2,  such  as  that  used  in  constructing  the  curves  in  Fig.  66b. 

4.  Tendency  toward  Spalling  as  the  Blister  Spreads 

Circular  spalls  are  observed  in  some  systems  where  the  film  is  brittle. 
Evidently,  the  radius  of  the  blister  increases  until  it  reaches  a  point  where 
the  crack  kinks  out  of  the  interface  into  the  film,  spalling  out  a  circular 
patch  of  Film.  The  mixed  mode  conditions  at  the  tip  of  the  interface  crack 
derived  in  the  previous  sections  contribute  to  the  likelihood  of  this  type  of 
spalling  in  two  ways.  First,  with  reference  to  the  kinking  solution  in  Section 
II. C. 5,  one  notes  that  kinking  upward  into  the  film  is  favored  energetically 
as  y  becomes  more  negative,  with  the  largest  value  of  G'mix/G  attained  at 
ip  —  -60°.  Secondly,  as  the  blister  spreads  and  as  \y/\  increases,  the  G 
needed  to  advance  the  interface  crack  increases,  assuming  T(y/)  increases 
with  increasing  j^/j.  Thus,  as  the  blister  spreads,  the  maximum  energy 
release  rate  available  for  a  crack  kinking  into  the  film,  G^ax ,  increases, 
Kinking,  and  spalling,  is  to  be  expected  if  G'm ax  attains  the  fracture 
toughness  of  the  film. 


C.  Conditions  for  Steady-State  Propagation 
of  a  Straight-Sided  Blister 

An  example  of  the  straight-sided  blister  is  shown  in  Fig.  56  and  is 
sketched  in  Fig.  67b.  Under  steady-state  conditions,  the  width  of  the  blister 
remains  fixed  and  the  growth  occurs  by  interface  crack  advance  along  the 
more-or-less  circular  end  of  the  blister.  An  approximate  analysis  of  the 
conditions  for  steady-state  blister  propagation  is  given. 
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Fig.  67.  a)  Condition  for  steady-state  propagation  of  straight-sided  blister  for  the  interface 
toughness  function  (6.21).  b)  Mode-adjusted  crack  driving  force  on  the  sides  of  the  straight¬ 
sided  blister.  The  condition  that  the  sides  are  in  an  arrested  state  is  G/T(^)  <  1. 


Under  steady-state  conditions,  the  total  energy  released  per  unit  advance 
of  the  blister  is  precisely  the  energy  released  by  a  unit  length  of  the  one¬ 
dimensional  blister  of  Section  B.2  in  spreading  from  the  smallest  width  for 
which  the  buckle  has  nonzero  amplitude,  2 b0  =  27r[£>/(o7t)]1/2,  to  2b.  Thus, 
the  average  steady-state  energy  release  rate  of  the  advancing  end  is 

f* 

Gss  =  b~l\  Gdb,  (6.34) 

J*o 

where  G  is  given  by  (6.16).  Noting  that  oc  depends  on  b  according  to  (6.12), 
one  readily  obtains 


It  is  also  useful  to  note  that  b0/b  =  (<7c/or),/2. 

An  exact  propagation  condition  would  require  that  Gss  be  equal  to  the 
average  of  the  interface  toughness  T(y/)  across  the  propagating  end  of  the 
blister.  This,  in  turn,  would  require  knowledge  of  the  precise  distribution  of 
y/  across  the  end  of  the  blister.  As  an  approximation,  take 


CS5  =  W), 


(6.36) 
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where  yj*  is  the  mode  mixity  parameter  for  a  full  circular  blister  of  radius 
b  subject  to  the  same  biaxial  stress  o.  To  see  how  this  generates  specific 
predictions,  again  represent  the  interface  toughness  function  as 

I'M  =  C,c/(v/).  (6.37) 


and  rewrite  the  propagation  condition  (6.36),  using  (6.35)  and  (6.15),  as 


Go  =  (1  -  vfyr/t 
G,c  ~  2 £,  G,c 


(6.38) 


The  right-hand  side  of  this  equation  is  a  function  of  o/oc  since  y/*  is  a 
function  of  o/a*  ( cf .  Fig.  65)  and  o*/oc  =  1.4876. 

The  right-hand  side  of  (6.38)  is  plotted  in  Fig.  67a  for  a  choice  of  /M 
used  previously,  (6.21),  for  several  values  of  A.  These  curves  were  computed 
using  the  solid  line  curve  for  y/*  versus  o/a*  in  Fig.  6.10  for  the  case 
a  =  0  =  0  with  v,  =  1/3.  Recall  that  A  =  0  corresponds  to  the  interface 
fracture  criterion  Kx  -  K\,  while  A  =  1  corresponds  to  the  Griffith 
criterion  G  =  G{.  To  interpret  these  curves,  it  is  helpful  to  present  results 
that  display  whether  or  not  the  parallel  sides  are  in  a  state  consistent  with 
interface  crack  arrest.  For  this  purpose,  the  ratio  G/T(y/)  holding  on  the 
sides  is  plotted  as  a  function  of  o/oc  in  Fig.  67b,  where  G  is  given  by  (6.16) 
and  y/  is  given  by  (6.14)  for  the  straight-sided  blister.  The  combination  of 
(6.16)  and  (6.38)  gives 


G 

I'M 


(6.39) 


which  is  the  expression  used  in  plotting  the  curves  in  Fig.  67b.  The  fact  that 
G/FM  -»  0  at  o/oc  =  7.55  for  all  A  <  1  is  a  consequence  of  unbounded 
mode  2  toughness  assumed  in  connection  with  the  choice  (6.21)  for  /( y/). 

Consider  the  curves  in  Fig  67  for  one  of  the  A-values  such  that  A  <  1. 
Note  that  [G/TM]sid€S  <  1  for  all  values  of  o/oc  greater  than  or  equal  to 
its  value  at  the  minimum  of  (1  -  v\)olh/(lExG\).  Thus,  the  sides  of  the 
blister  are  in  a  state  consistent  with  interface  crack  arrest  everywhere  to  the 
right  of  the  minimum  in  Fig.  67a.  By  contrast,  [G/rM]5jdes  exceeds  unity 
for  nearly  all  o/oc  to  the  left  of  the  minimum,  implying  a  lack  of  con¬ 
sistency  with  arrest  of  the  sides.  One  concludes  that  the  relevant  branch  of 
each  of  the  curves  for  A  <  1  in  Fig.  67a  is  that  to  the  right  of  the  minimum. 
(The  transition  G/T(y/)  so  near  the  minimum  may  be  somewhat  fortuitous 
since  the  solution  is  not  exact.) 
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For  a  particular  A  (A  <  1),  the  smallest  value  a  consistent  with  steady- 
state  propagation  is  given  by 


(1  -  \^)o2h 
2Ei 


cU), 


(6.40) 


where  c(A)  denotes  the  value  of  the  ordinate  in  Fig.  67a  at  the  minimum. 
Equivalently,  if  o  is  regarded  as  prescribed,  (6.40)  gives  the  smallest  value 
of  film  thickness  h  consistent  with  steady-state  propagation.  The  half-width 
of  the  blister  associated  with  (6.40)  is 


f  tux)  y/2 

Eth 

[[2c(A)],/2j 

L<1  -  vf)Gf. J 

1/4 


(6.41) 


where  d{X)  is  the  value  of  o/aQ  at  the  minimum. 

For  film  stresses  a  larger  than  the  minimum  in  (6.40),  or  for  film  thick¬ 
nesses  h  larger  than  the  minimum,  solutions  exist  on  the  branch  to  the  right 
of  the  minimum  of  the  curves  in  Fig.  67a.  The  associated  width  of  the  blister 
increases  with  increasing  a.  Equation  (6.41)  continues  to  apply  with  {d,  c) 
denoting  a  point  on  the  curve  in  Fig.  67a.  From  a  practical  standpoint,  the 
minimum  is  probably  of  the  most  interest.  For  a  film  stress  less  than  the 
minimum  (or  a  Film  thickness  less  than  the  minimum),  extensive  propaga¬ 
tion  of  an  initial  blister  can  be  avoided. 

The  behavior  associated  with  the  interface  fracture  criterion  G  =  Gf 
(i.e.,  A  =  1)  must  be  discussed  separately.  From  Fig.  67a,  one  notes  that 
there  exists  a  propagation  solution  for  all  values  of  (1  -  vx)o2h/(2ExGx) 
greater  than  unity.  But,  from  Fig.  67b,  one  sees  that  these  solutions  are 
inconsistent  with  arrest  of  the  interface  crack  along  the  sides.  Thus,  it  must 
be  concluded  that  there  exist  no  steady-state  straight-sided  blister  solutions 
when  the  classical  criterion  G  =  G,c  is  presumed  to  hold. 

The  particular  interface  toughness  function,  (6.37)  with  (6.21),  was 
invoked  to  illustrate  the  calculation  procedures  for  steady-state  blister 
propagation  and  to  bring  out  some  of  its  qualitative  features.  The  example 
reveals  that  steady-state  blister  propagation,  as  opposed  to  complete 
decohesion  of  the  film,  is  innately  tied  to  the  property  of  the  toughness 
function  wherein  it  increases  with  increasing  proportion  of  mode  2. 
Details  of  the  propagation  of  the  straight-sided  blister  do  depend  on  the 
specifics  of  /(^).  For  example,  the  previous  calculations  were  repeated 
using  (6.20)  rather  than  (6.21).  The  function  f{y)  in  (6.20)  levels  off  as 
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|y/j  approaches  n/2  as  opposed  to  (6.21),  which  increases  sharply  as  the 
mixity  approaches  pure  mode  2.  Only  for  a  fairly  small  range  of  /. 
(i.e.,  0  <  /.  <  0.15)  does  there  exist  a  steady-state  solution  satisfying  the 
conditions  discussed  in  the  preceding.  For  /.  in  the  range  0.15  <  /.  <  1. 
no  solutions  exist  consistent  with  interface  crack  arrest  along  the  straight 
sides.  Whether  solutions  exist  in  this  range  that  are  characteristic  of  the 
telephone  cord  morphology  (cf.  Fig.  56)  is  not  known.  The  answer  to  this 
question  would  obviously  shed  light  on  the  nature  of  the  interface 
toughness  function. 

We  end  this  section  with  some  additional  speculation  on  the  possible 
origin  of  the  telephone  cord  morphology  of  blister  propagation.  The 
approximate  solution  for  the  straight-sided  blister  does  not  address  the  issue 
of  the  stability  of  the  configuration.  For  example,  is  the  symmetric  con¬ 
figuration  (symmetric  with  respect  to  the  line  parallel  to,  and  centered 
between,  the  straight  sides)  stable  with  respect  to  nonsymmetric  perturba¬ 
tions  of  the  interface  crack  front?  One  possibility  is  that,  at  sufficiently 
large  values  of  (1  -  Vi)<72/r/(2£16?ic),  the  steady-state  straight-sided  con¬ 
figuration  becomes  unstable.  Partial  support  for  this  speculation  comes 
from  stability  results  for  the  circular  blister  (unpublished  work  in  progress). 
The  circular  blister  becomes  unstable  to  nonaxisymmetric  perturbations  of 
the  interface  crack  front  at  sufficiently  large  a.  The  value  of  a /a*  at  which 
this  instability  occurs  depends  on  the  choice  of  r(yr),  but  is  typically  at  or 
above  the  value  associated  with  the  minimum  of  (1  -  v\)c1h/(2ElG\)  in 
the  steady-state  problem. 


VII.  Blister  Tests 

The  blister  test  is  used  to  measure  interface  toughness  for  a  crack  on  the 
interface  between  a  film  and  a  substrate.  The  test  avoids  edge  effects  of 
various  kinds  and  is  highly  stable.  Although  mixed  mode  conditions  prevail 
at  the  tip  of  the  interface  crack,  most  approaches  to  the  subject  have 
concentrated  on  the  relation  between  the  energy  release  rate  and  the  various 
parameters  of  the  test  (Liechti,  1985;  and  Storakers,  1988).  Recent  work  by 
Chai  (1990)  and  Jensen  (1990)  has  elucidated  the  mixed  mode  character  of 
the  test  using  an  approach  similar  to  that  described  in  the  previous  section. 
The  separated  blister  is  treated  by  plate  theory  and  is  coupled  to  the  2-layer 
edge  crack  solution  of  Section  VI. A.  1  to  give  G  and  v/.  The  results  that 
follow  are  taken  from  Jensen  (1990). 
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A.  Pressure  Loading 

A  circular  blister  loaded  by  a  pressure  p  acting  between  the  film  and 
substrate  is  depicted  in  cross-section  in  the  insert  in  Fig.  68.  The  film  is 
modeled  as  a  clamped  plate  of  radius  R  subject  to  lateral  pressure  p.  At 
small  deflections,  within  the  linear  range,  the  moment  at  the  edge  of  the 
plate  is 

M  =  gPR2,  (7.1) 

and  the  deflection  S  at  the  center  of  the  plate  is 

6  =  i+pR'/D.  (7.2) 

The  resultant  in-plane  stress  N  is  of  order  p2.  Thus,  for  sufficiently  small  p , 


by  (6.1)  and  (7.1), 


G 


3  0-v?>_2„4  8 

32  £,  h1  P  3(1  -  v2)R* 


(7.3) 


and,  by  (6.3), 

tan  y  -  -cot  (o  =>  ip  =  -((n/2)  -  a>).  (7.4) 

This  is  the  same  combination  of  mode  1  and  2  that  exists  for  the  buckled 
blisters  at  small  buckling  deflections.  As  in  those  problems,  ^  is  defined 
here  with  /  =  h.  Equation  (7.4)  is  valid  for  sufficiently  small  p  even  in 
the  presence  of  an  initial  pre-stress  in  the  film  since  the  change  in  mem¬ 
brane  stress,  A N,  at  the  edge  of  the  plate  is  of  order  p2.  However,  the 
range  of  applicability  of  the  formula  will  depend  on  the  residual  stress 
level. 
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There  are  only  a  few  results  in  the  literature  based  on  rigorous  3-D 
elasticity  solutions  that  permit  a  direct  assessment  of  the  approximate 
procedure  that  couples  the  plate  solution  to  the  2-layer  edge  crack  solu¬ 
tion.  Kamada  and  Higashida  (1979)  present  results  for  A',  and  Kz  for  the 
case  of  no  elastic  mismatch,  based  on  a  full  elasticity  solution  to  the 
circular  blister  loaded  by  uniform  pressure.  They  find  that  y/  =  —30°  for 
R/h  =  5  and  v/  =  -37°  for  R/h  =  10.  This  can  be  compared  with 

=  -37.9°  from  (7.4)  when  a  =  /?  =  0.  Thus,  their  results  suggest  that 
the  approximate  procedure  is  accurate  for  R/h  as  small  as  10.  Erdogan 
and  Arin  (1972)  have  presented  results  for  a  penny-shaped  blister  crack 
on  an  interface  between  materials  with  the  mismatch  characteristic  of 
epoxy  and  aluminum,  but  a  numerical  comparison  with  the  present 
results  is  not  meaningful  since  the  largest  value  of  R/h  for  which  they 
have  reported  results  is  2.5. 

Calculations  for  G  and  ig  at  large  deflections  have  been  carried  out  by 
Chai  (1990)  and  Jensen  (1990)  using  the  nonlinear  von  Karman  plate 
equations  for  the  case  of  no  residual  pre-stress.  Results  from  Jensen  are 
given  in  Fig.  68  as  plots  of  a  nondimensional  G  and  Nh/M  versus  p/p0, 
where  N  is  the  resultant  in-plane  radial  stress  at  the  edge  of  the  plate  and 
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Fig.  69.  Phase  of  loading  of  interface  crack  tip  for  several  levels  of  elastic  mismatch  for  a 
blister  under  uniform  pressure. 
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Fig.  70.  Deflection-pressure  relation  for  a  blister  under  uniform  pressure. 


The  ratio  Nh/M  is  the  basic  information  needed  in  (6.3)  (with  AN  m  N)  to 
generate  y/  for  any  elastic  mismatch  between  the  film  and  substrate.  The 
curves  of  y/  versus  p/p0  are  plotted  in  Fig.  69  for  various  a  with  (i  =  0. 
As  p  increases,  the  ratio  Nh/M  increases  giving  rise  to  an  increasing 
proportion  of  mode  2  to  mode  1 .  The  increase  only  entails  a  change  of  y/  of 
about  15°.  For  completeness,  curves  of  d/h  versus  p/pQ  are  shown  in 
Fig.  70.  The  curves  in  these  figures  were  computed  with  v,  =  1/3,  but  they 
are  only  weakly  dependent  on  Vj . 


Fig.  71.  Energy  release  rate  and  ratio  of  edge  loads  for  a  blister  under  point  load. 
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B.  Point  Loading 


The  theoretical  predictions  for  a  circular  blister  loaded  by  a  concentrated 
load  P  at  its  center  (see  insert  in  Fig.  71)  have  also  been  computed  by 
Jensen  (1990).  In  the  linear  range,  the  moment  at  the  edge  of  the  clamped 
plate  is 

M  =  ~~P,  (7.6) 


and  the  center  deflection  is 


Then,  by  (6.1), 


_  3(1  -  v*)PR2 
AnEj  hl 

„  lEjh^S2 
~  3(1  -  v?)/?4  ’ 


(7.7) 

(7.8) 


and  y/  is  again  given  by  (7.4).  Curves  of  a  nondimensional  G  and  Nh/M 
versus  S/h  for  arbitrarily  large  6/h  are  shown  in  Fig.  71 .  Curves  of  y/  versus 
S/h  are  given  in  Fig.  72  for  various  a  with  /?  =  0.  The  mode  dependence  is 
similar  to  that  for  the  pressurized  blister,  except  with  a  somewhat  larger 
change  in  yj  as  the  deformation  becomes  nonlinear.  The  dependence  of  S/h 
on  P  is  plotted  in  Fig.  73.  All  these  results  were  computed  with  v,  =  1/3, 
and  initial  residual  stress  is  not  included. 


Fig.  72.  Phase  of  loading  of  interface  crack  tip  for  several  levels  of  elastic  mismatch  for  a 
blister  under  point  load. 
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Fig.  73.  Deflection-load  relation  for  a  blister  under  point  load. 


VIII.  Failure  Modes  of  Brittle  Adhesive  Joints  and  Sandwich  Layers 

This  final  section  focuses  down  to  a  finer  scale  than  has  hitherto  been 
addressed  in  most  of  this  chapter.  Attention  is  directed  to  modes  of  crack¬ 
ing  of  a  thin,  brittle  adhesive  layer  joining  two  identical  bulk  solids.  The 
discussion  also  has  bearing  on  sandwich  specimens,  such  as  those  discussed 
in  Section  IV. C,  which  are  designed  to  measure  toughness  of  the  interface 
between  the  thin  layer  material  and  the  adjoining  material  comprising  the 
bulk  of  the  specimen.  Figure  74  shows  one  such  sandwich  specimen.  Below 
it,  at  higher  magnification,  are  depicted  some  of  the  multitude  of  cracking 
morphologies  that  have  been  observed  in  brittle  systems.  A  test  series 
carried  out  using  any  such  sandwich  specimen  provides  the  macroscopic,  or 
effective,  interface  toughness  function  f(^)  characterizing  the  joint.  In 
assessing  the  effectiveness  of  a  joint  or  in  making  engineering  applications, 
one  need  not  necessarily  be  concerned  with  the  local  cracking  morphology. 
On  the  other  hand,  f(^)  itself  may  be  a  strong  function  of  the  cracking 
morphology,  and,  if  so,  it  is  essential  to  understand  what  controls  the  local 
cracking  morphology  in  any  attempt  to  improve  the  quality  of  the  joint. 
Similarly,  attempts  to  measure  the  interface  toughness  between  two 
materials  using  a  sandwich  specimen  can  be  defeated  by  tendencies  for  an 
interface  crack  to  misbehave  in  one  of  the  other  modes  of  cracking. 


(c)  (d) 

Fig.  74.  Modes  of  cracking  in  a  thin,  brittie  adhesive  layer:  (a)  straight  crack  within  layer; 
(b)  interface  crack;  (c)  alternating  crack;  (d)  wavy  crack. 

This  section  addresses  some  of  the  many  issues  surrounding  local  cracking 
morphology.  The  discussion  is  restricted  to  brittle  systems  for  which  any 
inelastic  behavior  occurs  on  a  scale  that  is  small  compared  with  the  layer 
thickness  h.  The  layer  thickness  is  assumed  to  be  very  small  compared  with 
the  in-plane  dimensions  of  the  joint  or  of  the  sandwich  specimen.  At  the 
macroscopic  level,  the  tip  of  a  crack  along  the  joint  or  layer  is  characterized 
by  macroscopic,  or  applied,  stress  intensity  factors  AT"  and  K^.  As 
discussed  in  Section  IV,  these  are  determined  from  a  standard  analysis  that 
ignores  the  existence  of  the  thin  layer.  The  macroscopic  energy  release  rate  is 

G°°  =  E;\K?2  +  AT?2),  (8.1) 

where  the  numbering  for  the  materials  is  shown  in  Fig.  74.  The  effective 
toughness  function  of  the  joint  as  determined  in  a  test  is  identified  with  the 
critical  value  of  the  overall  energy  release  rate  at  crack  advance  according  to 

HvO  =  Gc°°, 


where  ys°°  =  tan'^/tf,*)- 


(8.2) 
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A.  Basic  Results  for  Straight  Cracks 

1.  Straight  Crack  within  the  Layer  (Fig.  74a) 

A  simple  energy  argument  or  application  of  the  7-integral  establishes  the 
equality  of  G°°  and  the  local  energy  release  rate  at  the  tip,  G.  With  A,  and 
Kjj  as  the  local  stress  intensity  factors,  G  =  E2\K{  +  AT,2,).  The  condition 
G  =  G“,  together  with  (8.1)  and  linearity  in  the  relation  between  stresses, 
allows  one  to  write  the  connection  between  the  local  and  applied  stress 
intensity  factors  such  as 

(A,  +  iKn)  =  (K?  +  iK?i'ei0lc/h’a'0\  (8.3) 

Here,  <t>  —  y  -  tg00  is  the  shift  in  the  phase  angle  between  the  local  and 
applied  intensities.  Fleck  et  al.  (1991)  have  carried  out  calculations  for  </>; 
they  give  the  approximation 

4>  =  £  ln0  -  l)  +  2^  -  0*(«,  0),  (8.4) 

where  0  is  plotted  in  Fig.  75.  This  result  is  unaffected  by  the  presence  of  a 
residual  stress  ou  =  <rR  in  the  layer. 

If  the  macroscopic  specimen  is  loaded  in  mode  I  (ATj®  =  0)  and  if  the 
crack  does  propagate  down  the  centerline  of  the  layer  (c/.  discussion  in  next 
subsection),  then  (8.3)  gives  Ku  =  0  and 


Fig.  75.  Phase  factor  $(a,P)  in  (8.4). 
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This  result,  which  was  obtained  originally  by  Wang  et  al.  (1978),  reveals 
that  a  crack  within  a  compliant  layer  (a  >  0)  is  shielded.  With  Klc  as  the 
intensity  toughness  of  the  layer  material,  the  apparent  toughness  measured 
using  the  sandwich  specimen  is 


i/oc 

Ak  — 


'\  +  Cl 

.1  -  a, 


1/2 


Me  • 


(8.6) 


An  equivalent  statement  concerning  the  elastic  shielding  is  that  the  load 
needed  to  fracture  the  sandwich  specimen  differs  from  that  needed  to  frac¬ 
ture  a  geometrically  similar  specimen  made  entirely  from  the  layer  material 
by  the  factor  [(I  +  a)/(l  -  a)]1/2.  This  factor  can  be  quite  large  when  a 
stiff  material  is  joined  by  a  compliant  adhesive,  as  is  the  case  when,  for 
example,  metal  of  ceramic  parts  are  joined  by  a  polymer  adhesive.  If  the 
strength  of  a  joint  is  controlled  by  crack-like  flaws  that  are  on  the  order  of 
the  adhesive  thickness  or  somewhat  larger,  then  this  same  magnification 
factor  will  apply  to  the  strength  of  the  joint  compared  to  the  strength  of  the 
bulk  adhesive  with  flaws  of  similar  size.  If  the  controlling  flaws  are  much 
smaller  than  the  layer  thickness,  the  magnification  effect  is  lost. 


3.  Crack  along  the  Interface  (Fig.  74b) 

The  relation  G°°  -  G  also  holds  for  this  case,  where  G  is  related  to  the 
interfacial  stress  intensity  factors  Aj  and  K2  by  (2.29).  The  equation  relating 
and  K2  to  /Cand  At®  is  (3.38)  with  Kx  =  A,®  and  A„  =  A',®.  With  y/  for 
the  tip  on  the  interface  defined  by  (2.45)  with  /  =  h,  the  cu-quantity  in  (3.38) 
is  y/  -  y/®.  This  shift  in  phase  is  generally  small  and  even  for  the  largest 
elastic  mismatches  never  more  than  about  15°. 

As  discussed  in  Section  IV.C,  sandwich  specimens  are  attractive  for 
measuring  interface  toughness.  Assuming  the  crack  does  advance  in  the 
interface,  the  equation  for  the  interfaces  toughness  function  is  simply 

rW=  h)  =  T(yO,  (8.7) 

where  y/  =  y/®  +  co.  Conversion  of  T(y/,  h)  to  T(y(,  /)  where  y>  is  defined 
using  a  material-based  length  /  is  readily  carried  out  as  specified  by  (2.51). 


B,  Crack  Trapping  in  a  Compliant  Layer  under  Nonzero 

Equation  (8.3)  predicts  a  strong  trapping  effect  due  to  elastic  mismatch 
between  the  layer  and  the  adjoining  blocks.  When  K ,7  is  not  too  large 
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Fig.  76.  Location  of  trapped  crack  in  a  compliant  sandwich  layer. 

compared  to  A",00,  (8.3)  reveals  the  existence  of  a  straight,  mode  I  crack  path 
within  the  layer.  The  condition  for  Kn  -  0  from  (8.3)  gives  the  relation 
between  the  location  of  the  crack,  c/h,  and  y/®  as 

<Hc/h,a,fi)  =  -0®  (8.8) 

Since  0  vanishes  when  the  elastic  mismatch  vanishes,  there  can  be  no 
straight  crack  paths  within  the  layer  unless  0“  =  0  under  this  circumstance. 
A  plot  of  the  solution  to  (8.8)  is  shown  in  Fig.  76  for  several  levels  of 
mismatch,  all  with  0  =  a/4.  When  there  is  significant  mismatch,  a  mode  1 
path  well  within  the  layer  can  exist  for  (A^l  as  large  as  10%  of  A,°°.  Such 
paths  exist  whether  the  layer  is  compliant  or  stiff,  but  generally  a  straight  crack 
in  a  stiff  layer  will  be  configurationally  unstable,  as  will  now  be  discussed. 

C.  Configurational  Stability  of  a  Straight  Crack 
within  the  Layer 

Given  the  existence  of  a  straight  mode  I  path  within  the  layer,  the  issue 
now  addressed  is  whether  the  path  will  be  insensitive  to  small  perturbations, 
returning  to  the  straight  trajectory,  or  will  be  deflected  into  the  interface  or 
possibly  into  a  wavy  morphology.  Consider  a  loading  with  K j7  =  0  sach 
that  the  center  line  through  the  layer  is  a  mode  1  crack  trajectory.  Two 
results  are  presented  that  indicate  whether  or  not  the  centerline  path  is 
configurationally  stable. 

First,  suppose  at  the  start  of  propagation  the  crack  lies  off  the  centerline 
(i.e. ,  c/h  ^  1/2  in  Fig.  74a).  From  (8.3),  with  A',' "  =  0, 

An  =  [(1  -  a)/(l  -  a)]172  sin  0  A,®- 


(8.9) 


Mixed  Mode  Cracking  in  Layered  Materials 


177 


The  offset  crack  will  kink  toward  the  centerline  if  A',,  >  0  when  c/h  >  1/2, 
and  if  A^,  <  0  when  c/h  <  1/2.  The  function  <p  given  by  (8.4)  is  odd  with 
respect  to  the  centerline  at  c/h  =  1/2.  For  a  compliant  layer  (a  >  0)  with 
p  =  a/4,  ©  is  positive  when  c/h  >  1/2,  implying  by  (8.9)  that  the  crack  will 
kink  toward  the  centerline.  By  contrast,  when  the  layer  is  stiff  (a  <  0),  o  is 
negative  when  c/h  >  1/2  and  the  crack  will  kink  away  from  the  centerline. 
A  compliant  layer  with  /?  =  0  has  a  small  negative  o  when  c/h  >  1  /2  and 
would  also  cause  the  offset  crack  to  kink  away  from  the  centerline.  This 
particular  test  of  configurational  stability  requires  both  a  and  p  be  positive. 
This  same  test  has  been  used  in  Section  IlI.B.l.b  for  the  double  cantilever 
beam,  and  in  Section  V.C.2.a  for  substrate  spalling  driven  by  residual 
tension  in  the  film. 

Another  insight  is  provided  by  the  condition  for  stability  of  a  straight, 
mode  I  crack  path  to  small  perturbations  derived  by  Cotterell  and  Rice 
(1980).  Their  necessary  condition  for  straight  cracking  is  T  <  0,  where  T  is 
the  second-order  term  in  the  crack  tip  expansion  (2.1).  Fleck  et  al.  (1991) 
have  solved  for  T  for  the  crack  problem  of  Fig.  74a.  For  the  centerline 
crack  ( c/h  =  1/2)  under  Kx "  =  0,  they  give 

r=  [(1  -  a)/(\  +  a)jr°°  +  crR  +  Cj(a,  P)K™h~u2.  (8.10) 

Here,  T°°  is  the  T-stress  for  the  homogeneous  specimen  in  the  absence  of  the 
layer,  oR  is  the  residual  stress  in  the  layer  acting  parallel  to  the  centerline, 
and  c,  is  tabulated  by  Fleck  et  al.  and  presented  here  in  Fig.  77.  Residual 
compression  parallel  to  the  crack  plane  contributes  to  stability,  as  does  a 
compliant  mismatch  of  the  layer  relative  to  the  rest  of  the  specimen  through 
the  last  term  in  (8.10).  The  last  term  in  (8.10)  is  destablizing  when  the  film 
is  stiff.  Note  that  the  residual  stress  aR  has  no  effect  on  the  existence  of  a 
mode  I  path  in  the  layer,  just  on  its  stability. 

When  there  is  significant  elastic  mismatch,  the  first  term  in  (8.10)  will 
usually  be  insignificant  compared  to  the  third  term,  since  T°°  is  typically  on 
the  order  of  K™L~U1,  where  L  is  a  length  characterizing  an  overall  dimen¬ 
sion  of  the  specimen,  which  is  assumed  to  be  large  compared  to  h.  When 
this  is  the  case,  the  T-stress  at  fracture  is 

T~  ctr  +  [(1  +  at)/ ( 1  -  a)]l/2Cj Klch~u2,  (8.11) 

where,  by  (8.6),  Ajc  is  the  intensity  toughness  of  the  layer  material.  The 
requirement  T  <  0  will  always  be  met  for  a  compliant  layer  supporting  a 
compressive  (or  zero)  residual  stress.  When  the  residual  stress  is  tensile,  the 
sign  of  T  depends  on  which  of  the  preceding  terms  is  larger.  Note  that  the 
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second  term  in  (8.11),  which  is  always  negative  for  a  compliant  layer, 
increases  in  magnitude  as  the  layer  thickness  diminishes. 

A  number  of  examples  of  sandwich  systems  that  have  been  reported  to 
exhibit  straight  in-layer  cracking  are  discussed  by  Fleck  et  al.  (1991),  and 
two  of  these  will  be  remarked  on  in  what  follows.  To  emphasize  the 
significance  of  this  effect,  one  can  point  to  the  symmetrically  loaded, 
double  cantilever  beam  specimen,  which  is  notoriously  unstable  in  the 
absence  of  a  layer  due  to  the  fact  that  7"*  >  0.  Because  of  the  stabilizing 
influence  of  a  thin  compliant  layer,  the  specimen  can  be  used  successfully  to 
measure  the  toughness  of  a  material  in  a  sandwich  layer. 


D.  Interface  or  In-Layer  Cracking? 

Two  sets  of  toughness  data  taken  using  sandwich  specimens  are  shown  in 
Fig.  78.  Indicated  for  each  data  point  is  whether  the  crack  propagated  along 
the  interface  or  within  the  interior  of  the  layer.  Thouless’s  (1990b)  data,  for 
a  brittle  wax  layer  joining  silica  glass,  is  presented  as  a  function  of  the 
applied  phase  angle  of  loading  y/®.  Only  for  y/®  =  0  did  the  crack  propagate 
within  the  brittle  wax  layer.  The  toughness  of  the  wax  was  about  one  half 
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Fig.  78.  a)  Data  of  Thouless  (1990b)  for  brittle  wax  layer  sandwiched  between  glass 
substrates,  b)  Data  of  Wang  and  Suo  (1990)  for  an  epoxy  layer  between  steel  substrates. 


that  of  the  interface  for  near-mode-1  fracture.  The  data  of  Wang  and  Suo 
(1990)  for  an  epoxy  adhesive  layer  joining  two  halves  of  a  steel  Brazil  nut 
shows  instances  of  in-layer  propagation  for  |  ^{-values  as  large  as  about  10°. 
Moreover,  the  epoxy  is  significantly  tougher  than  the  interface  at  low  values 
of  u/,  and  the  in-layer  path  involves  substantially  higher  energy  dissipation 
and  applied  load  than  the  interface  path.  Nevertheless,  a  number  of  speci¬ 
mens  did  exhibit  in-layer  propagation.  This  preference  for  a  high  energy 
path  over  a  low  energy  path  in  close  proximity  highlights  the  importance  of 
understanding  the  mechanics  of  crack  path  selection.  It  remains  an  open 
question  as  to  why  a  path  down  the  interface  was  not  selected,  especially 


180 


J.  W.  Hutchinson  and  Z.  Suo 


since  Wang  and  Suo  started  their  cracks  on  the  interface  and  observed  a 
small  amount  of  interface  crack  growth  prior  to  the  crack  kinking  into  the 
interior  of  the  layer.  Condition  (2.65)  for  kinking  out  of  the  interface, 
including  the  influence  of  the  ^-contribution,  does  not  appear  to  be  satisfied. 
This  is  the  feature  of  the  behavior  that  remains  to  be  explained. 

Both  sandwich  systems  in  Fig.  78  have  a  highly  compliant  layer,  and  both 
systems  have  a  tensile  residual  stress  aR  in  the  layer.  But  in  each  case  the  second 
term  in  (8.1 1)  is  at  least  twice  as  large  in  magnitude  as  <7R  (cf.  Fleck  et  al. , 
1991,  for  complete  details).  Thus,  the  mode  I  specimens  have  a  distinctly 
negative  T-stress,  and  straight  cracking  within  the  layer  is  consistent  with  the 
stability  theory.  By  contrast,  the  plexiglass/epoxy  sandwich  system  of  Fig.  9 
has  relatively  small  elastic  mismatch  and  a  positive  T-stress  under  mode  1 
loading.  For  this  system,  the  crack  always  followed  one  of  the  two  interfaces. 

For  values  of  \y°°\  outside  the  range  of  possible  trapping  of  the  crack 
within  the  layer  (e.g.,  jy/00)  greater  than  0°  to  10°,  deperding  on  the 
mismatch),  the  crack  will  be  driven  toward  one  interface  or  the  other — 
toward  the  lower  interface  if  y/00  >  0  and  toward  the  upper  if  <//"  <  0.  If 
material  #1  is  sufficiently  tough  to  resist  any  attempts  for  the  interface 
crack  to  kink  into  it,  the  crack  will  follow  the  interface  and  the  test  will 
generate  the  interface  toughness  according  to  (8.7).  This  is  the  case  for  both 
sets  of  test  data  presented  in  Fig.  78,  other  than  those  data  points  mentioned 
in  the  preceding.  Various  micro-morphologies  of  interface  fracture  have 
been  observed,  some  of  which  have  been  discussed  by  Evans  et  al.  (1989). 
If  the  interface  toughness  is  low  compared  with  that  of  both  materials  #  I 
and  #2,  then  the  crack  will  tend  to  follow  the  interface  fairly  cleanly.  If, 
however,  the  interface  toughness  is  comparable  to  that  of  the  layer  material, 
then  the  interface  crack  will  interact  with  flaws  in  the  layer  adjacent  to  the 
interface,  and  nucleate  microcracks.  The  effect  of  the  mixed  mode  loading 
is  to  grow  these  microcracks  back  towards  the  interface.  The  resulting 
fracture  surface  will  be  covered  with  tiny  chunks  of  the  layer  material. 
Additional  discussion  of  the  micro-morphology  of  interface  fracture  is 
given  by  Chai  (1988),  Wang  and  Suo  (1990),  and  by  several  authors  in  the 
volume  on  metal-ceramic  interfaces  (Riihle  et  al.,  1990). 


E.  Alternating  Morphology  (Fig,  74c) 


In  the  alternating  mode  of  cracking  of  Fig.  74c,  the  crack  switches  back 
and  forth  between  interfaces  with  a  fairly  regular  interval,  which  is  typically 
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several  times  the  layer  thickness.  The  mode  has  been  reported  in  matrix 
layers  between  plies  of  a  composite  when  the  loading  is  nominally  mode  1, 
and  it  has  been  fully  documented  for  mode  I  loading  of  an  aluminum, 
epoxy/aluminum  sandwich  specimen  by  Chai  (1987).  Chai  used  a  heat 
setting  epoxy,  which  gives  rise  to  a  relatively  high  residual  tensile  stress  in 
the  layer  (ctr  =  60  MPa),  which  is  more  than  twice  the  magnitude  of  the 
second  term  in  the  7-stress  in  (8.11)  ( cf .  Fleck  et  al.,  1991).  Thus,  Chai’s 
system  has  a  strongly  positive  7-stress  and  is  not  expected  to  display  straight 
cracking  within  the  layer. 

Akisanya  and  Fleck  (1990)  have  carried  out  a  quantitative  analysis  of  the 
alternating  mode  of  cracking  with  specific  attention  to  the  aluminum/ 
epoxy  system.  Central  to  the  phenomenon  is  the  variation  in  the  proportion 
of  mode  2  to  mode  1  of  the  interface  crack  as  it  propagates  from  the  point 
where  it  first  joins  the  interface  in  any  given  cycle,  i.e.,  at  c  —  0  in  Fig.  79. 
The  trends  of  the  variation  in  y/  found  by  Akisanya  and  Fleck  are  sketched 
in  Fig.  79,  where  y/  is  defined  by  (2.45)  with  l  -  h.  When  crR  =  0,  y/  rapidly 
approaches  the  limiting  value  given  by  (3.38)  with  Ku  =  Kfi  =  0,  i.e., 
V  =  to.  (For  the  aluminum/epoxy  sandwich,  a  =  0.93,  =  0.22,  e  = 

-0.07  and  a>  =  -15°.)  However,  when  oR\H/K™  is  on  the  order  of  unity, 


_ _ _ !=- _ 

#2 

...  . 

C/h 


Fig.  79.  Sketch  of  trends  of  phase  of  loading  at  interface  crack  tip  for  various  levels  of 
residual  tension  <7R  in  the  layer.  The  remote  loading  is  mode  1. 
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which  is  the  case  for  the  Chai  specimen,  the  interface  crack  starts  with  a 
large  component  of  mode  2,  which  then  diminishes  to  the  value  y/  =  to  as 
c/h  increases.  The  large  negative  mode  2  component  forces  the  crack  to 
remain  in  the  interface,  since  it  cannot  penetrate  the  aluminum.  Only  when 
c/h  has  increased  to  the  point  where  the  magnitude  of  t//  is  sufficiently  low 
does  kinking  down  into  the  layer  become  possible.  With  the  aid  of  the 
kinking  analysis  of  Section  II.C.5,  the  value  of  c/h  was  determined  at  which 
a  mode  I  kink  crack  is  possible.  For  the  aluminum/epoxy  system  of  Chai, 
Akisanya  and  Fleck  found  that  the  kinking  condition  is  met  when  c/h 
reaches  a  value  of  about  2,  in  agreement  with  the  intervals  observed  by  Chai. 


F.  Tunneling  Cracks 

An  example  illustrating  the  ability  of  a  crack  in  a  brittle  adhesive  layer  to 
tunnel  through  the  layer  was  given  in  Section  III. A.  1 .  If  the  layer  material 
is  sufficiently  less  tough  that  the  interface  and  the  adjoining  material, 
cracking  will  be  confined  to  the  layer  as  depicted  in  Fig.  16.  Steady-state 
tunneling  results  are  useful  because  they  provide  fail-safe  limits  on  stress 
levels  (or  on  layer  thicknesses)  such  that  extensive  cracking  can  be  avoided. 
The  particular  example  of  Section  III.A.l  reveals  that  an  initial  crack-like 
flaw  whose  greatest  dimension  is  equal  to  the  layer  thickness  (e.g.,  a  penny¬ 
shaped  crack)  will  initiate  growth  at  a  stress  that  is  only  about  10<Vb  higher 
than  the  steady-state  tunneling  stress.  For  many  systems  where  the  flaw  size 
is  on  the  order  of  the  layer  thickness,  the  tunneling  results  should  provide 
realistic  upper  limits.  When  the  flaw  size  is  much  smaller,  the  stress  to 
initiate  crack  growth  is  much  higher  than  that  predicted  by  the  steady-state 
tunneling  limit,  and  the  transient  tunneling  process  is  then  highly  unstable. 

Several  steady-state  tunneling  results  for  layers  are  presented  in  this 
section.  The  results  and  their  potential  applications  have  a  close  resemblance 
to  the  results  for  thin-film  cracking  in  Section  V.B. 

1.  Isolated  Tunneling  Crack 

As  previously  emphasized,  the  energy  released,  /iGss,  per  unit  length  of 
steady-state  propagation  of  a  tunneling  crack  is  precisely  the  energy  released 
by  a  plane  strain  crack  extended  across  the  layer.  Calculations  have  been 
performed  for  Gss  by  Ho  and  Suo  (1990)  for  finite  thickness  sandwiches,  as 
specified  in  the  insert  in  Fig.  80.  In  Fig.  80,  a  denotes  the  uniform  tensile 
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Fig.  80.  Steady-state  energy  release  rate  for  isolated  tunneling  crack.  The  crack  extends 
from  interface  to  interface,  and  is  propagating  in  the  direction  perpendicular  to  the  cross- 
section  shown. 


stress  within  the  central  layer  prior  to  introduction  of  the  crack.  That  stress 
may  be  due  to  a  load  applied  to  the  sandwich  or  it  may  be  a  self-equilibrated 
residual  stress.  Curves  of  the  nondimensional  Gss  are  shown  as  a  function 
of  the  elastic  mismatch  parameter  a  with  p  =  a/4  for  various  values  of 
layer  thickness  to  total  thickness,  h/w.  As  long  as  the  central  layer  is  not  too 
stiff  compared  to  the  adjoining  layers,  the  results  for  h/w  =  0. 1  are  close  to 
the  limiting  case  h/w  =  0.  For  example,  for  a  =  0,  the  normalized  Gss  is 
0.788  foi  n/w  =  0.1  and  0.785  for  h/w  =  0.  Observe  that  a  relatively  com¬ 
pliant  substrate  (i.e.,  small Ex  and/or  w/h)  provides  less  constraint,  inducing 
higher  driving  force.  It  is  likely,  for  the  same  reason,  that  higher  driving 
force  will  be  induced  by  crack-induced  plasticity  in  the  substrates,  by  inter¬ 
face  debonding,  or  by  any  other  source  of  constraint  loss.  These  effects 
have  been  noted  in  thin  film  channeling  by  Hu  and  Evans  (1989). 

2.  Multiple  Tunneling  Cracks 

The  approach  to  multiple  cracking  pursued  here  is  identical  to  that 
presented  in  Section  V.B.3  for  thin  films  under  residual  tension.  The  reader 
is  referred  to  that  section  for  a  more  complete  discussion  of  the  derivations 
underlying  the  results.  Here,  consideration  will  be  limited  to  a  layer  of  thick¬ 
ness  h  sandwiched  between  two  infinitely  thick  blocks.  Elastic  mismatch 
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Fig.  81.  Steady-state  tunneling  cracks  with  uniiorm  spacing,  in  the  absence  of  elastic 
mismatch.  The  cracks  extend  from  interface  to  interface. 


Fig.  82.  Relation  between  tunnel  crack  density  and  residual  stress  in  the  layer  in  the 
absence  of  elastic  mismatch  The  curve  is  obtained  from  (8.14)  with  =  Tc. 
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between  the  layer  and  the  adjoining  blocks  is  neglected  (a  =  f  =  0).  The 
stress  in  the  layer  in  the  absence  of  the  cracks  is  a ,  which  may  be  due  to 
applied  load  or  a  residual  stress. 

First,  consider  an  infinite  set  of  cracks  periodically  spaced  a  distance 
apart  as  in  Fig.  81.  If  these  cracks  are  equally  extended  in  the  tunneling 
direction, 

FC 

~?=f(h/L).  (8.12) 

a~h 

The  function  /(.v),  which  can  be  evaluated  using  results  from  Tada  et  al. 
(1985),  is  plotted  in  Fig.  81.  For  h/L  —  0 ,  /  =  0.785  and  (8.12)  reduces 
to  (3.1). 

Next,  consider  the  situation  in  Fig.  82  where  one  set  of  cracks  spaced  a 
distance  2 L  apart  has  already  tunneled  across  the  layer,  and  where  a  second 
set  bisecting  the  first  set  is  in  the  process  of  tunneling  across  the  layer.  The 
steady-state  energy  release  rate  for  the  cracks  in  the  process  of  tunneling  is 

Eg 

-if  =  -  AWL).  (8.13) 

o  n 

Imagine  a  process  in  which  a  is  monotonically  increased,  as  in  application 
of  an  overall  load  or  stressing  due  to  temperature  change  with  thermal 
expansion  mismatch.  Under  the  assumption  that  new  cracks  will  be 
nucleated  half-way  between  cracks  that  have  already  formed  and  tunneled, 
the  preceding  equation  gives  the  relation  between  a  and  the  crack  spacing 
h/L.  With  Gss  identified  with  the  mode  I  toughness  of  the  layer  material 
rc,  (8.13)  provides  the  desired  relationship,  which  is  plotted  in  Fig.  82.  The 
“  threshold  corresponds  to  the  lowest  stress  at  which  steady-state  tunneling 
can  occur,  i.e.,  for  h/L  0, 

a[h/(£Tc)]W2  =  1.128.  (8.14) 

The  effect  of  elastic  mismatch  on  this  threshold  level  can  be  determined 
using  the  results  for  the  isolated  tunneling  crack. 

3.  Lateral  Tunneling  of  a  Kinked  Crack 

Tunneling  appears  to  be  a  prevalent  mode  of  cracking  in  layered 
materials.  When  the  brittle  layer  is  thin  and  the  flaw  size  is  comparable  to 
the  layer  thickness,  the  cracks  can  be  readily  nucleated.  A  variety  of 
applications  of  these  ideas  can  be  found  in  Ho  and  Suo  (1990)  and  Ye  and 
Suo  (1990).  Here,  we  give  one  more  example  to  show  the  versatility. 
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===^ 

plane  strain  problem 
for  kink  crack 

Fig.  83.  Spread  of  a  local  kink  by  tunneling.  Top  left:  3-D  local  kink  crack;  top  right: 
lateral  spreading  of  kink  crack  by  tunneling;  bottom:  plane  strain  problem  for  kink  crack. 


Because  it  has  relevance  to  the  ability  of  an  interface  crack  to  nucleate  a 
kink  into  the  adjoining  layer,  we  mention  in  passing  application  of  the 
tunneling  concept  to  crack  kinking.  Suppose  the  parent  interface  crack 
depicted  in  Fig.  83  encounters  a  local,  three-dimensional  flaw  that  is  capable 
of  nucleating  kinking.  Consider  the  process  in  which  the  kinked  segment  of 
crack  “tunnels”  laterally  along  the  interface  crack  front.  Formally,  this 
tunneling  process  can  be  treated  as  a  steady-state  process.  The  average 
energy  release  rate  at  the  laterally  spreading  crack  front  can  be  evaluated 
using  the  energy  released  in  the  plane  strain  problem,  just  as  in  the  previous 
examples.  To  simplify  the  discussion,  assume  >9  =  0  and  tj  -  0,  where  7  is 
given  by  (2.63).  Since  the  energy  release  rate  for  the  plane  strain  problem 
for  a  small  kink  is  independent  of  kink  crack  length  (c/.  Section  II. C. 5),  it 
follows  that  the  average  energy  release  rate  for  lateral  tunneling  along  the 
interface  crack  front  is  equal  to  the  plane  strain  energy  release  rate. 
Consequently,  there  is  no  barrier  to  the  lateral  spread  of  a  locally  nucleated 
kink.  This  observation  may  help  to  explain  why  crack  kinking  often  appears 
to  occur  simultaneously  along  a  more-or-less  straight  segment  of  crack  front. 
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Crazing  of  laminates 

Jean  LEMAITRE**.  Frederick  A.  LECKIE*  and  Dot  SHERMAN* 


Abstract.  -  The  main  features  of  the  behavior  of  a  brittle-ductile  type  of  laminate*  arc  derived  Ironi  a 
one-dimensional  study  which  emphasizes  the  mechanism  of  craeking-debondinc  The  analysis  is  based  upon  a 
shear  lag  model  and  the  experiments  are  performed  on  an  alumina-graphite  cvpoxy  laminate  The  sequence  of 
cracking-debondings  giving  rise  to  crazes  is  pointed  out  with  a  limning  value  of  the  crack  spacing  due  to  a 
debonding  length  found  to  be  of  the  same  order  of  magnitude  as  the  thickness  of  the  layers  The  reduction  of 
stiffness  due  to  crazes  is  also  calculated,  measured  and  used  lo  find  the  homogenized  behavior  of  the  laminate 
as  an  elastic  damaged  material 


1.  Introduction 

The  laminates  considered  in  this  study  are  made  of  alternative  layers  of  brittle  and 
ductile  thin  sheets.  This  system  is  a  compromise  which  benefits  from  the  high  strength 
of  brittle  materials  such  as  ceramics  but  avoids  brittle  failure  by  providing  toughness 
[Evans,  1990],  [Lange,  Marshall  &  Folsom.  1990).  For  high  temperature  use  laminates 
consisting  of  alumina  and  Inconel  bonded  by  a  diffusion  process  could  conceivably  result 
in  high  strength  tough  materials  with  good  creep  resistance  properties.  It  is  not  difficult 
to  visualize  other  combinations  which  would  provide  the  properties  dictated  by  different 
design  requirements.  It  is  likely  that  a  wide  range  of  properties  can  be  predicted  by  a 
generic  mechanics  which  describes  the  underlying  mechanisms  and  the  purpose  of  this 
study  is  to  understand  and  model  the  mechanisms  of  failure  by  cracking  and  debonding 
as  a  function  of  the  laminate  parameters.  As  a  consequence,  several  simplified  hypotheses 
are  introduced  to  obtain  analytical  results  which  have  to  be  considered  as  qualitative.  In 
particular,  the  sequence  of  debonding  and  cracking,  the  length  of  debonding,  the  limit 
of  the  crack  spacing,  the  reduction  of  stiffness  may  be  described  using  the  one-dimensional 
problem  described  in  this  study.  The  crack  growth  in  two  dimensions  is  studied  in  a 
later  report. 

Many  investigators  have  used  shear  lag  models  to  study  the  transverse  matrix  cracking 
in  cross-ply  laminates  [Garrett  &  Bailey.  1977).  [Parvizi  &  Bailey.  1978).  [Bailey.  Curtis 
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&.  Parvizi.  I979j  based  on  the  early  work  of  [Cox.  1952]  and  on  a  deterministic  location 
of  the  cracks.  Latter  on  several  works  appear  introducing  statistic'  in  the  location  of  the 
cracks  either  bv  a  Weibull  strength  distribution  [Manders  ct  til..  198?].  [Fukunaga  ci  a!.. 

1984]  or  by  a  distribution  of  initial  Have  sizes  [Wang  ,8.  Crossman.  1480]  or  by  a 
probability  density  function  associated  with  the  transverse  cracking  [Laws  <k  Dvorak. 

1985] ,  The  present  work  mainly  emphasizes  the  effects  of  debonding,  general  order  of 
magnitude  of  debonding  length  and  limiting  crack  spacing  and  some  practical  consider¬ 
ations  helpful  in  the  design  of  laminates. 


2.  Basic  one-dimensional  problem 

The  debond  lengths  and  cracking  spacing  are  governed  by  the  state  of  stress  in  the 
interface  and  in  the  brittle  layer.  To  determine  the  crack  spacing  let  us  consider  the  one¬ 
dimensional  case  of  two  layers  for  which  B  brittle  and  D  ductile.  The  portion  of  the 
laminate  between  two  adjacent  cracks  is  shown  in  Figure  I, 


The  geometrical  and  material  properties  used  in  this  work  are  the  following. 


Thickness . . 

Length . 

Linear  elasticiy: 

Young's  modulus . 

Brittle  failure  or  debonding: 

Strain  energy  density  release  rate 
Perfect  plasticity: 

Yield  stress . 
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The  laminate  is  supposed  to  be  free  of  any  initial  residual  stresses. 
Three  convenient  groups  of  parameters  are  defined: 


i-  Er Ep /lD  .  i 

E,  = -  such  that  a. 
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E,  ‘ 


V  G,Er  ) 


which  is  of  the  order  of  magnitude  of  the  layer  thickness  2/i. 
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A  =(  ~  — 1 11  |  which  is  of  the  order  of  units 

V  E  ,  hD  Ed  J 

The  loading  consists  of  a  farficld  tensile  stress  a, .  The  stresses  in  the  brittle 
material,  cr®,  in  the  ductile  material  and  o1,,  in  the  interface  may  be  determined  as 
functions  of  the  coordinate  v,  using  the  socalled  Shear  Lag  Theor>  developed  on  the 
basis  of  three  hypothesis  which  are  now  discussed. 


HI  Kinematic  hypothesis 

The  displacement  m,  in  B  and  D  is  linear  in  \3  for  -/jd<a,  <  -  hH.  Lei  us  call: 

aiH 

=  (A  | .  ,Vj  =  /lB).  C]  ]  —  —  . 

<  A, 

U?(.\,)  =  t/t  (Y,.A,=  -llD). 

r.v, 

"l  '•')■  -Sjl - — —  ■ 


H2  Approximation 

The  displacement  m3  does  not  depend  upon  a,.  This  allows  us  to  calculate  the  shear 
strain  at  the  interface 


2\c.x}  c.xj  2  +  hD 

and  the  shear  stress  C1, 3  from  the  law  of  elasticity  a1, ,  =  2  Gj  e1, ,  from  which 
co’^'CAi  =  (Gj  </»„  +  /iD))  (e",  -  e?, ). 

H3  One  dimensional  problem 

The  stresses  induced  by  the  mismatch  of  the  contractions  of  the  two  layers  are  neglected 
so  that  the  only  non-stress  component  is  o*" d. 

This  allows  us  to  replace  the  strains  by  the  stresses  through  the  law  of  elasticity 


rB  _CT?I 

cD  = 
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erf, 

E„ 

Ed 

Gj  / 

1  frB 

U1  1  _ 

a?, 

d.  v,  hn  +  hD 

Ed 

LLROPLAN  JOURNAL  OF  MECHANICS  A  SOLIDS  VOL  II.  V?.  1992 


J  LEMA1TRE  F  A  LFCkir  AND  D  SHERMAN 


This  is  the  first  stress  equation  for  the  three  unknowns:  a1,  ,,  a",,  <7°,.  The  others  are 
calculated  using  the  equilibrium  conditions  (F/,e.  2). 


A  -y - 
*■3 
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r  or.4  * _ - 
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_ * 

d  *, 
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L  W  - - 

D 

d  X| 
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Fig.  2.  -  Equilibrium  ol  the  layers 


They  involve  integrals  of  stresses  over  the  thickness  but  since  iv,  is  linear  w  ith  .v,.  e, , 
and  ou  are  also  linear  so  that 


f 


°i  i  (  V3) —  2  /zB  oj,. 


(.Vj)  dx3  =  2//d  o?,. 


From  consideration  of  equilibrium  of  each  of  the  layers: 


2  /»b 


2  It, 


*'l3  = 


d.x, 

.  «  _ 
+  CT13  — 

dx, 


0. 


0 


whilst  overall  equilibrium  of  the  system  in  the  x  direction  gives 

a^/ig  +  o?!  hD  ~  ox  (/tB +  //„). 

An  equation  in  a,,  may  be  obtained  from  the  differential  equation  in  o',,  in  which 
expressions  for  or?,  and  ca\3/dxy  arc  taken  from  the  equilibrium  equations  to  give 


<*»"  1 

dx2  b1  E,  b2 


CT">  +  1"  5Ll  =0 


where  the  parameters  E*  and  b  were  defined  earlier. 

The  solution  of  the  differential  equation  is: 

a!,-A,exp(|^A1exp(-i!)+&n,. 

The  boundary  conditions: 

v,  =  L  -*  a”!  =0becauseof thetwoend cracks, 
■v,  =  0  — »  o',  3  =  0  from  the  symmetry  condition 
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Fig  .V  -  Stress  distribution  in  the  basic  laminate  cell 

These  curves  give  the  classical  results  of  a  shear  lag  analysis  that  is  the  basis  of  the 
mechanism  of  debonding  and  cracking  of  the  laminate. 
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It  is  the  length  a*  of  the  edge  effect  in  w  hich  the  stresses  strongly  increase  or  decrease 
is  very  small  x*  L-  10°.., 

The  stress  gradient  is  very  large  in  that  region  which  models  the  stress  singularity 
which  occur  in  the  exact  solution. 


3.  Mechanism  of  damage  by  crazing 


3.1.  Description  of  the  debondim;. cracking  mechanism 

Consider  a  monotonic  increase  of  the  applied  stress  a,  from  the  curves  of  Figure  3. 
and  assuming  at  first  that  no  plastic  yielding  occurs  in  the  ductile  layer,  the  first  event 
to  occur  is  a  debonding  of  the  interface  at  the  two  edges  in  the  vicinity  of  a  ,  =  a;  L.  The 
condition  for  debonding  is  Y'SYj. 

From  damage  mechanics,  the  strain  energy  release  rate  density  Y  is  the  variable 
associated  with  the  damage  variable  D  defined  as  the  surface  density  of  debonding.  If 
linear  elasticity  is  coupled  to  damage  then  Y  is  derived  from  the  elastic  strain  energy 
density  nf  as  [Lemaitre  &  Chaboche.  1990] 

Y=-^  =  —  in  pure  tension  and  Y=  —  in  pure  shear. 
cD  2E  2G 


The  length  of  debonding  /,  is  defined  by  the  set  of  .v,  where 


1  +  v; 

Ei 


^  Y' 


or 


for  convenience. 


This  criterion  assumes  that  the  length  at  which  the  debonding  stops  is  given  by  a  static 
calculation  based  upon  the  elastic  stress  distribution  some  what  similar  to  that  used  to 
define  the  process  zone  size  at  the  front  of  a  crack  in  small  scale  velding.  Kinetic  and 
dynamic  effects,  blunting  at  the  tip  of  the  debonding  zone  are  not  taken  into  account. 

Taking  the  expression  of  o1,  ,  as  a  function  of  v,  gives 


sinh 


a. 


cosh  L  h 

l 


The  approximation  for  L  h$>  I  then  gi  .-s /,  s/j Ln(A  (o,  rj)). 
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Numerical  applications  to  practical  cases  show  that  the  ratio  o,  t's2  to  3.  Then.  /, 
is  of  the  order  of  b.  which  is  the  order  of  magnitude  of  the  layer  thickness  2/r  This  i>. 
the  first  important  qualitative  result  shown  in  Figure  4.  /,  ~2/i. 


1  & 

.  x,  1 

1  » 

1  . 

* 

k 

h  i 

Fig  4.  -  Debonding  cracking  mechanism. 


Referring  to  Figure  4  we  may  consider  that  after  these  two  debondings  and  with  zero 
friction  in  the  debonded  zones,  the  effective  length  to  be  considered  in  the  stress  equation 
is  no  longer  L  but  L  — In  particular  in  the  brittle  layer 

cosh  a Tj/h  \ 

cosh((L-/,)  h)J 

This  result  shows  that  to  support  the  same  applied  stress  the  magnitude  o",  should 
increase  due  to  the  decrease  of  the  characteristic  length  from  L  to  (L  —  If  so  or  for 
an  increase  of  ax,  its  maximum  value  upon  .v,.  that  is  for  .Vj  =0  may  reach  the  condition 
for  brittle  failure:  YB  =  Yf. 

In  pure  tension:  Yb  =  (ct",)j/2Eb. 

Then  the  brittle  failure  occurs  when  o?,=(2EBYf)1  :~af  (for  convenience)  which 
corresponds  to  the  applied  stress  derived  from  the  expression  of  a",  with  .v,  =0 

ox  =  —  ct"^  1  -  - ! - 

EB  V  cosh  ((L -/,)/>) 

As  the  crack  appears  it  induces  a  free  edge  condition  at  v,  =0(0",  (.v,  —  0)  =  0)  which 
produces  the  quasi-singularity  of  the  shear  stress  in  the  interface  and  the  condition  for 
immediate  debonding  (Fig.  4) 

o',  3  g  x\  -» debonding  for  ~  /,  <  ,v  <  /, . 


3.2.  Sequence  of  debondings-crackings 

As  the  external  applied  stress  ox  continues  to  increase,  the  length  of  the  previous 
debondings  increases  unu.  the  condition  of  a  new  cracking  is  reached. 

This  sequence  of  debonding  and  cracking  mechanisms  repeats  itself  as  o,  increases 
with  a  cell  length  divided  by  two  at  each  new  crack  formation  and  diminished  b\  2/,  at 
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Fig.  5.  *  Second  dehonding-cracking  mechanism 


each  debonding  {Fig.  5).  We  now  calculate  the  condition  of  the  second  debonding- 
cracktng  sequence. 

The  same  formula  applied  either  for  debonding  or  cracking  except  that  the  length  of 
half  the  basic  cell  is  now  (L-2/,1  2. 

Then  the  length  /,  of  the  four  additional  debonded  regions  is  defined  by 

,mh/  L-2/,  _  M  jcj_  cosh  (( L  —  2 /, )  26) 

V  2  b  b)  a,  k 

which  shows  that  for  (L-2/,)  2hp  1 

l2^bLn^k^f  ja/,. 

Then  each  new  debonding  may  be  considered  to  have  approximately  the  same  length: 
/:  /,  =  /£/?. 

The  external  applied  stress  to  cause  the  second  debonding  is 

E  y  l 

d,  =  — -  of  1  -  - - 

Eb  \  cosh  «(L 2 /»-</2/>)) 

Using  this  result  it  is  now  possible  to  extrapolate  for  m  successive  mecachnisms  of 
debondings-cracking  inducing  n  cracks  in  the  following  steps  where  the  approximation 
/,  =  /  has  been  made 

Several  interesting  qualitative  results  may  be  observed  from  this  sequence  of  the 
debonding-cracking  damaging  process. 

-  The  crack  spacing  and  the  crack  density  are  plotted  against  the  applied  stress 
(Figs.  6.  7).  The  crack  spacing  and  crack  density  are  normalized  by  the  parameter 
/)(/>=; 2 h)  and  the  stress  o,  by  the  ratio  E,  EH.  The  results  do  not  depend  upon  the 
gometrical  aspect  ratio  2  L  b.  Then  these  curves  can  be  used  as  master  curves  for  many 
applications. 

-  The  number  of  cracks  increases  very  rapidly  with  the  applied  stress  c,  and  the 
crack  spacing  decreases  very  rapidly  and  approaches  saturation.  These  observations  have 
been  pointed  out  in  several  experimental  studies  [Crossman  ci  al..  1980].  The  practical 
limit  reached  in  Figure  6  is  2L  (n-  l)/»s3  which  corresponds  to  a  crack  spacing  limit 
of  the  order  of  2b:  2  L  (n—  Ds3 h  which  is  about  twice  the  thickness  of  the  layer  when 
the  layers  are  of  the  same  size.  Otherwise  2L  <»-  1)^3(2/ib/idEbEd  GjE, }'  :  which  is 
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Fig  b.  —  Crack  spacing  Fig.  7.  -  Crack  density 


in  accordance  with  experimental  results  of  (Highsmilh  &  Reifsnider.  1982]  and  [Wang. 
1984],  Notice  that  the  theories  which  to  not  take  debonding  into  account  cannot  predict 
this  limiting  crack  spacing. 

3.3.  Experimental  study 

Experiments  have  been  performed  on  a  laminate  composite  made  of  two  brittle  layers 
of  Alumina  A1203  bounded  by  the  epoxy  of  a  “ductile"  layer  of  Carbon  fiber-epoxy 
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composite  having  the  fibers  in  the  longitudinal  direction  of  the  tensile  specimen  shown 
in  Figure  8  which  also  gives  the  properties  of  the  two  materials. 


Alumina 

2  /iB  =  0.635  mm 
EB  =  303.000  MPa 
crB=  193  MPa 


Carbon  fibers-expinj 

2/i„  =  0.37  mm 
E0  =  115.000  MPa 
a,  =  1.710  MPa 


Interface  (epoxy) 


G;  s  2.000  MPa 
4  £30  MPa 


6 


10 

— 

- - - | - - - 

— 

- 1 

53 
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— 

■» - 

. . . —  i 

127 


Fig.  8.  -  One-dimensional  laminate  specimen. 


The  processing  consists  in  a  hot  pressing  of  the  ceramic  and  carbon  fibers  epoxy  plies 
at  a  pressure  of  0.350  MPa  and  a  temperature  of  135“C  for  90  min.  Due  to  the  thermal 
expansion  mismatch  between  the  two  materials,  residual  stresses  develop  during  cooling. 
They  have  not  been  taken  into  consideration  in  the  present  study  but  a  method  to 
introduce  such  initial  residual  stresses  in  the  analysis  is  developed  in  [L  &  D,  1988]. 

A  monotonic  loading  is  applied  and  the  sequence  of  cracking  is  recorded. 

The  formation  of  cracks  does  not  occur  exactly  at  mid  distance  of  two  existing  cracks 
(nature  is  not  as  perfect  as  the  equation!)  but  appears  randomly  along  the  specimen  as 
shown  by  the  sequences  of  cracking  in  Figure  9  which  shows  also  the  corresponding 
stress-strain  curve  and  evolution  of  the  number  of  cracks.  However  the  final  pattern  is 
close  to  the  one  predicted.  Notice  that  some  crack  branching  occur  which  are  not 
considered  in  the  theory. 

The  elementary  debonding  length  when  a  crack  appears  is  by  observation  0.5</<2mm. 

The  prediction  is 


/,=/>  =  2  s  1  mm. 
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l-iy-  9  -  Craze?'  on  laminates  (</>.  correspond  me  stress-strain  curve  tbl  and  number  of  cracks  l<  I 


At  saturation,  the  crack  density,  the  crack  spacing  and  the  cumulative  debonding 
estimated  as  average  values  of  measurements  from  3  experiments  arc: 

-  crack  density:  ifl.5  mm'1: 

-  crack  spacing  average:  ~2mm 
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The  corresponding  predicted  values  calculated  with  h=  1  are  respective!)  0.33mm"1 
and  3  mm.  The  correlation  is  satisfactory  enough  if  we  consider  that  the  residual  stresses 
induced  by  the  processing  of  the  Laminate  are  not  taken  into  account  in  the  theory 

4.  Limit  load  by  plasticity  in  the  ductile  layer 

Crazes  continue  to  develop  on  the  brittle  layer  until  the  steady  state  is  reached  and 
the  ductile  layer  may  yield  when  the  stress  o^,  is  equal  to  the  yield  stress  erf.  Then  from 
the  formulas  of  Section  2 


For  that  value  of  the  applied  stress  the  laminate  behaves  as  a  perfectly  plastic  material 
until  damage  develops  in  the  ductile  layer  to  reach  ultimate  fracture. 


5.  Reduction  of  stiffness 

An  important  effect  of  crazing  is  the  reduction  of  the  stiffness  of  the  laminate.  The 
stiffness  reduction  is  not  due  to  the  cracks  but  to  the  debondings  which  roughly  speaking 
unload  the  brittle  layer  over  a  length  2/  at  each  crack  {Fig.  10). 
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Fig.  10.  -  Stiffness  of  a  damaged  laminate. 


Consider  one  cell  whose  length  is  the  crack  spacing  2L/(n-  1)  (n  being  the  number  of 
cracks  in  a  length  2L)  containing  one  crack  at  .v^O.  The  stiffness  of  that  cell  is  the 
stiffness  of  the  ductile  layer  over  a  length  2L/{n-  1)  in  parallel  with  two  stiffnesses  of 
the  brittle  layer  over  the  lengths  1 ))  <  a:,  <  -l  and  /<.v,<L,'(n-  I). 

If  E  is  the  elastic  modulus  of  the  cell: 


'■h0 


(2  L/<«-  1  >>  —  2  / 


+Eb _ ^ _ y,+/rEo2M". 

b(2L/(«—  1 ))  —  2  //  V  21  J 


£  = 


I  +  (/(»  —  l)/L)(E„A||/E0/rD) 


2{h„  +  h0)\-' 

2  L /<»—  1  )J 
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For  mans  cel's  in  series.  £  is  also  the  clastic  modulus  of  the  laminate 

A  practical  order  of  magnitude  for  the  modulus  is  £=E,  2  which  is  reported  b\ 
[Hashin,  1986]  and  (Highsnnth  a  ai.  1982).  This  value  is  obtained  when  considering  the 
steady-state  limiting  case 

- L —  =2  with  b~2hs.l 

(n~  \  )h 

together  with  -^2-^2  3  | 

The  evolution  of  the  damaged  elastic  modulus  £  as  a  function  of  the  crack  density  is 
compared  with  experiments  of  section  3.3  in  Figure  1 1  and  comparison  is  quite  good 


then  £  = 


6.  Homogenization 


Having  the  expression  of  the  elastic  modulus  of  the  laminate  as  a  function  of  the 
number  of  cracks  (which  is  a  known  function  of  the  applied  stress  oY).  it  is  straightfor¬ 
ward  to  derive  the  constitutive  equation  of  the  equivalent  continuous  material  having  its 
elasticity  coupled  with  damage  (L  &  C.  1990). 

The  one-dimensional  continuous  damage  variable  of  the  laminate  is  defined  by 


E„  l+(Li7<n-1WEDAD'EB*iR> 
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The  same  approximations  as  in  Section  5  show  that  the  limning  \alue  ot  1)  ts  of  the 
order  of  0.5  which  corresponds  to  the  brittle  layer  fully  damaged  with  a  ductile  layer 
undamaged. 

The  one-dimensional  law  of  elasticity  of  the  homogenized  laminate  is 

t:,  =<r  E,  (l-Di 

This  law  can  be  used  for  structural  calculations  in  engineering  applications  The  overall 
behavior  resulting  from  the  elasticity,  cracking  of  the  brittle  layer  debonding  of  the 
interface  and  yielding  of  the  ductile  layer  is  represented  in  figure  12  it  has  to  be  compared 
witch  the  experimental  stress-strrain  curve  depicted  in  Figure  9  of  section  .' . The  main 
difference  is  the  irreversible  strains  existing  m  the  experiment  that  the  model  does  not 
take  into  account  before  the  yielding  of  the  ductile  layer.  They  ar<-  due  to  initial  residual 
stresses  [L  &  D.  1988], 


Application  to  a  pure  bendino  problem 

As  an  exercise,  let  us  derive  the  pure  bending  eqution  of  a  damaged  beam  by  a  fixed 
value  of  the  damage  D  which  reduces  the  elasticity  modulus  to  E,  (I  -  D)  in  tension 
but  does  not  affect  the  compression  behavior  because  of  ihc  crack  closure  phenomenon. 
Then  the  constitutive  equation  is 

- — - if  o>0 

E,(l-D> 


e  = 


—  if  ct<0 

E, 
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This  is  a  classical  beam  problem  solved  with  Bernoulli's  hspothesis  Assuming  also  a 
rectangular  cross-section  with  the  notations  of  Figure  1 


If  R  is  the  curvature  and  i  the  beam  deflection 


The  equilibrium  of  the  forces  in  the  x,  direction  gives  the  position  of  the  neutral  axis 
in  the  thickness  2/  of  the  beam  defined  by  -  hl<x3<h2  with  h  ,  +  A,  =  2r 

,  1  -  /Thd 

h  ,=2r - >- . - 

)  D 

a,  -0-  , 

) 

where  the  edge  hi  is  in  tension  and  h2  in  compression.  The  equilibrium  of  moments  gives 
[>2 

the  beam  equation:  o,,  (x  j)  Xj  r/x3  +  M  =  0,  d1  yjdx\  =  'M!'EI  lA)D)  where  1  is  the 

J-», 


e.ee  a.ae  e.ae  i.aa 

D 

Fig  13.  -  Damaging  correction  function  for  pure  bending  of  beams, 
bending  inertia  of  the  beam  section  and  A  the  damage  function  represented  in  Figure  13. 


AiD)-4 


r  / 1 -  /FT) \ 3  /  i-  /I-D\n 


It  is  also  possible  to  consider  the  coupled  problem  of  damage  induced  by  the  bending 
but  only  by  means  of  a  numerical  analysis.  A  closed  form  solution  could  not  be  found. 
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